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ALGORITHMS FOR MATRIX EXTENSION AND
ORTHOGONAL WAVELET FILTER BANKS
OVER ALGEBRAIC NUMBER FIELDS

BIN HAN AND XTAOSHENG ZHUANG

ABSTRACT. As a finite dimensional linear space over the rational number field
@, an algebraic number field is of particular importance and interest in math-
ematics and engineering. Algorithms using algebraic number fields can be
efficiently implemented involving only integer arithmetics. We observe that all
known finitely supported orthogonal wavelet low-pass filters in the literature
have coefficients coming from an algebraic number field. Therefore, it is of the-
oretical and practical interest for us to consider orthogonal wavelet filter banks
over algebraic number fields. In this paper, we formulate the matrix extension
problem over any general subfield of C (including an algebraic number field as
a special case), and we provide step-by-step algorithms to implement our main
results. As an application, we obtain a satisfactory algorithm for constructing
orthogonal wavelet filter banks over algebraic number fields. Several examples
are provided to illustrate the algorithms proposed in this paper.

1. INTRODUCTION AND MOTIVATION

In a digital world, data and signals are often recorded using integers and dyadic
rational numbers. For example, a 8-bit grey-scale image has its pixels taking integer
values between 0 and 255. The rational number field Q has many advantages in
scientific computing. Using integer arithmetics and having simple hardware imple-
mentation, algorithms using the rational number field are much more efficient than
using floating point arithmetics, and avoid roundup error in computation. Conse-
quently, it is one of the fascinating topics in applied mathematics and engineering
(see [3 [16], 19]) to construct orthogonal wavelet filter banks with rational coeffi-
cients. Indeed, a few examples of orthogonal wavelet low-pass filters with rational
coefficients have been reported in [T}, 2, [, B]. Typically, the associated wavelets in
such examples have pretty low regularity and vanishing moments. This significantly
limits the use of such orthogonal wavelet low-pass filters in applications. The in-
terest of seeking orthogonal wavelet filter banks with rational coefficients has been
renewed recently in the paper Mo and Li [16], where tight framelet filter banks with
rational coefficients and with two high-pass filters have been considered. Though
a necessary and sufficient condition is obtained in [I6] for a dyadic tight framelet
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filter bank with two high-pass filters having rational coefficients, almost none of the
known examples in the literature can satisfy the necessary and sufficient condition
in [I6]. Moreover, the associated wavelets in the illustrative examples presented in
[16] have only one vanishing moment. Note that a tight framelet filter bank is a
generalization of an orthogonal wavelet filter bank by having more than necessary
number of high-pass filters. Despite the interesting work in [16], constructing or-
thogonal wavelet filter banks or tight framelet filter banks with rational coefficients
and with high vanishing moments remains as a challenging task.

We are motivated by [I6] to examine again all the orthogonal wavelet filter
banks available in the literature. We observe two interesting phenomena. First,
though there are very few known examples of orthogonal wavelet low-pass filters
with rational coefficients, we notice that to our best knowledge all known finitely
supported orthogonal wavelet low-pass filters have their coefficients coming from
an algebraic number field, often in the form Q(v/%1,...,v/t,) for some positive
integers ti,...,t,. For example, see [§] and [Il 2, B 13] for many examples of
orthogonal wavelet low-pass filters with symmetry. We shall provide a natural
explanation in Section 3 for this observation. Recall that an algebraic number
field A is a finite field extension of the rational number field Q. More precisely,
A =Q(ty,...,t,), where each of t1, ..., ¢, is a root of some polynomial with integer
coefficients. It is well known that an algebraic number field A, when viewed as a
linear space over Q, is a finite dimensional vector space over Q. Consequently, the
arithmetics over A can be implemented by combining the integer arithmetics and
matrix/vector operations from linear algebra (for example, see [14] for more detail).
In other words, algorithms over an algebraic number field A have the same order
of complexity as those over the rational number field Q. Consequently, it is of
theoretical and practical interest for us to consider orthogonal wavelet filter banks
over an algebraic number field.

Second, we observe that even though the orthogonal wavelet low-pass filters
constructed in [I Examples 1 and 2] and [2], (5.3)] have rational coefficients, the
constructed high-pass filters, which are obtained by a brute force calculation using
Grobner bases, do not have rational coefficients; instead, such derived high-pass fil-
ters have rational coefficients only up to a multiplicative constant v/¢ for some posi-
tive integer t. In other words, according to the evidence from symbolic computation,
even if an orthogonal wavelet low-pass filter has rational coefficients, the derived
high-pass filters cannot always be expected to have rational coefficients. This mo-
tivates us to examine the classical matrix extension problem in [6l @] 10} 15l 17, [19]
and to seek the right formulation for the matrix extension problem and for the
construction of orthogonal wavelet filter banks over an algebraic number field.

In the following, we shall state our formulation of the matrix extension problem
over a general field including an algebraic number field as special cases. To do so,
let us recall some notation and definitions. Let F denote a general subfield of C
such that

(1.1) zelF it xePF,

where T denotes the complex conjugate of a complex number = € C. That is, the
subfield F is closed under complex conjugation. For example, F can be the rational
number field Q or an algebraic number field A satisfying z € A for all z € A. By
F[z, 27 '] we denote the set of all Laurent polynomials with coefficients in F. We
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shall use the following notation throughout the paper:

P*(2) :==P(2)* := ZETz_k for P(z) = Zszk,

keZ kEZ

where P, € C"* are r x s matrices of complex numbers. We also define P} := ET
for a matrix P, of complex numbers. With the above * notation, we often work on
P(z) with ze T:={(eC | (| =1}.
Now we are ready to formulate the matrix extension problem over a general field
F. Let P be an r x s matrix, with 1 < r < s, of Laurent polynomials satisfying
(i) P is paraunitary: P(z)P*(z) = I, for all z € C\{0};
(ii) P takes the form P(z) = Qo(z)Dy, where Qg is an r x s matrix of Laurent
polynomials in F[z, 271] and Dy is a diagonal matrix with all the entries of
DyDj in F.
The matrix extension problem over a general field F is to find an s X s extension
matrix P, of Laurent polynomials such that

(1) [I,0]P. = P; that is, the submatrix of the first r rows of P, is P;

(2) P, is paraunitary: P.(z)P%(z) = I, for all z € C\{0};

(3) P takes the form P.(z) = D.Q.(z)Dy, where Q. is an s X s matrix of
Laurent polynomials in F[z,27!] and D, is a diagonal matrix with all the
entries of D. D} in F.

Moreover, if the given matrix P has certain symmetry structure, then it is desirable
that the extension matrix P, also possesses certain symmetry structure. It is also
important that the support of the coefficients of P, is controllable in some way by
that of the given matrix P.

We shall explain in Section 3 why the above formulation of the matrix extension
problem over a general field F leads to a satisfactory solution in the setting of
wavelet analysis and filter banks.

The classical formulation of the matrix extension problem corresponds to the
special case Dy = D, = I, but only for subfields F of C satisfying the following
property:

(1.2) z€lF and yeF Va,y e F with y>0.

For example, in the context of wavelet analysis and filter banks, the matrix exten-
sion problem without symmetry for F = R or C was studied in Lawton, Lee, and
Shen [I5] and Vaidyanathan [I9]. The matrix extension problem with symmetry
has been considered in Petukhov [I7] for » = 1 and F = R, and in Han [6] for r = 1
and a general subfield F of C satisfying ([L2]). More recently, the matrix extension
problem with symmetry has been studied in [I0] by the authors for any r satisfying
1 < r < s and any subfield F of C satisfying the condition in ([L2)). Clearly, the
condition in ([C2)) is satisfied if F = R or C and therefore, [10] generalizes the results
in [0l [I7] to the most general setting.

However, even if all the coefficients of P are integers, the smallest such field F,
containing Z and satisfying the condition in (I2]), must contain y/n for all positive
integers n. Therefore, any subfield F satisfying (2] can never be an algebraic
number field and it must be an infinite dimensional linear space over Q. Hence, in
the setting of wavelet analysis and filter banks, despite the beautiful results and
efficient algorithms on the matrix extension problem in [6, 10} [15, 17, [19], even if an
orthogonal wavelet low-pass filter has all its coefficients from an algebraic number
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field (which is indeed the case for all known finitely supported orthogonal wavelet
low-pass filters in the literature, for example, see [] for systematic construction and
numerous examples of orthogonal wavelet low-pass filters with symmetry), the de-
rived orthogonal wavelet high-pass filters cannot be guaranteed to have coefficients
in an algebraic number field as well.

For a matrix P(z) = >,_, Prz" of Laurent polynomials such that P, # 0
and P, # 0 with m,n € Z, we define the filter support and length of P to be
fsupp(P) := [m,n] and len(P) := n — m, respectively. Throughout the paper, 0
always denotes a zero matrix whose size can be determined from the context.

