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Interpolating scalar refinable functions with compact support are of interest in several
applications such as sampling theory, signal processing, computer graphics, and numerical
algorithms. In this paper, we shall generalize the notion of interpolating scalar refinable
functions to compactly supported interpolating d-refinable function vectors with any
multiplicity r and dilation factor d. More precisely, we are interested in a d-refinable
function vector ¢ = [¢1, ..., ¢,]" such that ¢ is an r x 1 column vector of compactly
supported continuous functions with the following interpolation property

W(TJF,():S,(S@_]_W VkezZ,m=0,....r—1,0=1,....1,
;

where o = 1 and §; = 0 for k # 0. Now for any function f : R + C, the function f can be
interpolated and approximated by
~ ! -1
F= X5 k) a -0
e=1 kez r
= 3 [rwus (5 +4) oo (S 40 ot
kezZ r r

Since ¢ is interpolating, f(k/r) = f(k/r) for all k € 7z, that is, f agrees with f on r~'z.
Moreover, for r > 2 or d > 2, such interpolating refinable function vectors can have the
additional orthogonality property: (¢¢ (- —k), e (- —k')) = r=18,_p 8¢y forallk, k' € Z and
1 < ¢,¢ < r,while it is well-known that there does not exist a compactly supported
scalar 2-refinable function with both the interpolation and orthogonality properties
simultaneously. In this paper, we shall characterize both interpolating d-refinable function
vectors and orthogonal interpolating d-refinable function vectors in terms of their masks.
We shall study their approximation properties and present a family of interpolatory masks,
for compactly supported interpolating d-refinable function vectors, of type (d,r) with
increasing orders of sum rules. To illustrate the results in this paper, we also present several
examples of compactly supported (orthogonal) interpolating refinable function vectors and
biorthogonal multiwavelets derived from such interpolating refinable function vectors.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction and motivation

Wavelet analysis has many applications in a broad range of scientific areas such as signal denoising, image processing,
computer graphics, and numerical algorithms. In general, a wavelet is derived from a d-refinable function vector via a
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multiresolution analysis. Throughout this paper, d denotes a dilation factor which is just an integer with |d| > 1; for
simplicity of presentation, we further assume in this paper that d > 1, and the results for a negative dilation factor can
be obtained similarly. We say that ¢ := [¢1, ..., ¢,]" : R — C™!is a d-refinable function vector if

d(x) =d Za(k)Qﬁ(dx —k), aexeR, (1.1)
kez
where a : Z — C™" is a finitely supported sequence of r x r matrices on Z, called the (matrix) mask with multiplicity r for the
refinable function vector ¢. When the multiplicity r = 1, the function vector ¢ is simply a scalar function and therefore for
the case r = 1, ¢ is called a scalar d-refinable function. In the frequency domain, the matrix refinement equation in Eq. (1.1)
can be rewritten as

$(dE) = a(©)p(E),  EeR, (1.2)
where a is the Fourier series of the mask a given by
a) = a(ke™,  EeR, (1.3)
kez
where i denotes the imaginary unit such that i2 = —1. The Fourier transform f of f € L;(R) is defined to be f(g) =

[ f(x)e™™ dx and can be extended to square integrable functions and tempered distributions. For simplicity, we also call &
the mask for ¢. A wavelet v is generally derived from the refinable function vector ¢ via

U(de) =b(E)PE), EeRr (1.4)

for some r x r matrix b of 27-periodic trigonometric polynomials. According to various requirements of problems in different
applications, different desirable properties of the wavelet function vector i and the refinable function vector ¢ are needed.
Since the wavelet  is derived from the refinable function vector ¢, many properties of ¥ are generally determined by
those of ¢ and therefore, the construction of desirable refinable function vectors ¢ plays an important role in wavelet
analysis. Two particular important families of scalar refinable functions are interpolating refinable functions and orthogonal
refinable functions. We say that a compactly supported d-refinable function ¢ with mask a is interpolating if the function ¢
is continuous and ¢(k) = §y for all k € Z, where § denotes the Dirac sequence such that §o = 1 and 6, = 0 for all k # 0. We
say that a compactly supported d-refinable function ¢ with mask a is orthogonal if [, ¢(x — k)¢(x) dx = &, for all k € Z. By
the refinement equation (1.1), one can easily see that the mask a of a scalar interpolating d-refinable function must be an
interpolatory mask with the dilation factor d: a(dk) = d~'8, for all k € Z, or equivalently, an 10&(5 + 2nm/d) = 1. Similarly,
the mask a for an orthogonal d-refinable function must be an orthogonal mask with dilation factor d: Z |a(§+ 2am/d)|)? =

1. Afamily of interpolatory masks {b,}7 ; with the dilation factor 2 has been obtained in [3] such that the 1nterpolatory mask
b, is supported on [1—2n, 2n—1] and b (&) contains the factor (1++e7%)2", Also b, (£) > 0 for all & € R[3].Itis well-known [2]
that the Daubechies orthogonal mask a, of order n is closely related to the mask b, via |@, (§)|> = b,(£). That is, the Daubechies
orthogonal mask a, of order n can be obtained from the interpolatory mask b, via the Riesz lemma.

Motivated by the wavelet applications in sampling theorems in signal processing, it is desirable to have compactly
supported refinable functions that are both interpolating and orthogonal [ 14-16]. However, it has been observed in [ 14-16]
that for the dilation factor d = 2, it is impossible to have a compactly supported scalar 2-refinable function such that it is
both interpolating and orthogonal. In order to achieve both interpolation and orthogonality, it is natural to consider either
the dilation factor d > 2 or the multiplicity r > 1. For d = r = 2, several interesting examples have been obtained in [ 14-16]
to show that one indeed can achieve both the interpolation and orthogonality properties of a refinable function vector
simultaneously. This paper is largely motivated in [ 14-16] on interpolating 2-refinable function vectors with multiplicity 2.
In this paper, we would like to consider the general case of interpolating d-refinable function vectors and investigate their
properties. More precisely, we are interested in a family of d-refinable function vectors with the following interpolation
property. We say that a refinable function vector ¢ = [¢1, ..., 17 : R — C™*! is interpolating if ¢ is continuous and

(M(?—i—k):&(&,l,m, YVkeZ m=0,....r—1,=1,...,r1. (1.5)

For a function f : R +— C, the function f can be interpolated and approximated by

ZZf(— +1) 0 =0 = S [r00.5 (5 +1) oot (S 1) [ o -0

=1 kezZ kez

Since ¢ is interpolating, f(k/r) = f(k/r) for all k € Z, that is, f agrees with f on r~'z. The contributions of this paper lie
in three parts. First, we generalize the notion of interpolating refinable function vectors from the special cased = r = 2
in [14-16] to the most general case d > 1 and r > 1. We notice that the papers [14-16] mostly concentrate on the design
of some masks for orthogonal interpolating 2-refinable function vectors with multiplicity 2 and only some mathematical
analysis has been provided in [16] for the case of orthogonal interpolating 2-refinable function vectors with multiplicity 2.
Second, we provide in this paper a complete mathematical analysis for such interpolating refinable function vectors and
orthogonal interpolating refinable function vectors. Third, for any dilation factor d, and multiplicity r, we propose a family
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of interpolatory masks for interpolating d-refinable function vectors with multiplicity r and with increasing orders of sum
rules.

The structure of this paper is as follows. In Section 2, we shall characterize both compactly supported interpolating d-
refinable function vectors and orthogonal interpolating d-refinable function vectors in terms of their masks. In Section 2,
we also study the sum rule structure of the interpolatory masks of type (d, r) for interpolating d-refinable function vectors
with multiplicity r, which will play a central role in our construction of interpolatory masks of type (d, r) with increasing
orders of sum rules in Section 3. In Section 3, for any dilation factor d and multiplicity r, we shall construct a family of
interpolatory masks of type (d, r) with increasing orders of sum rules. Some examples of (orthogonal) interpolating refinable
function vectors will be presented in Section 4. Next, in Section 5, we shall discuss biorthogonal multiwavelets derived from
interpolating refinable function vectors via the CBC (coset by coset) algorithm in [1,5,6] and some examples of biorthogonal
multiwavelets will be presented in Section 5. We complete the paper by some conclusions and remarks in Section 6.