Let P be an r x s matrix, with 1 < r < s, of Laurent polynomials satisfying
P(z)P*(z) = I. for all z € C\{0} and P takes the form P(z) = Qq(z)Dy, where
Qo is an r x s matrix of Laurent polynomials in F[z,27!] and Dy is a diagonal
matrix with all the entries of DyDy in F. To study and formulate the matrix
extension problem over a general subfield F, in this paper we shall investigate the
structure of P by factorizing the matrix P into a product of elementary matrices,
that is, we study a more general problem: the matrix factorization problem over a
general subfield F of C. More precisely, we shall construct a sequence of elementary
matrices Ag,...,As such that

(1) PAO s 'AJ = [IT,O],

(2) 16H(PAQ s Aj) < IGH(PAO s Aj—l) for all ] = 0,...,J;

(3) A3(2)Aj(2) = I for all j =0,...,J and len(A;) < 1;

(4) Each A; takes the form D*_,V;(2)D; with V;(z) = V;D;(z), where all D;
are diagonal matrices such that all entries of D7D; in F, V; is a constant
invertible matrix in IF, and D, is a diagonal matrix whose diagonal entries
are monomial Laurent polynomials.

Consequently, we have the following representation of P: P = [I,., 0]A% - - - A5, which
factorizes the paraunitary matrix P into a product of elementary paraunitary ma-
trices Aj. When P has symmetry, the matrix extension problem and the matrix
factorization problem over a general subfield F are even much more complicated; see
Section 4 for details. The matrix extension problem and the matrix factorization
problem are of importance in engineering and system sciences. For example, they
play a central role in engineering for the design and study of paraunitary perfect
reconstruction filter banks (see [I9, Sections 13 and 14]); they are also indispens-
able tools in the general theory of linear systems in system science; see [20] and
references therein.

Our major contribution of this paper is a proper formulation of the matrix ex-
tension problem and the matrix factorization problem with or without symmetry
over a general field, and provides a satisfactory solution to them. Though we shall
use some interesting ideas from [0, [10, 15 [I7, 9], our results in this paper are
not simple generalizations of the results in [6, [0, 15 17, 19] and new ideas are
needed in order to satisfactorily solve the matrix extension problem over a general
field without the condition in (2. More precisely, to avoid the square root re-
quirement of the subfield F in (2], we have to formulate the matrix extension and
factorization problems in an appropriate way by restricting ourselves to considering
only elementary matrices with additional structures. Our main new idea is a key
observation made in Lemma which allows us to avoid directly using the square
roots of positive elements in F in our elementary matrices. Instead, we require that
elementary matrices should have the additional structure D§V D; such that V is
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an invertible matrix in F and Dg, D; are diagonal matrices whose diagonal entries
are square roots of positive elements in F. In this way, the troubling square roots
of positive elements in F appearing in our elementary matrices are restricted in
the diagonal matrices D’s in a nested fashion (see Theorem 2] for details). On
the other hand, all the papers [0, 10, 15 9] employ the Householder matrices to
transform a constant vector into a normalized one with only one nonzero entry.
However, using Householder matrices, one has to unavoidably use the square roots
of positive elements in F in elementary matrices in a nonseparable way, which in
turn forces one to use a subfield F with the square root requirement in ([2]). Once
we have the key observation made in Lemma [2.2] to establish the results and algo-
rithms in this paper, we shall follow the main ideas made in [6l, [10] by appropriately
modifying the key procedures in [0}, [10] to the new setting and formulation.

The structure of the paper is as follows. In Section 2, we shall state our result
on the matrix extension problem without symmetry constraint over a general field
and its associated step-by-step algorithm for deriving the extension matrix P, from
P. In Section 3, we will discuss the application of the matrix extension problem
to the orthogonal wavelet filter banks without symmetry. We shall explain in
Section 3 that our formulation of the matrix extension problem over a general field
F leads to a satisfactory solution in the setting of wavelet analysis and filter banks.
In Section 4, we shall present our result on the matrix extension problem with
symmetry constraint over a general field and its associated step-by-step algorithm
for deriving the extension matrix P, with symmetry structure from P. In Section 5,
we shall discuss the application of our results on the matrix extension problem over
a general field to wavelet analysis and filter banks. We shall see that our result
leads to a satisfactory solution to the design of symmetric filter banks over an
algebraic number field. We shall also provide several examples in Section 6 to
demonstrate our algorithms for designing orthogonal wavelet filter banks over an
algebraic number field. Proofs of some key lemmas are postponed to Section 7.

2. THE MATRIX EXTENSION PROBLEM WITHOUT SYMMETRY CONSTRAINT

In this section, we shall investigate the matrix extension problem without sym-
metry constraint over a general subfield F of the complex number field C. We also
present a step-by-step algorithm for finding the extension matrix P.. To do so, let
us introduce some notation first.

Without further mention, F always denotes a general subfield of C satisfying
(TI). We have the following result on the matrix extension problem without sym-
metry constraint over a general subfield F:

Theorem 2.1. Let P be an r x s matriz, with 1 < r < s, of Laurent polynomials
such that P takes the following form:

(2.1) P(z) = Qo(2)Do, =z € C\{0},

where Qq is an r x s matriz of Laurent polynomials in Fz,271] and Dq is an s x s
diagonal matriz with all the entries of DoD§ in F. Then P(2)P*(z) = I, for all
z € C\{0}, if and only if, there exists an s X s matriz P. of Laurent polynomials
such that

(i) [I,0]P. = P; that is, the submatriz of the first r rows of P. is P;
(i) Pe is paraunitary: Pe(2)Pi(z) = Is for all z € C\{0};
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(iii) P. can be represented as a product of s X s elementary matrices:
Pe(2) = DPr(2)Py_1(2)---P1(2)Po(2) Do, =z € C\{0},

where Pj,j =0,...,J are s x s matrices of Laurent polynomials in F[z,z~!]
such thatlen(P;) < 1, and D, is an sx s diagonal matriz with all the entries
of D.D} in F;

(iv) the length of P. is controlled by that of P in the following sense:

len([Pe];k) < max len([Plnx) forall 1<j,k<s.

We make some remarks about Theorem [ZI] The integer J in item (iii) of The-
orem [27]] always satisfies J < len(P). Each of the elementary matrices P;,j =
0,...,J — 1 is a product of a constant matrix in F and a diagonal matrix whose
diagonal elements are either 1 or z—!. The matrix P; is a product of a constant
matrix in F and a diagonal matrix whose diagonal elements are monomials.

Theorem [2.1] shows that all the coefficients of the paraunitary extension matrix
P. are not “far away” from those of F, provided that the given matrix P has the
special form as in (2I)). In particular, when F is an algebraic number field A, the
extension matrix P, is of the form P, = D.Q. Dy with Q. being a matrix of Laurent
polynomials with coefficients in A. Consequently, all the coefficients of P, are from
an algebraic number field A, where A is the field extension over A by adding the
entries of Dy and D,. For the result on matrix extension with symmetry constraint
over a general subfield F; see Theorem F.1] in Section @ and also see Examples
—[6.4lin Section [@ for its application.

For row vectors u and v in C'*", we define v* := ¥', (u,v) := uv*, and ||v|| :=

V/(v,v). To prove Theorem 2] we need the following auxiliary result.

Lemma 2.2. Let £ = gDy be a 1 x s nonzero row vector for some 1 X s row
vector g with all the entries in F and some nonsingular diagonal matriz Dy with
all the entries of DoDy in F. Then there exists an s x s unitary matriz Us of the
form Ug = D§V; Dy such that UsUf = I, and £Us = [|£]),0,...,0]", where V; is a
nonsingular matriz with all the entries in ¥, and where D1 is some diagonal matriz
with all the entries of D1 D7 in F.

Proof. Let g, := g. Since g, # 0, we can find 1 x s vectors go,...,g, in F1**
such that gi,go,...,gs are linearly independent. For instance, assuming g =
(911, - - -, g1s] With g11 # 0, we can choose g; =e; = [0,...,1,...,0], the standard
jth unit coordinate vector in F1**, for j = 2,...,s. Then g;,g,...,gs are linearly
independent. Because Dy is nonsingular, all the vectors g Dy, g2Dy, ..., gsDo are
linearly independent. Applying the Gram-Schmidt orthogonalization process to the
linearly independent vectors g1 Dy, g2Dy, ..., gsDo as follows:

vi:=gDg = g1 Do,

i=g2Do — Do = (g2 — ¢2,181) Do =: g2D
Vo i=gal)o <§1Do,§1Do>g1 0 (gz 02,1g1) 0 g2,
s—1 ~
SD bl D ~ ~ ~ ~
A ::gsDO - Z wgDO = (gs —Cs,181 — " — cs,s—lgs—l)DO = gsD07

= (&;Do, ;Do) !
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where
- (gxDo, g Do) _ (g8rDo Dy, 85) 1<j<k<s
7 (g;Do.gi Do) (&;DoDg, ;)
and
gk =8k — Ck,181 — " — Ckk—18k—1, 1<k <s.

By our assumption, it is not difficult to verify that all ¢, ; and all entries of g;, are
inFforall 1 <j<k=<s. Itis also easy to check that (v;,vg) = 8(5 — k)||v;|?
for all j,k =1,...,s, where ¢ denotes the Dirac sequence such that 6(0) = 1 and
0(k) =0 for k £ 0.

Finally, define V;:=[g7},...,&5] and D;: fdlag( |v T o H) for any (1,...,(s €
T:={¢CeC | |¢|] =1}. It is straightforward to verify that Us := D§Ve Dy is the
desired unitary matrix. (]

Setting ¢; =---=(, = 1 in the above proof, we see that D; =diag(r Tl " m)

Define IFl/ ={yx | z € F,z > 0}. Then all D;’s constructed by employing
Lemma in this paper can be chosen in such a way that all entries of D;’s are
from ]Fl/ 2

The role of U; is to normalize the vector £ by reducing f into a vector having
only one nonzero entry. Note that Us does not affect the zero entries of £ and there

exists a permutation matrix E such that
(2.2) [U:E);. = (U+E].;)T = e;, provided [f]; = 0.

Here, [A];., [A4].; denote the jth row, jth column of a matrix A, respectively, and
[f]; is the jth entry of a vector £. For simplicity, we also define Uy = I for £ =0
and Ug = () for £ = (), where ) is the emptyset. Throughout the paper, up to a
permutation means there exists a permutation matrix E such that the identity holds
exactly with the corresponding matrix A being replaced by AFE (e.g., see ([Z3))).

As a direct consequence of Lemma 2] for a general r x s constant matrix F
taking the form F' = G Dy, we can construct a unitary matrix Ur = D§VrD; so
that FUr = [R, 0] and up to a permutation,

(2.3) [Url;. = ([UF].;)" =e;, provided [F].; =0,
which can be summarized as the following corollary.

Corollary 2.3. Let F = GDy be an r X s matrix, where G is an r X s matriz with
all the entries in F and Dq is a nonsingular diagonal matriz with all the entries of
DoDg inF. Then there exists an s x s unitary matriz Up of the form Up = D§Vr Dy
such that UpU} = Iy and FUp = [R, 0] for some lower triangular matriz R, where
Vi is a nonsingular matriz with all the entries of Vi in F and D1 is some diagonal
matriz with all the entries of D1 D7 in F.

Proof. The main idea is to apply Lemma 22 to F' row by row.

Let £, := [F]1. = [G]1.Dy be the first row of F. By Lemma 22 we can
construct a unitary matrix Uy = D{ViD, satistying £,U; = [||£1]],0,...,0] for
some nonsingular s X s matrix V3 € F**¢ and some diagonal matrix D, with all the
entries of D, D} in F.

Next, let £y = FU;. Then Fy = G1D, with G; = GDyD§V;, € F"*%. Let
fy 1= [Fi]2. = [G1]2,.D, be the second row of Fy. Applying Lemma [Z2] to foy =
[f2]2.s, the second row of Fy ignoring the first entry of fs, we can, through a
simple extension, find an s x s unitary matrix Us = D VoD, _; satisfying £oUs =
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[[£2]1, [|£2]],0,. .., 0] for some nonsingular s x s matrix Vo € F**¢ and some diagonal
matrix D,_; with all the entries of D,_1D}_; in F.

Repeating the above procedure, we can construct a sequence of s X s unitary
matrices Uy = D{ViD,, Uy = DfVoD,_1,...,U. = D3V,.D; by Lemma 22
which reduce the matrix F' to a lower triangular matrix. That is FU;---U, =
[R,0] for some lower triangular matrix R. Let Up := D§VpD; with Vp =
ViD,.Dy---V._1DsD3V,. Then U is a desired matrix. O

Let p be a 1 x s vector of Laurent polynomials taking the form p(z) = qo(2)Dy.
Suppose fsupp(p) = [¢, h] with h — ¢ > 0. Then p can be written as

p(z) = fo2f 4 4 fp2h = (ggzz + -4 ghzh)Do, z € C\{0}.

Suppose that p is paraunitary, i.e., p(z)p*(z) = 1 for all z € C\{0}. For the row
vector £y, we can construct a unitary matrix U, by Lemma 2.2 such that Uf,ng‘l =

I, and £,U:, = [||£¢],0,...,0]. Because pp* = 1, we have (£,U¢,,f)Us,) = 0.
Consequently, £,Us, must take the form £,Us, = [0,%,...,%], where * denotes
some number in F. Using a diagonal matrix D(z) := diag(1,27%,...,271), we can

reduce the length of p by 1. Replacing p by pUs,D and repeating this procedure,
we can reduce the length of p step by step to 0. This is the main idea to prove
Theorem Tl for the case r = 1. The same idea, by employing Corollary 23] instead
of Lemma 2.2} yields the following proof of Theorem 2.1

Proof of Theorem 211 The sufficiency part is trivial. We next prove the necessity
part. Suppose that P takes the form in [2]) and P(z)P*(z) = I, for all z € C\{0}.
Assume that fsupp(P) = [¢, h] with h — £ > 0. Then P = QoD takes the form

P(Z) = F[Ze + 4 thh = (G[Ze + 4 Ghzh)Do, S (C\{O},

where F;,G; for j = {,... h are r X s constant matrices and Qo(z) = Gzt +- -+
G12". We now perform the following steps to reduce the length of P by at least 1.

(1) Since Fy = G¢Dy # 0, by Corollary 23] we can construct a unitary matrix
Ur, of the form U, = DV, Dy such that Ur, Uy, = I and F;Ur, = [R, 0],
where V, is a nonsingular matrix with all the entries in F, D; is a diagonal
matrix with all the entries of D D} in F, and R is an 7 x m lower triangular
matrix with m being the rank of Fj.

(2) In view of the paraunitary property, P(2)P*(z) = I, for all z € C\{0}
deduces that (FyUp,)(FrUp,)* = 0. Hence, PUfr, must take the following
form:

P(2)Up, = [R,03]2 + -+ + [0g, R]z", z € C\{0},
where Op is the r X m zero matrix having the same size as R.

(3) Define Do(2) := diag(1,,,2 '1s_,,) and P(z) := P(2)Ur,Do(z). Here 1,,
denotes the 1 x m row vector [1,...,1]. Then P(z) = Qi(z)D;, with
Q1(2) := Qo(2)DoD§VE,Do(2) being an r x s matrix of Laurent polynomi-
als in F[z, 2~ 1], satisfies fsupp(P) = [¢, h — 1]. Define Ay(z) := Up,Do(2) =
DVo(z)Dy with Vo(z) := V,Do(z). Then Ag(z) is paraunitary.

Repeating the above steps, we can construct a sequence of paraunitary matrices
Aj(z) = DJ*-Vj(z)Dj_H7 j =0,...,J such that PAg---A; = [I.,0]. Define P, :=
A% ---Af. Then it is easy to show that P. takes the form as in Item (iii). Items
(i) — (iil) follow directly from the above construction. Item (iv) follows from the

property of Up, in (3. O
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Based on the constructive proof of Theorem 2] we provide an algorithm (see
Algorithm [I]) for the matrix extension problem without symmetry constraint. In
the algorithm and this paper, for an 7 x s matrix P(z) = Y, ., Px2" of Laurent
polynomials, coeff(P, k) refers to the coefficient matrix P, of z*.

Algorithm 1. Matrix Extension without Symmetry Constraint

(a) Input. An r x s paraunitary matrix P = QoD as in Theorem 211
(b) Output. A paraunitary extension matrix P, satisfying Items (i) — (iv) of
Theorem [Z11
(c) Imitialization. P < P. P, « I,. Dy < Dy. J + 0.
(d) Support Reduction.
1: while len(P) # 0 do
2. [0, h] « fsupp(P). F « coeff(P,¢). F is of the form F = GD;.
3:  Construct Up by Corollary 23] such that UpUf = I, Up = DyVpDs, and
FUr = [R,0] for an r x m lower triangular matrix R with m being the rank
of F.
4: D(2) + diag(1,, 1s_mz1).
5. P« PUpD. P; « (VeDDyD3)*. P, + (UpD)*P,.
6: D1+ Dy. J <+ J+1.
7. end while
(e) Finalization.
8: F « coeff(P,¢), where fsupp(P) = [, ] since len(P) = 0. Construct Up by
Corollary 23] such that UpUf. = I, Up = DiVpDs, and FUp = [I,,0].
9: D(2) + z7*I,. P, < (UrD)*P.. P;1 < (VeD)*. D, < D5.

3. APPLICATION TO ORTHOGONAL WAVELET FILTER BANKS

In this section, we shall discuss the application of our result on the matrix
extension problem without symmetry in Section 2] to d-orthogonal wavelet filter
banks in electronic engineering and wavelet analysis. We shall also explain in this
section why our formulation of the matrix extension problem over a general field
leads to a satisfactory solution to the construction of orthogonal wavelet filter banks
over algebraic number fields.

Let us first recall some definitions and notation. We say that d is a dilation factor
if d is an integer with |d| > 1. For simplicity of presentation, we further assume that
d is positive, while the case of a negative dilation factor can be handled similarly
by a slight modification of the statements in this paper.

Recall that in this paper F always denotes a general subfield of C satisfying
(CI). A filter a = {a(k)}rez : Z — F™" with multiplicity r is a finitely supported
sequence of r X r matrices on Z. The z-transform or symbol of the filter a is defined

to be
a(z) := Za(k)zk, z € C\{0},
kEZ
which is a matrix of Laurent polynomials with coefficients in F"*". Moreover, the
polyphase components of a (or a) are defined by

(3.1) all(z) .= Za(v + dk)z", v € L.
keZ
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We say that a (or a) is a d-orthogonal wavelet filter if
d—1
(3.2) > all(z)abl(z)r =d7'1,,  zecC\{0}.