2. Characterization of interpolating refinable function vectors

In this section, we shall generalize interpolating 2-refinable function vectors with multiplicity 2 in [ 14-16] to the general
setting of any dilation factors and multiplicities. Based on [6,8], we shall provide a complete characterization for a compactly
supported d-refinable function vector with a finitely supported mask with multiplicity r in terms of its mask. We also study
the approximation property and sum rules of such generalized interpolating refinable function vectors. As a consequence,
we obtain a criterion for a compactly supported interpolating refinable function vector whose shifts are orthogonal.

Throughout the paper, for a smooth function f, f? denotes the jth derivative of the function f. For 0 < o < 1 and
1 < p < oo, we say that f € Lip(e, L,(R)) if there is a constant G; such that [|f — f(- — h) ||, < Gh* forall h > 0. The L,
smoothness of a function f € L,(R) is measured by

v,(f) :==sup{n+a : neNU{0},0 <a < 1,f" e Lip(e, L,(R))}. (2.1)

For a function vector ¢ = [¢1, . .., ¢,]T, we denote v,(¢)) := minjcoc, vy (¢he).

By (£o(Z))™™" we denote the linear space of all finitely supported sequences of m x n matrices on Z. Similarly, u €
(£,(z))™" for 1 < p < oo means that u is a sequence of m x n matrices on Z and |[ul| ¢, @y = (Cyez ||u(k)||1’)”” < oo for
1< p < ooand [[ul| gy @)ym<n = SUPye;, lu(k)|l, where || - || denotes any matrix norm on m x n matrices.

Before proceeding further, let us recall a quantity v, (a, d) from [8], which will play an important role in our investigation
of interpolating refinable function vectors. The convolution of two sequences u and v is defined to be

[u*v]() = Z u(k)v(j — k), ue (Lo(Z)™™, v e (Lo(Z))™".

kez

Clearly, i v = 0v. For a matrix mask a with multiplicity r, we say that a satisfies the sum rules of order « with a dilation
factor d [6,8] if there exists a sequence y € (£o(Z))"*" such that (0) # 0 and

[H(d)a(-)1?2am/d) = 8,9P(©) Vj=0,...,k—1 and m=0,...,d—1. (2.2)
Fory € (£0(2))' " and a positive integer «, as in [8], we define the space V, , by

Vey ={ve @)™ : FOVOIP0)=0Vj=0,...,k—1}. (2.3)
By convention, Vo, = (£0(Z))™". Note that the above equations in Egs. (2.2) and (2.3) depend only on the values % (0),
j=0,...,k— 1. Foramask a with multiplicity r, a sequence y € (£o(Z))'*" and a dilation factor d, we define

oc(a, d,y, p) == sup {lim sup ||a, * v||(l£/"(,)),x1 tve V,(,y} , K € NU {0}, (2.4)

n—00 P~

where @, (£) = a(d"'&) - - - a(d€)a(&). For 1 < p < oo, define

p(a, d, p) == inf{pc(a, d,y, p) : (2.2) holds for some x € NU {0} and some y € (£,(Z))"*" with $(0) = 0}. (2.5)
As in [8, Page 61], we define the following important quantity:

vp(a, d) == 1/p — 1—logy p(a, d, p), 1<p<oo. (2.6)
In the above definition of p(a, d, p), it seems that the sequences y (more precisely, the vectors §9(0),j =0, ...,k — 1) are

not uniquely determined. Up to a scalar multiplicative constant, we point out that the vectors 7%’ (0),j € N U {0} are quite
often uniquely determined [8, Proposition 3.1].

The above quantity v, (a, d) plays a very important role in characterizing the convergence of a vector cascade algorithm in
a Sobolev space and in characterizing the L, smoothness of a refinable function vector. It was showed in [8, Theorem 4.3] (also
see [9, Theorem 3.1]) that the vector cascade algorithm associated with mask a and dilation factor d converges in the Sobolev
space WL‘(R) ={felL,® : f?eL,(R)Vj=0,...,kifand onlyifv,(a, d) > k.Ingeneral, v,(a, d) provides alower bound
for the L, smoothness exponent of a refinable function vector ¢ with mask a and dilation factor d, that is, v,(a, d) < v,(¢)
always holds. Moreover, if the shifts of the refinable function vector ¢ associated with mask a and dilation factor d are
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stable in L,(R), then v,(¢) = v,(a, d) (see [8] and [9, Theorem 4.1]). That is, in this case, v,(a, d) indeed characterizes the L,
smoothness exponent of a refinable function vector ¢ with mask a and dilation factor d. Interested readers should consult
[4-8,11] and many references therein for more details on the convergence of vector cascade algorithms, smoothness of
refinable function vectors and interpolating refinable functions.

Since the stability and linear independence of a refinable function vector will be needed in our proof of the main results
in this paper, let us recall their definitions here. For an r x 1 vector ¢ := [, ..., ¢,]T of compactly supported functions in
L,(R) for 1 < p < oo, we say that the shifts of qb are stable in L,(R) if there exist two positive constants ¢; and C, such that

ClZZ|Cl(k)|p (- —k) CzZZlcz(k)lp
=1 kez =1 kez Ly(®) =1 kez

for all finitely supported sequences c1, . . ., ¢, in £o(Z). For a compactly supported function vector ¢ = [¢1, ..., ¢.]T, we say
that the shifts of ¢ are linearly independent if for any sequencescy, ..., ¢, : Z +> C such that

Z ch (k)pe(x —k) =0, a.e. x € R, (2.7)

=1 kez
then one must have ¢,(k) = O forall ¢ = 1,...,r and k € Z. Note that since ¢ is compactly supported, for any fixed
x € R, the summation in > ,_; >, ce(k)¢p¢(x — k) = 0 is in fact finite. For a compactly supported function vector
¢ =1, ..., ¢ 1T in L,(R), it is known in [13] that the shifts of ¢ are stable in L,(R) (or linearly independent) if and only if

span{&(é +2mk) : kez)=C™!forall £ € R (or for all £ € C). Therefore, if the shifts of a compactly supported function
vector ¢ in L,(R) are linearly independent, then the shifts of ¢ must be stable in L, (R).

For 1 < ¢ < r, let E;, denote the £th unit coordinate column vector in R, that is, E; is the r x 1 column vector whose
only nonzero entry is located at the £th component with value 1.

Now we have the following result characterizing a compactly supported interpolating d-refinable function vector in terms
of its mask.

Theorem 2.1. Let d and r be positive integers such that d > 1. Let a : Z + C™ be a finitely supported sequence of r x r
matrices on Z. Let ¢ = [¢1, . . ., .17 be a compactly supported d-refinable function vector such that ¢(dé) = a(§)P(&). Then ¢ is
interpolating, that is, ¢ is a continuous function vector and (1.5) holds if and only if the following statements hold:

i ra,..., 1]&(0) = 1(This is a normalization condition on the refinable function vector ¢).
(ii) ais an interpolatory mask of type (d, r): [1, ..., 1]a(0) = [1, ..., 1] and
a(Re + dj)Eq+1 = d '8Eer1,  VjezZ;£=0,1,...,r—1, (2.8)
whereR; € Zand Qg € {0, 1, ..., r — 1} are defined to be
de de de
Rg::L—J and @::r(——L—D:dﬂmodr, £=0,...,r—1, (2.9)
r r r

where |x| denotes the largest integer that is not larger than x.
(iii) veo(a,d) > 0.

Proof. Necessity: Suppose that (1.5) holds. Evidently, (1.5) can be equivalently rewritten as

¢U/r+]j) = §iEesa Vjez and £=0,...,r—1. (2.10)
By the definition of R, and Q; in (2.9), we observe that

ae

—= %+R[, £=0,...,r—1. (2.11)
Now it follows from the refinement equation (1.1) and (2.10) thatfor £ =0, ...,r — 1,

¢<£+J)—d2a(k)¢< +d]—k)_d2a(k)¢( +Re+dj— k)

kez kez

=d ) a(k)8r,+q—kEq+1 = da(Re + dj)Eq, 41.

kez

That is, by (2.10) again, we deduce that
L
SiEer1=¢ (; +j) = da(Rg + dj)Eq,+1.