=0

Let by,...,b4-1 : Z — C"*" be filters with multiplicity . We say that the
set of filters {a;by,...,b4—1} is a d-orthogonal wavelet filter bank if the following
polyphase matrix

al0l(z) ... ald-(z)
Oy ... pla-lg,

(3.3) P(z) = Vd 1 :( ) . & : = ., zeC\{0}
b, () - b e)

is paraunitary; that is, P(2)P*(z) = Ig, for all z € C\{0}, where each byl is a
polyphase component of by, defined similarly as in &I for m,y = 0,...,d — 1,
respectively. Without any a priori condition, any wavelet filter bank naturally
corresponds to a frequency-based framelet in the distribution space; see Han [7] for
more detail.

There are two major tasks in the construction of orthogonal wavelet filter banks.
One is to construct a d-orthogonal wavelet low-pass filter a with some desirable
properties, and the other is to derive the associated high-pass filters by,...,bq_1
from a given d-orthogonal wavelet low-pass filter @ so that {a;b1,...,b4—1} is a
d-orthogonal wavelet filter bank.

The matrix extension problem plays a major role in the second part for deriving
the high-pass filters by, ...,bq_1 from a given d-orthogonal wavelet low-pass filter a.
As an application of Theorem 2.1 we can construct the high-pass filters by, ..., bg_1
systematically when the d-orthogonal wavelet filter a is given. In fact, let P :=
Vdall oo Jald=l) = VdQp. Then P = QuDy, with Dy := V/dI,, satisfies the
conditions in Theorem Il Thus, we can extend P to a full paraunitary matrix
Pc(z) = P(z) as in B3), from which it is not difficult to construct high-pass
filters by, ..., by_1; see (BII). More importantly, Theorem 2] guarantees that the
coeflicients of the high-pass filters are not “far away” from the field generated by
the coefficients of the low-pass filter. This is summarized in Theorem B.1] as follows.
For its proof, see the proof of the more detailed version in Theorem [5.2] of Section Bl

Theorem 3.1. Let a : Z — F"™*" be a d-orthogonal wavelet low-pass filter with
multiplicity . Then there exist high-pass filters by, ..., by_1 : Z — C"*" such
that {a;by,...,ba—1} forms a d-orthogonal wavelet filter bank and b, = DmBm for
m=1,...,d — 1, where by, : Z — F™" has coefficients in F and D,, is some
diagonal matriz with all the entries of D,, D}, in F.

Algorithm B in Section [ provides the detail for the construction of the high-
pass filters by, ...,bq_1 in Theorem B.J] and see Examples —[64 in Section [@ for
the illustration. In the rest of this section we shall explain why almost all finitely
supported d-orthogonal wavelet filters have coefficients from an algebraic number
field, and why our formulation of the matrix extension problem over a general field
is satisfactory.

Assume that we are looking for a d-orthogonal wavelet filter a with multiplicity r
such that fsupp(a) C [m,n]. Regard the entries in the matrices a(k),k = m,...,n as
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unknowns. Then the orthogonality condition in (3.2) induces a system of quadratic
equations with rational coefficients. Finding a Grobner basis of the system and
setting the unconstrained unknowns in the Grébner basis to be numbers from an
algebraic number field (or simply from the rational number field), we see that all the
unknowns are roots of polynomials with coefficients from some algebraic number
fields. Consequently, by solving a system of quadratic equations with rational
coefficients induced by ([B.2]), all the coefficients of a d-orthogonal wavelet filter
are from certain algebraic number field. This more or less explains why all finitely
supported d-orthogonal wavelet filters known in the literature have their coefficients
from certain algebraic number field. See [II, 2] Bl [ 51 6] 8 12} T3] 18] and Section 6
for many such examples. In particular, [§] provides a systematic construction for
d-orthogonal wavelet low-pass filters with linear-phase moments and/or symmetry.

Now we assume that a is a finitely supported d-orthogonal wavelet filter such
that all its coefficients are from an algebraic number field A. It is quite appealing
and desirable that one can derive a d-orthogonal wavelet filter bank {a; b1, ...,b4—1}
such that all the coefficients of by, ..., bq_1 are also from the same algebraic number
field A. However, as demonstrated by many examples available in the literature and
obtained by brute force calculation using Grobner bases in symbolic computation,
such a requirement is too strong or ideal to be feasible. For the convenience of the
reader, we provide a simple example here to illustrate this.

Example 3.2. Let d = 3 and a be given by a(z) = 3(1 + z 4+ z%). Then all the
coefficients of a are in the rational number field Q, and it is easy to show that a is
3-orthogonal. Suppose that b; and be are two high-pass filters such that {a;b1,ba}
forms a 3-orthogonal wavelet filter bank. It is very much desired in both theory
and application that max(len(by),len(by)) < len(a) = 2 (most d-orthogonal wavelet
filter banks in the literature satisfy this property). In our case, we wish to construct
high-pass filters b; and by with coefficients in Q and with length no more than 2. In
terms of polyphase components, this is equivalent to requiring that the polyphase
matrix should take the form

alfl(z) altl(z) al?l(z) 1 1 1

0] 1] 2] Smoopam pom
P(z) =Vd [b(2) bl(z) bH(2)| = V3B |tiz™ tez™ tz2™|,

b’ (2) by'(2) b(2)

where t1,t2,t3,51,52,53 € Q and m,n € Z. It is straightforward to see that the
orthogonality condition P(z)P*(z) = I3 for all z € C\{0} implies

(3.4) titta+ts =0, t]+t3+15=12.

So, we need to find a rational solution {t1, t2,t3} to the system of equations in (B4)).

Solving ([B4)), we have t; = x, ty = —%:I:—Vﬁ_GW), and t3 = —%:Fi”}_fiw, where x is
a free parameter. To have a solution such that t1,t5,t3 € Q, we must require z € Q
and v6 — 2722 € Q. Equivalently, we need to find a rational point (x,y) € Q?
satisfying the equation 2722 4+ 4% —6 = 0, which defines an algebraic curve. Finding
a rational point on an algebraic curve is a major task in computational algebraic
geometry. In other words, our question becomes whether or not the algebraic
curve 2722 + y? — 6 = 0 on R? contains a rational point (z,y) € Q2. Using the
package algcurves in maple, we find that the algebraic curve 2722 +y? —6 = 0 has
genus 0 and is irreducible. Therefore, the algebraic curve has a parametrization.

Using parametrization in the software maple for symbolic computation, from
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the parametrization of the algebraic curve 2722 + y?> — 6 = 0, we conclude that
the algebraic curve does not contain any rational point (z,y) € Q2. This shows
that it is impossible to have a 3-orthogonal wavelet filter bank {a; by, ba} such that
max(len(by),len(bs)) < len(a) and by, be have rational coefficients. In fact, the
above argument shows that if b is a 3-orthogonal high-pass filter to a and b has
rational coefficients, then we must have len(b) > 3 > len(a).

On the other hand, if we relax the “rational coefficients” condition to “ratio-
nal coefficients up to a multiplicative constant”, we have the following solution:
m—n—O tl—\/_ tQ—O t3——§,51:%§782:—§,83:§. The
corresponding high-pass filters are given by

bi(z) = YO(1—22), ba(z) = Y2(1 — 22 + 22),

each of which has coefficients in Q up to a multiplicative constant and len(b;) =
len(by) = len(a).

To appreciate our results and our formulation of the matrix extension problem,
in the following let us look at the multilevel wavelet transform. To do so, let us
introduce some notation and definitions.

The multilevel wavelet transform is implemented by using the subdivision oper-
ator for reconstruction and the transition operator for decomposition. For a filter
a : Z — F™" with multiplicity r, the subdivision operator S, 4 : (I2(Z))**" —
(Io(Z))*" is defined to be

(3.5) [Sa,av]( —dz a(n—dk), ne€Z, ve (I(Z)*"
keZ
and the transition operator T, 4 : (I2(Z))'*" — (I2(Z))**" is defined to be
(3.6) T, =d > v(k)a(k - alk—dn)', neZ, ve (Io(Z)>".
kEZ

For a positive integer J, the J-level discrete wavelet decomposition is given by
Vj_1 = @’ﬁmvj and  wj_1,m = @ﬁmvdvj, m=1,....d=1;, 5=J,...,1,

where vy : Z — CY*7 is an input signal in (I3(Z))'*". Moreover, entries in v
are called low-pass wavelet coefficients and entries in w;j_1., are called high-pass
wavelet coefficients.

The J-level discrete wavelet reconstruction is given by

d—1

o d o d o .

0 = %Sa,dv_j—l + % E Sty dWj—1m, J=1,...,J.
m=1

Suppose that {a;b1,...,b4—1} is a d-orthogonal wavelet filter bank. Then we can
deduce from the identity P(z)P*(z) = I, for all z € C\{0} that

d—1

SudaTaav+ > SpdTp,av=dv, v e (12(2))".

m=1
Noting that HﬁWdUH%lQ(Z))IX, (To,,, a0, Tp,, .av) = (Sp,, dTp,,.dv,v), we now have
the following energy preserving equality:

J d-1

s zyicr = 1volE, @y + > D> Iwi—rmlE, zyyie-

j=1m=1
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Moreover, if nothing is performed on the wavelet coefficients, i.e., vg = vo and
Wj—1;m = Wj—1;m forallm=1,...,d—=1and J =1,...,J, then we must have the
perfect reconstruction property: v; = vy, that is, the original input signal v; can
be exactly reconstructed.

We now explain that our formulation of the matrix extension problem over a gen-
eral field leads to a satisfactory solution to the construction of orthogonal wavelet
filter banks.

Suppose that a : Z — A"*" is a d-orthogonal wavelet filter with multiplicity
r such that all the coefficients of a belong to an algebraic number field A (for
example, A = Q). By Theorem Bl we can construct a d-orthogonal wavelet filter
bank {a;b1,...,b4—1} such that the polyphase matrix P in (B3] is paraunitary and

(3.7) b = Dby, m=1,...,d—1,

where all the filters b, : Z — A™" m=1,...,d — 1 with multiplicity r have their
coefficients in A, and all D,, are r x r diagonal matrices with all the entries of
D,, Dy, in A.

Let v := v;. We modify the J-level discrete wavelet decomposition as follows:

’l~}j_1 = 7;7(1’5]‘ and ’lI)j_l;m = 7;; df}j

m

forj=J,...,1and m=1,...,d — 1. Then we have the following relations:
T d(jflﬂf)/%ji17 Wj_1im = d(jflf‘])/ij,l;mD:n

form=1,...,d=1,j =1,...,J. That is, the original wavelet coeflicients v;_; and
Wj_1;m are simply scaled versions of the new wavelet coefficients v, and wW;_1;.
Suppose that the input signal v; also has its entries from the algebraic number
field A (in fact, the coefficients of v; are often rational numbers). Then all the
new wavelet coeflicients 0;_; and w;_1.,, can be efficiently computed using integer
arithmetics and matrix/vector operations in linear algebra. Also, by the definition
of the transition operator in (8] and the relation in ([B7), we see that the J-level
discrete wavelet reconstruction can be modified by

d—1
(38) 0 =d'Seatj1+d > S G(Wii1mDy D), =1,

m=1
Since all the entries of the diagonal matrices D}, D,,, are from A, the above modified
J-level discrete wavelet reconstruction in ([B:8]) can be also efficiently implemented
using integer arithmetics and matrix/vector operations in linear algebra. Moreover,
if nothing is performed on the new wavelet coefficients, i.e., 13;0 = 79 and ﬁ)j_mn =
Wj—1;m forallm =1,...,d =1 and j = 1,...,J, then we must have the perfect
reconstruction property: vy=0;=0v 7; that is, the original input signal v; can be
exactly reconstructed by the modified discrete wavelet transform.

4. THE MATRIX EXTENSION PROBLEM WITH SYMMETRY CONSTRAINT

In this section, we shall investigate the matrix extension problem with symmetry
constraint over a general subfield F of C satisfying (II]). The matrix extension
problem with symmetry constraint is much more challenging than its counterpart
without the symmetry constraint in Section 2. Extra effort is needed to guarantee
the symmetry structure of the extension matrix. Let us first recall some necessary
notation and definitions related to symmetry of Laurent polynomials.
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Let p(2) = Y 1ez Prz", 2 € C\{0} be a Laurent polynomial with complex coeffi-
cients pr € C. We say that p has symmetry if its coeflicient sequence {py}rez has
symmetry; more precisely, there exist ¢ € {—1,1} and ¢ € Z such that

(4.1) Dok = EPk VkelZ.

If ¢ = 1, then p is symmetric about the point ¢/2; if € = —1, then p is antisymmet-
ric about the point ¢/2. Symmetry of a Laurent polynomial can be conveniently
expressed using a symmetry operator S defined by

_ p(z)

(4.2) Sp(z) = g z € C\{0}.

When p is not identically zero, it is evident that (1)) holds if and only if Sp(z) =
ez°. For the zero polynomial, it is very natural that SO can be assigned any sym-
metry pattern; that is, for every occurrence of SO appearing in an identity in this
paper, SO is understood to take an appropriate choice of z¢ for some ¢ € {—1,1}
and ¢ € Z so that the identity holds. If P is an r X s matrix of Laurent polynomials
with symmetry, then we can apply the operator S to each entry of P; that is, SP is
an r X s matrix such that [SP]; , :=S([P];%) for L <j<rand1<k<s.

For two matrices P and Q of Laurent polynomials with symmetry, even though
all the entries in P and Q have symmetry, their sum P + Q, difference P — Q, or
product PQ, if well defined, generally may not have symmetry anymore. This is one
of the difficulties for matrix extension with symmetry. In order for P + Q or PQ to
possess some symmetry, the symmetry patterns of P and Q should be compatible.
For example, if SP = SQ; that is, both P and Q have the same symmetry pattern,
then indeed P 4+ Q has symmetry and S(P = Q) = SP = SQ. In the following, we
discuss the compatibility of symmetry patterns of matrices of Laurent polynomials.
For an r x s matrix P of Laurent polynomials with symmetry, we say that the
symmetry of P is compatible or P has compatible symmetry, if

(4.3) SP(z) = (561)"(2)S02(2),

for some 1 x r vector #1 and 1 x s vector 65 of Laurent polynomials with symmetry.
For an r x s matrix P and an s x ¢ matrix Q of Laurent polynomials with symmetry,
we say that (P, Q) has mutually compatible symmetry if

(4.4) SP(z) = (S61)*(2)S0(z) and SQ(z) = (S6)*(2)SO2(2)

for some 1xr, 1xs, 1xtrow vectors 61, 0, 85 of Laurent polynomials with symmetry,
respectively. If (P,Q) has mutually compatible symmetry as in ([£4]), then it is
easy to verify that their product PQ has compatible symmetry and in fact S(PQ) =
(S01)*Shy. An s x s matrix V of Laurent polynomials is strongly invertible if V1
is also a matrix of Laurent polynomials, or equivalently, the determinant of V is a
nonzero monomial.

Our main result in this section is as follows:

Theorem 4.1. Let P be an r x s matriz, with 1 < r < s, of Laurent polynomials
taking the form

(4.5) P(z) = Qo(2)Do, 2z € C\{0},

where Qq is an r x s matriz of Laurent polynomials in F[z, 2] and Dy is an s x s
diagonal matriz with all the entries of DoD§ in F. Then:
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(1) the symmetry pattern of P is compatible: SP = (S61)*SOy for some 1 x r
vector 01 and some 1 X s vector 0y of Laurent polynomials with symmetry;
(2) P is paraunitary: P(z)P*(z) = I, for all z € C\{0},

if and only if, there exists an sxs square extension matriz P, of Laurent polynomials
such that

(i) [I,0]P. = P; that is, the submatriz of the first r rows of P, is P;
(ii) P. is paraunitary: P.(z)P%(z) = I, for all z € C\{0};
(iii) the symmetry pattern of P, is compatible: SP, = (S0)*S0y for some 1 X s
vector 8 of Laurent polynomials with symmetry;
(iv) P. can be represented as a product of some s X s elementary matrices:

(46) Pe(Z) = DGPJJ,_l(Z)PJ(Z) s |:>1(Z)P()(22)D07 S (C\{O},

where

(a) D. is an s x s diagonal matriz with all the entries of DD} in F;

(b) Pj;, 1 <j < J are elementary: P; is strongly invertible, has coefficients
in F, and fsupp(P;) C [-1,1];

(¢) (Pjt1,P;) is mutually compatible for all 0 < j < J;

(d) Po = Ugy, and Pyy1 = diag(Usg,, Is—r), where Usg, and Usg, are
products of a permutation matriz with a diagonal matriz of monomials,
as defined in [@1);

(e) the length of P. is controlled by that of P in the following sense:

len([Pe;%) < max len([P],x) for 1<j,k<s.
1<n<r

We make some remarks about Theorem .1l The integer J in item (iv) of Theo-
rem [A.1] always satisfies J < [len(P)/2]. Here [-] denotes the ceiling function such
that [2] =n if n — 1 <z < n for some integer n. Each of the elementary matrices
P;,j =1,...,J is a product of a constant diagonal matrix in F and a matrix of
Laurent polynomials in F[z, z7!] with its length no greater than 2. The matrices Py
and P, are two matrices of Laurent polynomials in F[z, 271] reducing the sym-
metry pattern of P into a standard simplified form. For more detail, see subsections
below and Algorithm

Theorem [LT] states that an r x s paraunitary matrix P having compatible sym-
metry can be extended into a square paraunitary matrix P, having a special cascade
structure as in ({0) and having compatible symmetry structure. In the rest of this
section, we shall prove Theorem . Iland provide an algorithm for it (for its illustra-
tion, see Examples —[641 in Section[@). We follow the main idea in the proof of
[T0, Theorem 1]. The key difference is that we need to take into account the special
form of P = QD and construct paraunitary matrices having certain form as well.
The proof for the sufficiency part of Theorem [£]]is straightforward. The proof for
the necessity part is constructive with three major steps—initialization, support
reduction, and finalization—for deriving a desired matrix P, in Theorem [.]] from
P. The step of initialization normalizes the symmetry pattern of P to a standard
form. The step of support reduction is the main body of the proof, producing a
sequence of elementary matrices Ay, ..., A that reduce the length of P to 0. The
step of finalization generates the desired matrix P, as in Theorem EIl The fol-
lowing subsections provide details for the three major steps and the corresponding
algorithm.
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4.1. Initialization. Let 8 be a 1xs row vector of Laurent polynomials with symme-
try such that S = [e12°,...,e52%] for some ¢1,...,e; € {—1,1} and ¢1,...,¢5 €
Z. Then the symmetry of every entry in the vector fdiag(z—T¢1/21 ... z=Te/21)
belongs to {#1,+z7'}. Moreover, there is a permutation matrix Ey to regroup
these four types of symmetries together so that

(4.7) S(AUsg) = [14,, —1s,, 2 "1, —2711,,],

where Usy := diag(z~[“1/21, ... 27 1¢/21)Ey and s1, ..., s4 are nonnegative integers
uniquely determined by S6 such that s; + -+ 4 s4 = s.