Hence, (2.8) holds. If ¢ is interpolating, that is (2.10) holds, then it is easy to check that the shifts of ¢ must be linearly
independent. In fact, suppose that (2.7) holds for some sequencesci, ..., ¢, on Z. Since ¢ = [¢1, ..., ¢.]" is interpolating, ¢
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must be continuous and therefore, (2.7) must hold for all x € R. By the interpolation property of ¢ in (2.10), settingx = m/r+j
withje Zandm =0, ...,r— 1in(2.7), we have

0=3"c®pe(m/r+i—k =33 cc(ke_1-mbji = cmi1(-
=1 kez =1 kez

That is, we must have ¢,,;1(j) = Oforallm = 0,...,r — 1 and j € Z. So, the shifts of ¢ are linearly independent. That
is, span{&)(é—‘ +27k) : k € z} = ™ for all £ € C [13]. Since é(d&) = ?1(5)(}5(5) and ¢ is continuous, it follows from [8,
Proposition 3.1] that 1 must be a simple eigenvalue of a(0) and all its other eigenvalues of a(0) are less than 1 in modulus.
Consequently, we must have <2>(0) # 0; otherwise, ¢ must be identically zero by <2>(d.§) = &(é)(}(f;‘). Since 1 is a simple
eigenvalue of a(0) and ﬁ(O)&(O) = (?)(O) with &5(0) # 0, using the Jordan canonical form of the matrix a(0), we see that there
exists a (unique) nonzero row vector y such that ya(0) = y and y(f:(O) = 1.Now by c?)(dé) = Ez(&)(i)(&) and [8, Proposition 3.2],
we must have y&)(an) = Oforall k € Z \ {0}. That is, combining with y&S(O) =1,wehavey) ., ¢(x —k) = 1forallx € R,
since ¢ is continuous. Taking x = 0/r, 1/r, ..., (r — 1)/r, since ¢ is interpolating, we deduce that

R e B R I L) T

Thatis,y = [1, ..., 1]. It follows from ya(0) = y and y$(0) = 1 that[1,..., 11a4(0) = [1,...,1]and 1, ..., 1]¢(0) = 1.
Therefore, both (i) and (ii) have been verified.

Since ¢ is continuous, it follows from the linear independence of ¢ that the shifts of ¢ are stable in C(R). Since ¢ is
continuous, in [8, Corollary 5.1], we must have v, (a, d) > 0. So, (iii) holds.

Sufficiency: Lety = [1, ..., 1] and h(x) := max{0, 1— |x|} the hat function. Define a function vector f(x) := [h(rx), h(rx—
1, h(x = (r— NI Then it is evident that (&) = r-Th(g/r)[1, e /7, ... e~ #=D/r|T Note that h(&) = 462 sin*(£/2).
Therefore, h(0) = 1and h(27k) = Oforall k € 7\ {0}. Now by calculation, we haveyf(O) =rThO)[1,...,1][1,..., 1" =1
and for k € z \ {0},

yf@mk) = r 'hQmuk/n(1, ..., 1][1, e 27/ e izmkr=D/mT
1~ 27k [ 2me 0, kez\rz,
- ?h <T> [Ze ' ] - {E(Zﬂk/r) =0, kerz\{0}.

=0

By our assumption in (ii), we have ya(0) = [1, ..., 1]a(0) = [1, ..., 1] = y. Therefore, f is a suitable initial function vector
[8] in C(R) and f is a continuous function vector. Now by our assumption in (iii), we have v, (a,d) > 0. Therefore, in
[8, Theorem 4.3], v (a,d) > O implies that the vector cascade algorithm associated with mask a and dilation factor d
converges in C(R). More precisely, there exists a compactly supported continuous function vector f,, such that lim,_, ., |If; —
Jooll(c@yr~1 = 0, where the cascade sequence f;, n € N U {0} is defined to be f, := f and

fo=Quafic1 i=d Y a()fioi(d-—k),  neN. (2.12)

kez
Since yfAO(O) = yf(O) = 1and ya(0) =y, by induction we deduce that
Vfa(0) = ya(0)f;-1(0) = yf1(0) = --- = yfo(0) = yf(0) = 1.

Consequently, by limy .o lIfy = focllicy=1 = 0 and fu(d§) = a(&)fi1(8), we have fio(df) = a(§)fxe(€) and yfoe(0) =
lim,_, o yﬁ(O) = 1. So, f, is not identically zero. By the assumption in (i), we also have y¢(0) = 1. Therefore, we have

Yfo(0) — (0] =0 and fuo(dé) = a(E)fo(§),  P(dE) = a(E)P(E). (2.13)

On the other hand, it is easy to verify that span{f(27rk) : k € Z} = €. Since limy_,« |If; —fooll(c@yr<r = 0and f, # 0,in [8,
Proposition 3.1], we conclude that 1 is a simple eigenvalue of a(0) and all its other eigenvalues are less than 1 in modulus.
Consequently, uptoa multlphcatlve constant, the solution to the refinement equation (1.1) is unlque Now by ya(0) =y
and a(O)[ﬁ>O (O) qb(O)] —foc 0) — qb(O) since 1 is a simple eigenvalue of a(0), it follows from y[fOo 0) — ¢(O)] =0in(2.13)
that foo 0) = qb(O), which can be easily verified by considering the Jordan canonical form of the matrix a(0) and noting that
11is a simple eigenvalue of a(0). Therefore, by (2.13), we have ¢ = f... That is, we conclude that ¢ is a compactly supported
continuous function vector and lim,_, o [Ifs — @l (@)=t = 0.
Now we show by induction on n that

¢
fn(?+j>=8jEz+1 VneNU{0},jeZ €=0,...,r—1. (2.14)

Note that h(0) = 1 and h(k) = O for all k € Z \ {0}. Clearly, by our definition of the initial function vector fy (that is, f), (2.14)
holds for n = 0. Suppose that (2.14) holds for n — 1. Now we show that (2.14) holds for n. By the definition of f,, we deduce
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thatfor£ =0, ...,r—1andj € Z, by (2.11) and the induction hypothesis for n — 1,

fu (% +j) = 43 a(k)fy (# +dj— k)

kez

=dY_ a(k)fp-1 (% +Ro+dj— k)

kez
=d Z a(k)8g,+dj—kEq,+1
kez
= da(R¢ + dj)Eq,+1 = 8iEe41,
where we used (2.8) in the last identity. So, (2.14) holds for n. Now by induction, (2.14) holds for all n € N U {0}. Since

lim,_, o [Ifs — @l c@yy=1 = 0, in particular, we have lim,_, . fn (x) = ¢(x) for all x € R. Now (1.5) or equivalently (2.10) follows
directly from (2.14). =

As a consequence of Theorem 2.1, we have the following result characterizing compactly supported orthogonal
interpolating refinable function vectors.

Corollary 2.2. Let d and r be positive integers such that d > 1. Let a : Z + C™" be a finitely supported sequence of r x r

matrices on Z and ¢ be a compactly supported d-refinable function vector such that &(dé) = a(g)&)(g). Then ¢ is an orthogonal
interpolating function vector, that is, ¢ is continuous, (1.5) holds and

A¢(x — ) dx = %5,-1r Vjez, (2.15)

if and only if, (i)-(iii) of Theorem 2.1 hold and a is an orthogonal mask:

df a(€ + 2nm/d)a(E + 2nmjd). =1, (2.16)

m=0

Proof. Necessity: Suppose that ¢ is an orthogonal interpolating d-refinable function vector. Then in particular, ¢ is an
interpolating d-refinable function vector. Hence, by Theorem 2.1, (i)-(iii) hold. Now we show that (2.15) implies (2.16).
Since ¢ is a compactly supported d-refinable function vector satisfying the refinement equation (1.1), noting that the mask
a is finitely supported, we deduce from (2.15) that

1 .
Sol = [ ¢x— 6" dx
=@ [ Y atddx—di — k)3 alk)p(dx — k) dx

R kez Kez

= d? Z Z a(k) |:/R ¢(dx — dj — k)mT dXi| a(k’)T

kez K ez

=4S a0 | [ ¢x- @+ k- K)FD dx|a®)"

kez kK ez

Now by (2.15) again, we deduce

1 1 —T d —T
=i, =d Z Z a(k) =8grk—rlrak) = — Za(k)a(d] + k) .
r keZ K ez r r kez
That is, (2.15) implies
Saald+0) =d'8l,  Vjez (2.17)

kez

It is known and can be easily verified by a direct calculation that (2.16) is equivalent to (2.17).