Since P satisfies SP = (S6;)*S#s, the matrix P := Usp, PUsg, must have the
symmetry pattern

(4.8) SP=[1,,—1,,21,,,—21,,] 1,1,z ‘1., —2"'1,,].
Note that Usgp, and Usg, do not increase the length of P. Moreover,
P = Uy, PUsg, = U%y, QoDoUsg, = Uy, QoUs, (Uss, DoUss,) =: QDo

where Dy := Usp, DoUsg, is a diagonal constant matrix with all the entries of Dof)g
in IF.

4.2. Support reduction. P takes the following form:

(4.9)
Fiu  —Fn Gz —Gu Fs1.  —Fe1 Gnn —Gsi
p_ —Fi2 Fas  —Gza G Lk —Fso  Fsu  —G7a  Gsa R
0 0 F31  —Fn G —Ga1  Fri —Fy
0 0 —F32 F42 —G12 G22 _F72 F82
F51 Fe1 Gszi Ga Fiu F»1 0 0
" Fso Fo1 Gs2 Gaz | k1 " Fio Fs 0 O k

k—2

+n;k00eﬂ“(P,n)z +{Gm Gor Fr Fa |~ + {Gu Gar Fs Fu |~
Gs2 Ge2 Fra Fyo Gi2 Gaz F3p Fiyo

with at least one of coeff(P, k) and coeff(P, —k) being nonzero, where k > 1 is an
integer, all Fj¢’s and Gj,’s are constant matrices in IF, and Fiy, Fao, F31, Fyo are
constant matrices of size r1 X $1, r9 X S9, 13 X S3, T4 X S4, respectively.

We next construct an s x s paraunitary matrix Az having the following properties:

(1) Ap = ng,s[)l for some strongly invertible matrix Vs of Laurent polynomi-
als in F[z, 2~'] and some diagonal matrix D; with all the entries of D, D}
in I,

(2) fsupp(As) C [~1,1] and len(PAs) = len(P) —len(Az); that is, As is elemen-
tary and reduces the length of P by that of Ag;

(3) Ap has compatible symmetry and PAs satisfies

S(PAs) = [1,,, —1,,, 2L, —21,, ] [Ly, =1y, 27 1y, —2 711 ],

827

for some nonnegative integers s/,..., s} such that s +---+ s} = s;
(4) up to a permutation, [As];. = ([As]. ;)T = e;, provided [P].; = 0.
Recall that “up to a permutation” in the above item (4) means that there exists
a permutation matrix E such that [AsE];. = [AsFE].; = e; provided [P].; = 0.
Such a paraunitary matrix Ap is of the form Ag = B[, 1B . The construction of
B[—k,k) consists of two parts: {By,...,B,} and B(_j ). The first part {Bi,...,B,}
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is constructed recursively for each of the r rows of P so that ISO := PB; - - - B, reduces
P to a special form as follows:

00 Gs; —Ga 0 0 00
00 —Gs» G 0O 0 00
(4.10) 2By | 3
00 O 0 QH szl 0 0
00 O 0 Giz2 Gy 0 O

If both coeff(Py, —k) # 0 and coeff(PO, k) # 0, then the second part B(_j ) is
further constructed so that P; := Py B(_k,k) satisfies either fsupp(P1) C [k + 1, k]
or fsupp(Py) C [k, k—1]. B p, is then constructed so that fsupp (P4 Bs,) C[-k+
1,k —1].

4.2.1. Construction of Bj_j, . The following lemma is needed for the construction
of By,...,B,, and we postpone its proof to Section [l

Lemma 4.2. Let p be a 1 X s row vector of Laurent polynomials with symmetry
satisfying p(z)p*(z) = 1 for all z € C\ {0} and p(z) = qo(2)Do, z € C\{0} for
some 1 x s vector qg of Laurent polynomials in F[z,27] and some s x s diagonal
matriz Do with all the entries of DoD} in F. Suppose fsupp(p) = [k, ka] with
ko — k1 = 2. Then there exists an s X s paraunitary matriz B, satisfying all the
following properties:

(i) B, = D§VD; for some strongly invertible matriz V' of Laurent polynomials
in Fz, 271] and some diagonal matriz Dy with all the entries of D1 D% in
F;

ii) fsupp(B,) = [—1,1] and SB, = (Sp)*Sp; that is, B, has compatible symme-

(i) fsupp(Bp : p = (Sp)*Sp; : Bp jZ y
try with its coefficients supported inside [—1,1];

(iii) fsupp(pBp) = [k1 + 1,k2 — 1] and S(pB,) = S(p); that is, B, reduces the
length of p exactly by 2 and preserves the symmetry pattern of p;

(iv) for any vector p of Laurent polynomials such that p(z)p*(z) =0 for all z €
C\{0} and Sp(z) = ez*°Sp(z) for some € € {—1,1} and some ko € Z, then
S(pBp) = Sp and fsupp(pB,) C fsupp(p); that is, B, keeps the symmetry
pattern of p and does not increase the length of p;

(v) up to a permutation, [By);. = ([Bp).;)" = e;, provided [p]; = 0.

Suppose that P takes the form @) with k& > 1. If fsupp(P) = [—k,k — 1]
or fsupp(P) = [~k + 1,k], we simply let Bi—kk = Lo, P, := P, and continue to
construct B as in Section LZZ} otherwise, let us construct By, ..., B, and B(_
as follows. Let p; := [Is]j be the jth row of P and By := I,. Suppose we have
constructed B;_; for j > 1. We first define qj :=p;Bo---Bj_1. Then B; := By, if
fsupp(p;) = fsupp(q;) = [k, k]; otherwise B; := I, where B, is constructed as in
Lemma 2l Let j < j+ 1 and repeat this process until Jj =r. Note that each B;

is of the form B; = DJ71V iD; for j =1,...,r. Hence, PO = PB; - - B, preserves
the form and symmetry pattern of P as P = QODO. Moreover, by [10, Lemma 2],
the support of By --- B, is contained inside [—1, 1].

Thanks to the properties of B; as in Lemma 2] Po must take the form as in
([@EI0). If both coeff(Py, —k) # 0 and coeff(Pg, k) # 0, then the second part B(—k.k)
is further constructed so that Py := Py B (k) satisfies either fsupp(P1) C [~k+1, k]
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or fsupp(P1) C [k, k — 1]. The following lemma is needed for us to construct
B(—k,k).- We postpone its proof to Section [0 as well.

Lemma 4.3. Let (q1,92) be a pair of 1 x s vectors of Laurent polynomials with
symmetry satisfying q;(2)q;(z) = 6(j — £) for all z € C\{0} and for j,¢ = 1,2.
Suppose q1 = q1 Dy and qo = 2Dy for some 1 X s wvectors q1,ds of Laurent poly-
nomials in F[z, 27| and some diagonal matriz Dy with all the entries of DoD}

in F. Moreover, fsupp(q1) = [k, k — 1] and fsupp(qz) = [k + 1,k] with k > 1,
and Sqa(2) = £25q1(2) = e2[1s,, —1s,, 2 1 1g,, —2711g,] for some e € {—1,1} and
some nonnegative integers s, ..., S84 such that sy 4+ -+ sq4 = s. Then there exists

an s X s paraunitary matriz B satisfying all the following properties:

q1,92)

(i) Bqgi,a2) = D5V(ar,q0) D1 for some strongly invertible matriz V q, q,) of Lau-
rent polynomials in F|z, 27 and some diagonal matriz Dy with all the
entries of D1 D7 in IF;

(i) SB(qi.qe) = [Ls1s —1sy, 21ay, —214,]T[1s,, —14,, 271, —27 11, ] and sup-
port fsupp(B(q, q,)) = [—1,1]; that is, Bq, q,) has compatible symmetry
with coefficients supported inside [—1,1];

(iii) fsupp(q1Bi(q,,q0)) € [—k+1, k—1] and fsupp(q2Bq, q,)) € [-k+1,k—1]; that
is, B(qy,q,) Teduces the length of [a1,qs]" by 2. Moreover, S(91B(gy,40)) =
Sa1 and S(q2B(q, q,)) = Sq2;

(iv) if both (p,qr) and (p,q5) have mutually compatible symmetry and pqf =
pgs = 0, then S(pB(q, q,)) = Sp and fsupp(pB(q, q,)) C fsupp(p); that is,
B(a1.,q2) keeps the symmetry pattern of p and does not increase the length of
p;

(v) up to a permutation, [B(q, 42)lj: = (Bgr,az)):i)’ = €, provided [a1]; =
[az]
d2 j= 0.

Now, suppose Py takes the form in @IT). Let B(_jx) := I and P, := Py. Pick
any two rows qp,qs of Py such that fsupp(q;) = [—k,k — 1] and fsupp(qz2) = [k +
1,k]. Then, the pair (q1,qz) satisfies all the conditions in Lemma 3l Hence, we
can construct a paraunitary matrix B(q q2) having the properties as in Lemma-
Replace B(_y, 1) and P, by B(—#,x)B(q1,q0) and P, B(q1,q2)> respectively. Pick another
two rows (q1, q2) such that fsupp(q;) = [—k, k—1] and fsupp(qs) = [k +1, k] from
the new matrix P; and repeat the above process. Lemma (3] guarantees that this
process stops in finite steps and there will be no pair (q1, gqz2) of rows in Py satisfying
fsupp(q1) = [—k, k — 1] and fsupp(qz) = [-k + 1, k]. Then P; must take the form
as in ([@I0) with at least one of coeff(P1, —k) and coeff(Py, k) being 0.

4.2.2. Construction of B . Bp is constructed to handle the case that fsupp(Py) =
[—k,k — 1] or fsupp(P1) = [~k + 1, k] so that fsupp(P1Bp ) C [~k + 1,k —1].

If Py := PB[_j k) takes the form in ([I0) with coeff(Py, —k) = coeff(Py, k) = 0,
then we simply let Bs := I5; otherwise, one of coeff(P1, —k) and coeff(P1, k)
is nonzero. For this case, By := diag(U1W1,IS3+s4)E with U; and W; being
constructed with respect to coeff(P1,k) # 0 or Bp = diag(ls,+s,,UsW3)E with

Us and W3 being constructed with respect to coeff(Pl, k) 7& 0, where F is a
permutation matrix. Note that P, is still of the form P; = Q; Dy similar to P. The
matrices Uy, W1, Uz, W3, and E are constructed as follows.
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Let Uy := diag(Ug,, Ug,) and Us := diag(Ug,, Ug,) with

5 | Gu 5 | Gz 5 G31 5 G
Gl'_{ém ]’GQ'_{ém} @ _[G2 ]’G4' {G@}
where Ug ,...,Ug, are unitary constant matrices constructed as in Corollary
If G1G7 = G2G5, one can show that Ug, and Ug, can be constructed such that
GlUG’1 [R O] and GQUG2 [R 0]
Let m; and ms be the ranks of Gy and Gg, respectlvely (m1 =0if coeff(Pl, k) =
0, and mg3 = 0 if coeff(Py, —k) = 0). Note that G1G} = G2G3 and G3G5 = G4Gy
in view of Py P1 = I,.. The matrices W; and W3 are then constructed to be:

U1 U2 U3 U4

. ISl*ml . ISS*ms
Wl T U2 U1 ’ W3 T U4 U3 ’

‘[527'”741 ‘[547'”743

where Uy (z) = —Ua(—2) := H;_llml and Uz(z) = Uy(—2) := 21,

Let W = diag(U1W1, [s,4s,) for the case that coeff(Py, k) # 0 or Wp, =
diag(ls, +s,,UsW3) for the case that coeff(P1,—k) # 0. Then Wj is parauni-
tary. By the symmetry pattern and paraunitary property of Py, Wp reduces
the coefficient support of Py to [k + 1,k — 1], ie., fsupp(P1Wp ) = [k + 1,
k —1]. Moreover, Wp ~changes the symmetry pattern of Py such that S(P1Wp ) =
1,,,—1,,,21,,,—21,,]"SO with

590 = [Z_l]-mlu 1817777,17 _Z_l]-mlu _1827’”7,17 1m3>z_11537m37 _1m37 _Z_11847m3]'
F is then the permutation matrix such that

S(P1Wp, )E = [L,,, —1,,, 21,,, —21,,,] SOy,
with Séo = [181*m1+m3> ) _182*m1+m372_1153*m3+m17 _2_1154*m3+m1] = (590)E

4.3. Finalization. In summary, As = B[ xBp, reduces the support of P and
preserves the compatible symmetry of P. The properties (1), (3), and (4) of
Ap follow directly from the above construction while tNhe support property (2)
of As follows from [10, Lemmas 1 and 2]. Replacing P by PA; and repeating
the above construction, we can construct paraunitary matrices Ay, ..., A  so that
(Ugg,PUsg,)Ay---Ay = [I,,0]. Since each A; is of the form A; = D 1V D for
some strongly invertible matrix V; of Laurent polynomlals in IF[Z z~ ] and some
diagonal matrices D] 1, D with all the entries of DJ 1D _1 D D inTF, it is easy
to show that the paraunitary extension matrix P, := dlag(Usel,Is T)A* -ATUS,,
takes the form as in (£6) with P; := D-D*V* forj =1,...,J -1, P; =V}, and
D, := diag(Usp, , Is—) Dy diag(Ug $o,» Is—r). All the propertles of P, follow directly
from the properties of each Ag.

4.4. Algorithm. Based on the above three steps: initialization, support reduction,

and finalization, we present an algorithm (see Algorithm [2)) for the matrix extension
problem with symmetry constraint.
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Algorithm 2. Matrix Extension with Symmetry Constraint
(a) Input. P = QoDy as in Theorem [Tl with SP = (S6;)*S6; for some 1 x r vector
0 and 1 x s vector 69 of Laurent polynomials with symmetry.

(b) Output. A desired extension matrix P, satisfying all the properties in Theo-
rem 1]

(c) Initialization. P < U%, PUsgs,. D; < U&, DoUss,. Py ¢ Ug,. J « 1.

Then P has the symmetry pattern as in (), where all nonnegative integers
T1y.-.,74,81,...,84 are uniquely determined by SP.
(d) Support Reduction.

1: while (len(P) > 0) do

2: |50 — |5 |51 — IS [kl,kg] < fsupp(ls). Ay I k+ ko.

3: if ko = —kq then

4: for j =1tor do

5: q < [Po];. and p < [P];.. //the jth rows of Py and P..

6: [51752] — fsupp(q). 0 by — 1. Bj — 1.

7: if fsupp(q) = fsupp(p) and ¢ > 2 and (¢; = k1 or 2 = ky) then

8: Bj <~ Bq =: D{VqDs. //Bq is constructed by Lemma E. 2.

9: AJ<—AJB]'. lso(—lsij. D1 < Ds.

10: end if

11: end for

12: Po must take the form in (EI0).

13: B(—k,k)<_Is~ |51<—ﬁ)0. g1 1. jo—rsg+ryg+ 1.

14: while j; <t and~j2 <rdo

15: q1 < [Pl]jl,:~ qo < [Pl]j2,:'

16: if coeff(qy,—k) =0 then j; + j; +1 end if

17: if coeff(qsz, k) =0 then js + jo + 1 end if

18: if coeff(qi, —k) # 0 and coeff(qz, k) # 0 then

19: Bg1,42) = D1V(q,q0)D2.//See Lemma [£3] for the construction.

20: B(—k,k) — B(,k7k)B(q17q2). P« PlB(qh%). Ay AJB(qth). Dy
Ds.

21: j1(—j1—|—1]2(—]2+1

22: end if

23: end while // end inner while loop

24:  end if

25: Py takes the form in [@I0) with either coeff(P1, —k) = 0 or coeff(Py, k) = 0.
26:  Bp =: DiVpDs. //See Section for the construction.

27 Ay A]Bf_’;l. Then Aj is of the form A; = f)fvjﬁg and
SP = [17’17 —1,,,21,,, _217“4]1—[13/1 ) —15(2,271153, _271152]3
for some nonnegative integers s, ..., s).

28:  for j =1to4do s; + s end for

20: P+« PAy. Py« DyD3V%. Dy < Do J « J+1.

30: end while // end outer while loop

(e) Finalization. P = diag(Fy, Fy, F3,Fy)Dy = diag(ﬁ'l,ﬁg, F, 13’4) for some 7; x
s; constant matrices I; in F, j =1,...,4. Let U := diag(Upl, Ug, Ug,» Uﬁ4) =
DiVyDs so that PU = [I-,0]. Define Py := V', Pyyq := diag(Usp,, Is—r), and
D6 = PL]_;,_ngP}Jrl.
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5. APPLICATION TO ORTHOGONAL WAVELET FILTER BANKS
WITH SYMMETRY STRUCTURE

In this section, we shall discuss the application of our results on the matrix
extension problem with symmetry in Section [ to the construction of d-orthogonal
wavelet filter banks with symmetry structure in electronic engineering and wavelet
analysis.

Symmetry of the filters in a filter bank is a very much desired property in many
applications. We say that a low-pass filter ¢ with multiplicity r has symmetry if its
symbol a satisfies

(5.1) a(z) = diag(e1 29, ..., g,2%)a(z " Ydiag(e1274, ..., 6,27")
for some ¢1,...,e, € {—1,1} and some cy,..., ¢, € R such that
(5.2) deg —c; €Z VeOi=1,...,m1

Under the symmetry condition in (&), to apply Theorem ET] we first show
that there exists a suitable paraunitary matrix U acting on P, := [al%, ... ald=1]]
so that P := v/dP,U has compatible symmetry. Note that P, itself may not have
any symmetry. More importantly, P has a special structure P = QgD and satisfies
all the conditions in Theorem [41]

Lemma 5.1. Let a: Z — F™" be a d-orthogonal wavelet filter with multiplicity
whose symbol a satisfies the symmetry property in (G1). Let P, := [al%, ... ald=1]]
where al% ... ald=1 are polyphase components of a. Then there exists a dr x dr
paraunitary matriz U such that P := \/dP,U satisfies the following properties:
(i) P = QoDyg for some r x dr matriz Qo of Laurent polynomials in Flz,271]
and some dr x dr diagonal matriz Dy with all the entries of DoD{ in F;
(ii) P has compatible symmetry; that is SP = (S61)*S0s for some 1 x r vector
01 and some 1 x dr wvector 8y of Laurent polynomials with symmetry.