Sufficiency: Since (i)-(iii) of Theorem 2.1 hold, by Theorem 2.1, we see that ¢ is continuous and (1.5) holds. To complete
the proof, we show that (2.15) holds. Since (iii) of Theorem 2.1 holds, we have v.,(a,d) > 0. By [8, (4.7)], we have
Vso(a, d) < vy(a, d). Consequently, we get v,(a, d) > v (a,d) > 0. So, by [8, Theorem 4.3], the vector cascade algorithm
associated with mask a and dilation factor d converges in L, (R).

Define fo := [g(r-), g(r- —1),...,g(r- —(r — 1))]" and f, as in (2.12), where g = 0.1}, the characteristic function of the

interval [0, 1]. Denote y := [1, ..., 1] € R'". By calculation, we have g(§) = ngs.Therefore, £(0) = 1and g(2wk) = 0 for
all k € z \ {0}. By the same argument as in the proof of Theorem 2.1, we can check that yfy(0) = 1 and yfy(27k) = 0 for all
k € 7\ {0}. Since ya(0) = y by (ii) of Theorem 2.1, f, is a suitable initial function vector in L, (R). On the other hand, by (i),
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we have quﬁ(O) = 1. Now by [8, Theorem 4.3] and v (a, d) > 0, we see that lim, , [lfs — @l (1, @)1 = 0. Now we prove by
induction on n that

/fn(x—j)dex= %sjlr ViezZ neNU{O. (2.18)

By the definition of g = xjo,1, it is obvious that [, g(x — j)g(x) dx = §; for all j € Z. By the definition of the function vector
fo=1[g(),g(r-=1),...,g( - —(—1))]", now it is straightforward to check that (2.18) holds for n = 0. Suppose that (2.18)
holds for n — 1. Now we show that (2.18) must hold for n. By the definition of f, in (2.12), noting that a is finitely supported,
by the induction hypothesis for n — 1 and (2.17), we deduce that

[ 50 = DEG0" dx = ¢ [ 3 a1 (dx — d = K% a)f- (dx - k) dx

kez Kez

= @2 Y a0 [ s — - 0F @R x| a)'

keZ K ez

=4 Y | [ forle— @+ k= K)F0) d|a®)

kez K ez

1 —T
dy > a(k) ?deJrk—k’Ira(k,)

keZ K ez

d Z a(k)a(dj + k)T

kez
-1
=T (Sjl,—.

Hence, (2.18) has been verified for n. By induction, (2.18) holds for all n € N U {0}. Now it is easy to conclude from
limy o0 Ifs — @l (1, @) = 0 and (2.18) that (2.15) is true. ™

In the rest of this section, we shall investigate the structure of the vector y in the definition of the sum rules in (2.2) for
the particular family of interpolatory masks of type (d, r) given in (2.8). Notice that the sum rule condition in (2.2) can be
rewritten as

y(d&)a(& + 2me/d) = §¢y(&) + O(|&]°), £E—-0,¢=0,...,d—1. (2.19)
Now we shall express the sum rule condition above in terms of the cosets of a(&). Define the cosets a™(£) of a(§) by
A" =Y a(m+dk)e ™MW m=0,...,d-1. (2.20)
kez

By a simple calculation, from (2.20) we have " (£ + 27¢/d) = e 27m/dgm (&) for all £ € Z. Since a(&) = Y4} 4™ (&), now
(2.19) becomes

d—1
> eI Aan(E) = 89(¢),  €=0,....d—1.
m=0

Rewrite the above identities in the form of a matrix, we have

§AHE 7 [ L

$(a5a' 0 Toemd e
Uy . = i with Uy := . .

s@oae) Lo | emen a2

Note that UduidT = dl;. Now it follows from the above relation that (2.19) is equivalent to

y(d§an (@) =d 'y +0o(l5),  E—-0m=0,...,d-1. (2.21)

The following result determines the y vector in the definition of sum rules in (2.2) for interpolatory masks of type (d, r);
this result will play an important role in later sections for our construction of interpolatory masks of type (d, r) with high
orders of sum rules.

Theorem 2.3. Let d and r be positive integers such that d > 1. Let a : Z — C"™" be a finitely supported sequence of r x r matrices
on Z. Suppose that a is an interpolatory mask of type (d, r), that is, [1, ..., 1]a(0) = [1, ..., 1] and (2.8) holds. If a satisfies the
sum rules of order k in (2.2) with a sequence y € (£o(Z))"*" and §(0) =[1, ..., 1], then

$OO) = #ri[s;, ¥, 2, ..., r =11, j=0,...,6—1. (2.22)
In other words, (&) = Y(&) + O(|&*) as € — 0, where Y(&) = [1,e¥/7, ..., el D&/,
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Proof. Using the cosets of the mask g, it is easy to see that (2.8) can be equivalently rewritten as

a*(&)Eq1 =d e ®¥E  VE=0,...,r—1. (2.23)

Since a satisfies the sum rules of order « with the vector y, we have (2.21). In particular, using (2.21) with m = R,, we deduce
from (2.23) that

d™'9(§)Eq 11 = J(AE)A (§)Eq, 11+ O(I5]) = d™'e ™5§(dE)Ery1 + O(EN).

Denote [y (), ..., y:(§)] .= y(£), that is, we denote j; to be the jth component of the row vector y. Then the above identity
can be rewritten as

Yo, +1(8) = e 7P, 1 (d€) + O(&I%).
That is, by y(0) = [1, ..., 1], we must have

Je1(0) =1, Jo1(d) = 59,11 (&) + O(IE), E—0,£=0,...,r—1. (2.24)

Note that the above relation is just a system of linear equations on the unknowns @ (0) forj = 1,...,x — 1. In the
following, we shall argue that the above system of linear equations in (2.24) has a unique solution for the unknowns
#9Y(0) : j=1,...,«k — 1}. Moreover, we shall prove that the unique solution to (2.24) must be given in (2.22).

For simplicity of discussion, let us rewrite Q, in the form of an operator. Define an operator Q : {0,...,r — 1}
{0,...,r—1}byQ¥) =Q =dfl modr.Forall£ € {0,...,r — 1} and n € N, employing (2.24) iteratively, we have

~ ig—1 ~ _ : -2 —1 " _
Jes1(6) = € g, 11(d778) + 0(IE]) = e a0 TRIGos ) 4 (d72E) + O(IE)

IS(Z d7*R k_1p))
=e =1 5 D Ponp1(d7"E) + 0(1E°).

That is, we have

i€( 35 d*R ). .
Jea@®=e = 9000 (dE) +O(E)  VE=0,....r—1neN. (2.25)
Note that y(0) = [1, ..., 1] is equivalent to y,,1(0) = 1forall £ =0, ..., r — 1. Let S denote the setof all £ € {0, ..., r — 1}
such that £ € S means that there exists n, € N such that Q" (¢) = £. For every £ € S, since y¢,1(0) = 1, by [8, Lemma 2.2],

(2.25) with n = n, has a unique solution {92] (0) : j=1,...,k— 1}, which can be obtained recursively. More precisely,
since for £ € S, we have Q" (£) = £ for some n; € N. Therefore, (2.25) becomes

1) = X ©)Fen (@6 +0(ES),  Les with X&) = H(E ),

Now applying the Leibniz differentiation formula to the above relation, we have

i i
OEDY PTETR L "9, (0)
k=0
= X(0)d"95P ., (0) + Z I'(l x0 D) (0),  j=1,...,6-1.
Since X(0) = 1and n; > 1, we have d"¢ < 1 forj > 1. Now it follows from the above relation that the value 92’11(0) is
completely determined by the values j/fz’jll(O), k=0,...,j— 1viathe following recursive formula:

j—1

X g Jt .
¥ 0) =11 —d] ZOI,U X nk® ),  j=1,...,6—1.
k:

Therefore, for any £ € S, the values 921] (0),j=1,...,k — 1are completely determined by the relation (2.24).
For¢ € {0,...,r—1}\S,sinceQ¥(£) € {0, ..., r—1}forall N € N, there must exist Ny € N such that Q"¢ (¢) e S. Therefore,
by (2.25) with n = N,, we have

IE(Z L W 1)) A

Jer1(§) =e = yQNl(()+1(E) + O(I&1%), §—0 (2.26)

with QVe(¢) € S. By what has been proved, allqu}vz ©+1 (0),j =0, ...,k — 1are completely determined by (2.24). It follows

from (2.26) that for every £ € {0, ...,r — 1} \ S, the values jf%’}rl(O),j =1,...,k — 1are completely determined by (2.26)
and, therefore, are uniquely determined by the system of linear equations in (2.24).
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That is, we proved that if (2.24) holds, then all 3781(0), £=0,...,r—1andj=0,...,x— 1are uniquely determined by
(2.24). Therefore, if there is a solution to the system of linear equations in (2.24), then the solution must be unique according
to the above argument.

In the following, we show that the system of linear equations in (2.24) indeed has a solution. Let Y, {(§) = el%/",
£=0,...,r—1.By(2.11),d¢/r = Ry + Q;/r and we have

Y(0) =[1,...,1] and Yg1(d&) = e/ = eRefel@s/r — elfely, ().
Therefore, if we take 921(0) = A}’L(O) forall{ =0,...,r—1andj=0,...,x — 1, then it is a solution to the system of

linear equations in (2.24). By the uniqueness of the solution to (2.24), we must have (2.22), which completes the proof. ®

3. General construction of interpolatory masks of type (d, r)

Based on the results in Section 2, in this section, we shall present a family of interpolatory masks of type (d, r) with
increasing orders of sum rules.

Before we present the construction of interpolatory masks of type (d, r) in this section, let us lay out the whole picture of
our construction and the idea of the proof first. Our construction in this section largely follows the key idea of the proposed
CBC (coset by coset) algorithm in [6]. Roughly speaking, a mask a : Z — C™" can be regarded as a disjoint union of its cosets:
{a(k)}rez = Uﬁ;lo{a(m + dk)}kez- S0, in order to obtain a mask a with multiplicity r with some desirable properties, it suffices
to design its d cosets {a(m+dk)}rez, m = 0, ..., d— 1 appropriately. That is, a desired mask can be constructed coset by coset.
Following the notation of matlab, for a matrix A, we denote [A]. , the nth column of the matrix A and [A]y , the (k, n)-entry of
A. For each coset m + dZ, we can further split the mask a on the coset m+dZ as a disjoint union of columns. More precisely, in
order to design {a(m + dk)}\c, on the coset m + dZ, one needs to design its columns: {[a(m + dk)]. s }xez foreachn=1,...,r.
The condition (2.8) for an interpolatory mask of type (d, r) can be expressed as

[a(Re + dk)]. ;41 = d™ ' 8kEe1, kez,£=0,...,r—1. (3.1)
In other words, the Q; + 1 columns of the mask a on the coset R, + dZ, that is, {[a(R¢ 4 dk)]. o, +1}kezs £ =0, ..., 1r — 1,are
completely determined by the condition (2.8) for an interpolatory mask of type (d, r). Denote

Iyr={m,n) :m=0,...,d—1,n=1,..., 1]\ {(Re,Q+1) : £=0,...,r—1}. (3.2)

Therefore, in order to construct an interpolatory mask a of type (d, r) with the sum rules of order «, it suffices to construct
{la(m + dk)]. n}xez for every (m, n) € I';, such that the sum rule conditions in (2.21) are satisfied.
We have the following result on interpolatory masks of type (d, r) with increasing orders of sum rules.

Theorem 3.1. Let d and r be positive integers such that d > 1. Let N be a positive integer. Suppose that for every (m,n) € I'y,,
Sm.n IS a subset of Z such that #S,,, = N, where #S,, , denotes the cardinality of the set S, ,. Then there exists a unique finitely
supported mask a : Z — C"™" such that

(1) ais an interpolatory mask of type (d, r), that is, [1, ..., 1]a(0) = [1, ..., 1] and (2.8) holds.

(2) Forevery (m,n) € I'y,, [a(m+dk)]., = 0forallk € Z\ Sy, n, where [a(m + dk)].., denotes the n-th column of the r x r matrix
a(m + dk), that is, the nth column of the mask a on the coset m + dZ vanishes outside the set m + dS, , for all (m, n) € I'y,.

(3) asatisfies the sum rules of order rN.

In fact, the unique mask a must be real-valued, that is, a : Z > R™".
Proof. Note that (2.8) is equivalent to (3.1), that is, [a%(§)].q,41 = d~'e ®SE,q for € = 0,...,r — 1. Let (&) =
[1,e/7, ..., e=1D/"] Then by d¢/r = Ry + Q;/r, it is straightforward to see that (3.1) implies
YA (E)).gp11 = d'J(dE)e CE 1 = d™ G (df)e N = dTel e
=d e =47, 1(6) VE—>0,£=0,...,r— 1 (3.3)

For an interpolatory mask a of type (d, r) such that a satisfies the sum rules of order rN in (2.21), by Theorem 2.3 and
(3.3), it is necessary and sufficient to require

JAE@™ ()]0 = d™'Jn(§) + O(IEI™), &§—0,(m,n) e Iy,. (3.4)
Since [a(m + dk)]., = O for all k € Z\ Syn we have [@"(§)].n = Yyes,,la(m + dk)]. e ™% Since §(§) =
[1, e/, ..., e€t=1/1 we deduce that (3.4) is equivalent to

r—1

D73 [a(m + dk)]gsq €5 = g 1Dy o(1E™), (m, n) € Ty, (35)

£=0 keSm.n

Finding a mask a such that a satisfies all the three conditions in (1), (2) and (3) is now equivalent to solving the system of
linear equations in (3.5) for each pair (m, n) € I'y,.
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Taking jth derivatives on both sides of (3.5) and evaluating them at £ = 0, we see that (3.5) is equivalent to: for each
(m,n) € Iy,

r—1 ) -1 J
>0 la(m+ dk) g1 (dl/r —m —dky = d™' (” > ., j=0,...,tN—1. (3.6)
(=0 kESm.n r

Since #S,, , = Nand S, , € Z, we see that for each (m, n) € I'y,, theset {d¢/r—m —dk : k € S, ,, £ =0, ..., r— 1} consists

of rN distinct points on R. So, the coefficient matrix ((d¢/r — m — dk})xes,, ».¢=0.,....r—1;j=0,....rv—1 IS @ Vandermonde matrix and
therefore, it is invertible. Also note that for each (m, n) € I'y,, the number of unknowns in {[a(m + dk)1¢+1,n : k € Spn, £ =

0,...,r— 1} is also rN. So, the solution to the system of linear equations in (3.6) is unique. Moreover, it is straightforward
to see that the unique solution {[a(m + dk)]¢41.n : k € Spn, £ = 0, ..., r — 1} to (3.6) must be real-valued. This completes
the proof. ®

The following result is a direct consequence of Theorem 3.1.
Corollary 3.2. Let d and r be positive integers such that d > 1. Let S be any subset of Z such that N = #(S N (m + dZ)) for all
meZandR, € Sforall£ =0, ...,r — 1. Then there exists a unique mask a : Z — R"™" such that

(1) ais an interpolatory mask of type (d, r).
(2) ais supported inside S, that is, a(k) = O forallk € Z \ S.
(3) asatisfies the sum rules of order rN.

In particular, if S = [—Np, dN — Ng — 11N Z for any Ny € Z, then #(SN (m + dZ)) = N for all m € Z.

Proof. By calculation, for each (m, n) € Iy, we have S, , = {k € Z : m + dk € S}. By our assumption on S, it is not difficult
to check that #S,, , = N. Now the claim follows directly from Theorem 3.1. W

Let us consider the condition (2.8) for interpolatory masks with the special choice r | d, that is, d = rr’ for some r’ € N.
In this case, by the definition of Q, and R, in (2.9), we have Q; = 0and R, = r’£ forall £ = 0, ..., r — 1. Consequently, for
d = rr',(2.8) becomes

aY(EE =d e g, £=0,...,d— 1. (3.7)
Note that a(§¢) = an;lo a™(&). In particular, if d = r, that is, = 1, then the interpolatory condition in (2.8) is equivalent to

1 ke %k
1 e it .

a®) = . A (3.8)
e-i@-DE

where * denotes some 27-periodic trigonometric polynomial.
To understand better the definition of an interpolatory mask of type (d, r) in (2.8) (or equivalently in (3.1)), in the
following we present another equivalent expression for an interpolatory mask of type (d, r). For a matrix maska : Z — C™"

with multiplicity r, there correspond r scalar sequences A', ..., A" : Z — C, which are as
AY(k) = [a(Lk/rD]erigne1,  ke€Z,€=1,....1,
where |x| denotes the largest integer that is no greater than x. Or equivalently, the scalar sequences Al, ..., A" are uniquely

determined by the following relation:
[a(®)]em =A'(k+m—1), kez t,m=1,...,r.

Informally speaking, each scalar sequence A is just obtained from the £th row of the matrix mask a by regarding the £th
row {[a(k)]e..}kez Of the matrix mask a as one scalar sequence.
Then a is an interpolatory mask of type (d, r) if and only if

Aldk+2—-1)=d"'8 Vkez, =1,...,r.
That is, each scalar sequence A is an interpolatory mask with the dilation factor d and with the center A(d(¢ — 1)) = 1/d,

L=1,...,r.
For the case d = r = 2, we have the following result on interpolatory masks of type (2, 2) with symmetry.

Corollary 3.3. For any positive integer N, there exists a unique interpolatory mask a of type (2, 2) such that

(1) ais supported inside [1 — N, N].

(2) The mask a is real-valued and satisfies the sum rules of order 2N — 1.

(3) The mask a is symmetric: a(€) = diag(1, e26)a(&)diag(1, e ). In other words, ¢1(—x) = ¢1(x) and ¢>(1 — x) = ¢, (x) for
allx € R, where [¢1, ¢,]" is the compactly supported 2-refinable function vector associated with mask a.
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Table 1

N 1 2 3 4 5 6 7 8
v2(a2,2,n)5 2) 0.5 1.891641 2.310887 2.665375 2.864820 3.022116 3.148026 3.255143
vy (aé 2.N) 2) 0.5 1.839036 2.159779 2.676161 2.850528 3.022694 3.147442 3.255166
v2(ae3,2,n)s 3) 0.5 1.699021 2.119868 2.384743 2.569875 2.705482 2.808354 2.889563
v2(ag3,3,n)5 3) 0.5 1.307524 2239411 2.346999 2.685627 2.738300 2.942924 2.969225

The first row lists the quantities vz(a(z 2,N)» 2) for the interpolatory masks a(;  y) constructed in Corollary 3.2 withd = r = 2 and S := [1 — N, N]. The
second row lists the quantities vy (@™ 2.2,N)° 2) for the interpolatory masks a?émz N) constructed in Corollary 3.3. The third and fourth rows list the quantities

va(ag,2,n)» 3) and va(ag3 3,n), 3), respectively, for the interpolatory masks a3 ; y) constructed in Corollary 3.2 with d = 3 and S := [-Ng, 3N — Ng — 1]
with Ng := [3(N — 1)/2]. Note that we always have v (a, d) > vy (a, d) — 1/2 for any mask a [8].

1 i I
/ \\ f/ \\
08| / \ 1 os} f‘.‘ \ 4
/ '\I .‘I ‘|‘
06| / \ 1 osf ,* \ .
| | / \
[ \ / \
| | | \
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02| / \ | o2
\
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Fig. 1. The graphs of ¢ (left) and ¢, (right) in the symmetric interpolating 2-refinable function vector ¢ = [¢1, ¢2]T of Example 4.1. Moreover,
V9 (¢) ~ 1.839036 and ¢1(—x) = ¢1(x) and ¢ (1 — x) = ¢ (x) for allx € R.

Proof. Since d = r = 2, by the interpolatory condition in (3.8), we see that {[a(k)]. 1}z is completely determined by
(3.8). By the symmetry condition in (3), we see that {[a(2k + 1)]. 2}kez is completely determined by {[a(2k)]. 2}xez- Note that
#([1—N, N]N(2Z)) = N.The unknowns of the second column of the mask a on the coset 27 are [a(k)]. 2, k € [1—N, N]N(22),
plus one extra requirement [a(N)]; , = 0if N is even, or [a(1 — N)],, = 0 if N is odd, due to the condition in (1). The proof is
now completed by a similar proof as in Theorem 3.1. ®

To complete this section, let us present in Table 1 the smoothness of some families of the interpolatory masks constructed
in Corollaries 3.2 and 3.3.

4. Some examples of interpolating refinable function vectors

In this section, we shall present several examples of interpolatory masks of type (d, r), as well as several examples of
masks for orthogonal interpolating refinable function vectors.

Example4.1. let d = r = 2 and N = 2 in Corollary 3.3. Then we have a symmetric interpolatory mask a of
type (2, 2) satisfying the sum rules of order 3 given by
170 6 8 6 0 0 170 o0
a-v=1l0 &) wow=5[5 5 =58 9 w@=5[ O

with a(k) = Oforall k € Z \ {—1,0, 1, 2}. Then we have v,(a, 2) ~ 1.839036. Therefore, vy (a,2) > 1,(a,2) — 1/2 =~
1.339036 > 0. By Theorem 2.1, its associated refinable function vector ¢ = [¢1, ¢,]" is interpolating. Moreover, ¢; (—x) =

¢1(x) and ¢, (1 —x) = ¢, (x) for all x € R. See Fig. 1 for the graph of the interpolating 2-refinable function vector ¢ associated
with the mask a.

Example 4.2. Letd = 3,r = 2,and S = {-2, —1,0, 1, 2, 3} in Corollary 3.2. Then we have an interpolatory mask a of type
(3, 2) satisfying the sum rules of order 4. The mask a is supported inside [—2 3] and is given by

a2 = 24113[ ; 8]’ - 1)_243 [30 Eg}’ “O=33 [81 ?j]’

a(l) = 543 [;3 801]’ a2) = 243 [gg ;(ﬂ’ 3 = 243 [8 _‘;1]’

witha(k) = 0forallk € Z\ {2, —1, 0, 1, 2, 3}. Then we have v,(a, 3) ~ 1.348473. Therefore, v, (a, 3) > v3(a,3) — 1/2 =
0.848473 > 0.By Theorem 2.1, its assoc1ated refinable function vector ¢ = [¢1, ¢,]1" is interpolating. See Fig. 2 for the graph
of the interpolating 3-refinable function vector ¢ associated with the mask a.



B. Han et al. / Journal of Computational and Applied Mathematics 227 (2009) 254-270 265

12+ I‘.’\ 1
1l ]
0.8 / -
06} /
04} /
02}t !

ol A

=02+t

-1 -0.5 0 0.5 1 1.5

1 1 A\ 1
/\. I‘.‘ \I‘ /\
0.8 / \\ 0.8 ."‘ I‘| 0.8 f \"‘.‘
0.6 [ I 06 [
/ ‘| 0.6 [ |‘ \
0.4 / ‘I‘ [\ 0.4 I\ \I‘
/ | 0.4 [ [ \
0.2 iJ '\I / \ 0.2 | \ 1
/ " 0.2 / '* ‘I "‘
0} ‘ | / \ ob— N
ﬂ / Vv [ o \ /
~0.2 J 0 AN \/\/- —0.2 \ /1
1 05 0 05 1 15 -1 -05 0 05 1 15 -1 -05 0 05 1 1.5

Fig. 3. The graphs of ¢1 (left), ¢ (middle) and ¢3 (right) in the interpolating 3-refinable function vector ¢ = [¢1, ¢, ¢3JT of Example 4.3. Moreover,
Vo (¢) ~ 2.589443.

Example4.3. letd = r = 3and S = {-2, 1,0, 1, 2, 3} in Corollary 3.2. Then we have an interpolatory mask a of type
(3, 3) satisfying the sum rules of order 6. The mask a is supported inside [—-2, 3] and is given by

;[0 -176 -175 1 [0 280 560
a(-2)=—— |0 55 50 |, a(-1)=-——|0 -56 -70],
2187 2187

0 -8 -7 0o 7 8
| [729 700 440 L [0 -2 -14
a0)=——| 0 175 440 |, a(l)=——|729 440 175,
2187 | o _14 —22 2187 | o 440 700

) [0 8 7 } L -7 -8
a2)=——| 0 -70 -56|, aB)=——|0 50 55 |,
2187 | 729 560 280 2187 |g _175 —176

witha(k) =0forallk € Z\ {2, -1, 0, 1, 2, 3}. Then we have v,(a, 3) ~ 2.589443. Therefore, v (a, 3) > v3(a,3) — 1/2 =~
2.089443 > 0. By Theorem 2.1, its associated refinable function vector ¢ = [¢1, @2, ¢3]" is interpolating and belongs to
C2(R). See Fig. 3 for the graph of the interpolating 3-refinable function vector ¢.

Examples of orthogonal interpolating 2-refinable function vectors with multiplicity 2 have been given in [14-16]. Next,
let us present some examples of orthogonal interpolating d-refinable function vectors.

Example 4.4. Let d = 3 and r = 2. The orthogonal and interpolatory mask a of type (3, 2) is supported inside [—2, 3] and is
given by

17 V17 0 85 8J/17 68 N 29417
a(—2)=| 702 351 a(—1)=|702 351 351 702
8 +5m 0 ’ 1 J17 11 7417 |’

351 ' 702 351 7702 702 351
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Fig. 4. The graphs of ¢ (left) and ¢, (right) in the orthogonal interpolating 3-refinable function vector ¢ = [¢q, ¢>2]T of Example 4.4. Moreover,
vy (¢) ~ 1.046673 and ¢ (1/2 — x) = ¢p1(x) forallx € R.

1 119 11J/17]
3 351 702
a(0) = . £+@ ,
L 702 ' 351
_2_}_@ 0_ 1_@ L_FE O _i_*_ﬂ
a(1) = | 702 351 a2 =] 702 351 351 0 702 | gy 351 702
119 11/17 1 68 29417 85 8J17
L351 702 3 ES

0 17 V17 |’
351 702 702 351 702 351
with a(k) = Oforallk € z\ {-2,-1,0, 1, 2, 3}. The mask a satisfies the sum rules of order 2 and is an orthogonal

interpolatory mask. Then we have v,(a, 3) ~ 1.046673. Therefore, v (a,3) > vy(a,3) — 1/2 ~ 0.546673 > 0. By

Corollary 2.2, the associated 3-refinable function vector ¢ = [¢1, ¢,] associated with the mask a is interpolating and
orthogonal. See Fig. 4 for the graph of the orthogonal interpolating 3-refinable function vector ¢.

Example 4.5. Let d = 2 and r = 3. The orthogonal and interpolatory masks a of type (2, 3) is supported on [—1, 2] and is
given by

15 8v15 0 225 V15

1 1 15415
- = ot e - — 4 0
482 241 482 482 2 482 482
15 1
a(-1) = 0 o YL | a0)=]o0 = ~1.
32 32 2
1 /15
0 0 — 0 B v 0
32 32
0 0 0 0 0 0
1 154/15 15 154/15 15 /15
W=zt 252 ° 1 712 a2) = P RTY)
482 482 482 7712 ’ 7712 482 )
225 /15 225 154/15 15 154/15
o2 0 — —
482 482 7712 482

482 7712

with a(k) = 0fork € Z\ {—1, 0, 1, 2}. The mask a satisfies the sum rules of order 1 and is an orthogonal interpolatory mask
of type (2, 3). Then we have v,(a, 2) ~ 0.892777. Therefore, v (a, 2) > vy(a, 2) — 1/2 ~ 0.392777 > 0. By Corollary 2.2,

the associated 2-refinable function vector ¢ = [¢1, ¢2, ¢3]" is interpolating and orthogonal. See Fig. 5 for the graph of the
orthogonal interpolating 2-refinable function vector ¢.

In passing, we mention that several examples of symmetric (interpolating) orthogonal scalar 4-refinable functions have
been reported in [4].

5. Biorthogonal multiwavelets derived from interpolating refinable function vectors

It is of interest to construct biorthogonal multiwavelets from interpolating refinable function vectors, due to their
interesting interpolation property. In this section, let us discuss how to derive biorthogonal multiwavelets from interpolating
refinable function vectors that have been investigated and constructed in this paper. To do so, let us introduce some
necessary concepts.
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Fig. 5. The graphs of ¢4 (left), ¢, (middle) and ¢3 (right) in the orthogonal interpolating 2-refinable function vector ¢ = [¢1, ¢2, ¢>3]T of Example 4.5.
Moreover, vy (¢) ~ 0.892777.

For two r x 1vectors ¢ and & of compactly supported functions in L, (R), we say that (¢, ¢) is a pair of dual function vectors
(or ¢ is a dual function vector of ¢) if

—7T
/R P(x—NP(x) dx=8l, jez. (5.1)

For two r x r matrices a and a of 2m-periodic trigonometric polynomials, we say that (a, ) is a pair of dual masks (or a is a
dual mask of a) with a dilation factor d if

‘f (€ + 2rm/d)a(€ + an/d)T =1I. (5.2)
m=0

If a is a dual mask of itself, then (5.2) becomes (2.16) and a is an orthogonal mask. Let ¢ and ¢ be two compactly supported
d-refinable function vectors with masks a and a, respectively. Assume that <2>(0) and ¢(0) are appropriately normalized so

—T2 -
that ¢(0) ¢(0) = 1.Then it is known that (¢, ¢) is a pair of dual d-refinable function vectors in L, (R), if and only if, (a, @) is a
pair of dual masks, and both v, (a, d) > 0 and v,(a, d) > 0.In wavelet analysis, for a given mask q, it is of interest to construct

a dual mask a of a such that @ can attain the sum rules of any preassigned order k with a sequence y, that is, f/(O) # 0and

J(dE)a(E + 27m/d) = 8,9(6) + 0(EF), &—>0,m=0,....,d—1. (5.3)

A systematic way, called the CBC (coset by coset) algorithm, of constructing such desirable dual masks a has been introduced
in[5] and further developed in [1,6]. There are two key ingredients in the proposed CBC algorithm in [1,5,6]. In the following,
let us outline the main ideas of the CBC algorithm and use it to construct biorthogonal multiwavelets for the interpolating
refinable function vectors obtained in this paper.

The first key ingredient of the CBC algorithm in [1,5,6] is the following interesting fact, whose proof is given in [6], as
well as [5] for the scalar case. For the purpose of completeness, we shall provide a self-contained proof here.

Proposition 5.1. Let d be a dilation factor. Let a be an r x r matrix of 2m-periodic trigonometric polynomials such that 1 is a
simple eigenvalue of a(0) and for every j € N, d' is not an eigenvalue of a(0). Suppose that a is a dual mask of a and a satisfies

the sum rules of order k in (5.3) with a sequence y. Then up to a multiplicative constant, the values f/(j) 0),j=0,...,k—1are
uniquely determined by the mask a via the following recursive formula: f/(O) = 3:/(0)&(0)T and

o kKG - )
In other words if ¢ is a compactly supported d-refinable function vector satisfying ¢(d“§) = MS)&(&) and dA)(O) #+ 0, then

~0) =L T , N
y (0) = [Z (O)a(i (0) }[cm, —a0) 17, j=1,...,k (5.4)

y(é) = c¢>(§) + 0(J&|%) as &€ — 0 for some nonzero constant c.
Proof. By (5.2), we deduce that

_ T d-1 = T T d-1 =~ T
y(d§) =) a(E+2mm/d)a(€ + 2wm/d) y(d§) =) a(§ + 2wm/d)y(dg)a(€ + 2m/d) .
m=0 m=0
Now by (5.3) we get

=T —T .
y(dé) =a®y@E +o(s), &—0.
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That is, the vector f/ must satisfy

2 2T c
y(d§) =y®aé) +o(s"), &—0. (5.5)
By Leibniz differentiation formula, it follows from (5.5) that
i20) <) Sy . -
@70 =" i + Z Wy OO, =1k

Since 1 is a simple eigenvalue of a(0) and ¢ is not an eigenvalue of a(0) for allj € N, now the recursive formula in (5.4) can

be easﬂy deduced from the above relation. Moreover, the relation y(“g‘) = cqb(é) + 0(|&[%) follows directly from (5.5) and the
identity ¢(d£) = a(®)¢(¢). m

By obtaining the values y y (O) j € NU {0} from a given mask a via the recursive formula in (5.4) of Proposition 5.1, the
CBC algorithm reduces the system of nonlinear equatlons (in terms of both a(k), k € Z and y(j 0),j=0,....,kc—1)in

(5.3) into a system of linear equations, since nowy (0) j=0,...,k — 1are known. On the other hand, both conditions in
Egs. (5.2) and (5.3) can be equivalently rewritten in terms of the cosets of the masks a and a. More precisely, it is easy to
verify that (5.2) is equivalent to

d—1 TT
San©id @ =d', (5.6)

m=0

2m ~ i . .
where a (£) = Y, a(m + dk)e~ €+ and (5.3) is equivalent to

Fde)a" &) =d'5&) +0(EF),  E—>0,m=0,....d—1. (5.7)

The second key ingredient of the CBC algorithm lies in that using Proposition 5.1, the CBC reduces the big system of linear
equations in both Egs. (5.3) and (5.2) into small systems of linear equations using the idea of coset by coset construction and
the equations in Egs. (5.6) and (5.7). Moreover, the CBC algorithm in [6] guarantees that as long as a possesses at least one
finitely supported dual mask, for any given positive integer k, there always exists a finitely supported dual mask @ of a such
that a satisfies the sum rules of order , see [6, Theorem 3.4] and [1,5] for more details on the CBC algorithm.

We also mention that due to Theorem 2.3, all biorthogonal multiwavelets derived from interpolating refinable function
vectors in this paper have the highest possible balancing order, that is, its balancing order matches the order of sum rules.
See [10] and references therein on balanced biorthogonal multiwavelets and balanced dual multiframelets.

In the following, let us present several examples of dual masks for some given interpolatory masks constructed in this

paper.
Example 5.2. Let d = r = 2. Let a denote the mask given in Example 4.1. By (5.4) of Proposition 5.1 with ¥ = 3, we have
(— 1)2 )

jo =321, 75" 0 =012

where i here denotes the imaginary unit with i = —1. By the CBC algorithm in [6], we have a dual mask @ of a such that a
satisfies the sum rules of order 3. The dual mask a is supported inside [—1, 3] and is given by

_ 1 [-28 1127 . 1 1216 1121 . 1 [-28 0
“(_]):@[21 —36]’ a(0) = 384[ 18 60}’ a(l):ﬁ[aao 60]’
170 0 0 0
384[ 18 —36]’ a®) = 384[ 0}

witha(k) =0 fgr k € Z\{-1,0, 1, 2, 3}. By calculation, we have v, (@, 2) ~ 1.117992. So, the associated 2-refinable function
vectors ¢ and ¢ with masks a and a indeed satisfy the biorthogonal relation in (5.1). See Fig. 6 for the graph of the dual 2-
refinable function vector ¢ = [¢1, ¢, ]7. Note that ¢;(—x) = ¢1(x) and ¢, (1 — x) = ¢, (x) for allx € R.

(0) = [3/136,7/68],

a2) =

Example 5.3. Let d = 3 and r = 2. Let a denote the mask given in Example 4.2. By (5.4) of Proposition 5.1 with k¥ = 2, we
have

50) =11, 1], le( )(0) = [16/387, 355/774].

By the CBC algorithm in [6], we have a dual mask a of a such that a satisfies the sum rules of order 2. The dual mask a is
supported inside [—2, 3] and is given by

1 [1292 —4773 1 |:2844 9682}

4(=2) = 3382 | -969 1866]’ a(-1) = 3382 | 386 —1284]"
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Fig. 6. The graphs of ¢; (left) and ¢, (right) in the symmetric dual 2-refinable function vector ¢ = [¢1,$3]7 constructed in Example 5.2 for the
interpolating 2-refinable vector in Example 4.1. Moreover, v, (¢) ~ 1.117992 and (?)1 (—x) = ¢1(x) and &)2(] —X) = (}2 (x) for all x € R.
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Fig. 7. The graphs of ¢ (left) and ¢, (right) in the dual 3-refinable function vector ¢ = [¢q, ¢»]T constructed in Example 5.3 for the interpolating
3-refinable vector in Example 4.2. Moreover, vy (¢) ~ 0.736519.

4(0) = 1 17496 8715 a(1) = 1 2590 -—-2961

A= 34884 |—2961 2590|° VT 34384 8715 17496 |

a(2) = 1 —1284 386 i(3) = 1 1866 —969
734884 | 9682 2844’ 734884 |—4773 1292

with a(k) = 0fork € ZA {-2,-1,0, 1, 2, 3}. By calculation, we have v,(a, 3) ~ 0.736519. So, the associated 3-refinable
function vectors ¢ and ¢ with masks a and a indeed satisfy the biorthogonal relation in (5.1). See Fig. 7 for the graph of the
dual 3-refinable function vector ¢ = [¢)1, ¢,]". Note that ¢ (x) = ¢(1/2 — x) for allx € R.

6. Conclusions and remarks

In this paper, we present in Theorem 2.1 a complete characterization of a generalized interpolating refinable function
vector in terms of its mask. As a consequence, we have a criterion for orthogonal interpolating refinable function vectors in
Corollary 2.2. We introduce the notion of an interpolatory mask of type (d, r) and study its sum rule structure in Theorem 2.3.
We provide in Section 3 a family of interpolatory masks of type (d, r) with arbitrarily high orders of sum rules and address
in Section 5 how to construct biorthogonal multiwavelets using the CBC algorithm in [6] from the interpolatory masks of
type (d, r) obtained in this paper. Examples are given in Sections 4 and 5 to illustrate the theoretical results of this paper.

Symmetry property is one of the most important and desired properties in wavelet analysis (e.g. [2,4,7,12]). Though we
provide a family of symmetric interpolatory masks of type (2, 2) in Corollary 3.3, we did not address the symmetry properties
of a general interpolatory mask of type (d, r) and its associated refinable function vector. When the dilation factor d > 2
and the multiplicity r > 1, except for some special cases (e.g. [12]), it seems that little is known in the literature about the
connections between the symmetry property of a matrix mask and that of its associated refinable function vector. For an
interpolating refinable function vector ¢ = [¢1, ..., ¢.]T with an interpolatory mask a of type (d, r), it is natural that each
function ¢y, £ = 1, ..., r,is symmetric about the point (¢ — 1) /r, more precisely, ¢, (2(£ — 1) /r—-) = ¢,. However, ford > 2
and r > 1, it is unclear to us so far under which kind of symmetry conditions on its interpolatory mask a, the interpolating
refinable function vector ¢ is guaranteed to possess the desired symmetry property. That is, what is the right symmetry
condition for an interpolatory mask of type (d, r) so that its associated interpolating refinable function vector possesses
certain desired symmetry.

For the families of interpolatory masks of type (d, r) in Section 3, it is desirable that the smoothness quantity v, (a, d)
could increase linearly with respect to the order of sum rules of the mask a (or equivalently, with respect to the length of
the support of the mask a). Though Table 1 seems to suggest that this is true for our families of interpolatory masks, we
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are unable to prove this at this moment. We shall leave these questions as well as other related problems on generalized
interpolating refinable function vectors for future study.
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