Proof. From (&), we deduce that
(53) [ah] (Z)]e,j = efngRZ’j [a[QZ’j](Zil)]e,ja Y= 07 e d— 17 Ea.] = 17 s T
where v,Q) ; € I':={0,...,d — 1} and R}, Q; ; are uniquely determined by

0,50
(5.4) deg —¢j —y=dR}; +Q); with R}, €Z, Q) €l
Since dcy—c;j € Zforallf,j =1,...,r,wehavec,—c; € Zforallf,j =1,...,r and

therefore, QZ’ ; is independent of £. Consequently, by B3, for every 1 < j < r, the
jth column of the matrix al"! is a flipped version of the jth column of the matrix
al@il. Let kj~ € Z be the integer such that len([al]]. ; + 2% [alQ23], ;) is the

: 0

smallest. Define P; := [al%, ... al4=1] as follows:
[ah]}:vj, 3 Y= QZ]';
(5.5) ). = %([a[v]“ + i [a[Qe‘j]}:J)v v < Qs
(@] — 2 9] ), > QF,

where [am]:d denotes the jth column of all. Let U denote the unique transform
matrix corresponding to (B.H]). It is easily seen that U is paraunitary and can be
rewritten as a product of a strongly invertible matrix of Laurent polynomials with

a diagonal matrix whose diagonal entries are either 1 or %
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Define P := v/dP; = v/dP,U. Then item (i) holds. We now show that P has
compatible symmetry. Indeed, by (B3] and (&3,
(5.6) [Sa1(2)]e,5 = san(Q); — 7)ersyza T,

where sgn(z) = 1 for « > 0 and sgn(z) = —1 for < 0. By (54) and noting that
@, ; is independent of ¢, we have

[Sé[’Y](z)]M R] —R] cp—
e = e 2 i Tl = g 2T An=1,...,7,
S )y " o
which is equivalent to saying that P has compatible symmetry. O

In view of Lemma [5.J] and Theorem [, we have the following result.

Theorem 5.2. Let a : Z — F"*" be a d-orthogonal wavelet filter with multiplicity
r whose symbol a satisfies the symmetry property in [&1l). Then there exist high-
pass filters by, ..., bq—1 : Z — C™*" such that {a;b1,...,ba_1} forms a d-orthogonal
wavelet filter bank with b, = Db, m = 1,...,d — 1, where by, : Z — F™" has
coefficients in F and D, is a diagonal matriz with all the entries of D,, D}, in F.
Moreover, all filters by,, m =1,....d — 1, have the following symmetry property:

(5.7) b (2) = diag(e7 29", ... ™29 b, (27 V) diag(e1 27, . .., g,27),

where ' = (kK" —k¢) + ¢ € R, et € {—1,1}, and k", ke € Z, for £,j =1,...,r
andm=1,...,d—1.

Proof. Let P, :=[al, ... ald=1]. By Lemma[G.I] there exists a paraunitary matrix
U such that P := v/dP,U has compatible symmetry: SP = [g12%,... ¢,2%]TSH
for some ki,...,k. € Z and some 1 x dr row vector 6 of Laurent polynomials

with symmetry. Moreover, P is of the form P = QyDgy, where Qq is a matrix of
Laurent polynomials in F[z, 2~ !] and Dy is a diagonal matrix with all the entries of
DoDy§ in F. Because a is a d-orthogonal wavelet filter, we have P,P* = d~1I,. and
consequently P is a paraunitary matrix satisfying PP* = I,.. Now by Theorem [T]
there exists a paraunitary extension matrix P, of the form P, = D.Q.Dy having
the following compatible symmetry pattern:

5.8
( [)alzkl, ek el M ke T 9 RETTS () = SP(2).
Rewrite P, = (5,[%])0<m,7<d,1 as a d x d block matrix with r x r blocks 5;’1]. Since
P. has compatible symmetry as in (5.8]), we have [Sé%}]g,; = eep2R —Re[S3DN],
for¢=1,...,rand m=1,...,d — 1. By (E0), we have
(5.9) [sall (2)]e,; = sgn(QZj — ”y)sznsjzRZvi+kf'W+k7_kf, bj=1,...m

Let P := P.U* := vd(b)o<my<a—1 with by := a. By (5:0) and the definition of
U* in (B5), we deduce that
(5.10) ) (o) = eyt b [ol7 )
J

This implies that [Sb,,(2)]s; = e}e; 28 ~Fete=ei which is equivalent to (5.7
with ¢j' == k)" —kg+coform=1,...,d=land f=1,...,7.

Noting that D, = diag(l,, D1,...,D4—1) for some diagonal matrices D,,, with
all the entries of D,, Dy, in [F, we complete the proof. O
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To end this section, for a d-orthogonal wavelet low-pass filter a satisfying (B.1),
we provide an algorithm (see Algorithm [B]) to construct the associated high-pass

filters by,...,bq_1 such that they form a symmetric d-orthogonal wavelet filter
bank.

Algorithm 3. Construction of Wavelet High-Pass Filters with Symmetry Structure

(a) Input. A d-orthogonal wavelet filter a with symmetry as in (B and coeffi-
cients in F.

(b) Output. A symmetric d-orthogonal wavelet filter bank {a,b;,...,bq—1} such
that P in ([33) is paraunitary and all filters b,,,, m = 1,...,d—1, have symmetry
pattern satisfying (E70). Moreover, b, = Db, m = 1,...,d — 1, where
by, : 7 — FT*7" has coefficients from F and D,), is a diagonal matrix with all the
entries of D,, D, in F.

(c) Inmitialization. Let P, := [al% ... ald=] and construct U with respect to (5.5
such that P := VdP,U = QuDy for some matrix Qq of Laurent polynomials
in F[z,27!] and some diagonal matrix Dy with all the entries of DoDj in F.

Moreover, P has compatible symmetry: SP(z) = [g12%1,...,£,2%]TS6(2) for
some ki,..., k. € Z and some 1 X dr row vector 6 of Laurent polynomials with
symmetry.

(d) Matrix Extension. Derive P, having all the properties as in Theorem [T
from P by Algorithm

(e) High-Pass Filters. Let P := P,U* =: vd(bl!)o<m<a_1 as in BF) with
bp := a. Define high-pass filters by, ...,bq_1 through their symbols by

d—1
(5.11) b (2) ==Y bl(z%2",  m=1,....d-1
~=0

6. ILLUSTRATIVE EXAMPLES

In this section we provide several examples to illustrate our algorithms and
results stated in previous sections.

Example 6.1. Let d = 3 and r = 1. A 3-orthogonal low-pass wavelet filter a is
given by its symbol a as follows (also see [2]):

. B B
a(z) = (== J3?1*'3)2 (—%z 2_ %z Ly % - %z - %zQ) .

All the coeflicients of a are rational numbers and the filter a is symmetric about 0:
Sa=1.

Applying Lemma [5.I] we obtain
Pa(z):=[al(z),aM(z),a® (2)] = &[4z 1435 — 42,8271 4+20 — 2, —2 242021 48]

and U that symmetrizes P, is given by

1 0 0
1 1
Uz)=1| 0 ﬁ 7
0 ok —%Z
Then P := v/3P,U = QqDy satisfies SP = [1,1, —1] with Qp and Dy being given by

Qo(z)= 1—(152 [—82_1 +70 — 82,7271 440+ 72,9271 — 92] , Dozdiag(\/g, V6, \/6)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



482 BIN HAN AND XIAOSHENG ZHUANG

Applying Algorithm ] to P, we obtain a desired paraunitary matrix P, =

D.Q.Dgy with D, = diag(ﬁ7 %, %) and Q. as follows:

82714 70—-8z Tz 144047z —9271 4+ 9z
Qe(z) = | 40271 +28+40z —352"' +16 — 352 —452~! + 452
—82 14+ 82 T2l -7z 91 4+9;

We have SP, = [1,1, —1]"[1, 1, —1] and fsupp([P.]. ;) C fsupp([P];) forall 1 < j < 3.
Now, from the polyphase matrix P := P ,U* =: \/g(bm])ogmﬁgg with by := a, we
derive two high-pass filters by, by as follows:

bi(2) = 22 (5271 + 2027 — 40272 + 8271 4 14 4 82 — 4022 + 202° + 52Y),

ba(z) = g(zf4 + 4273 8272 4827 — 423 — ).

The high-pass filter by is symmetric about 0: Sby = 1, while the high-pass filter by
is antisymmetric about 0: Sbe = —1. Note that len(by) = len(bs) = len(a) = 8.

Example 6.2. Let d = 5 and r = 1. A 5-orthogonal wavelet low-pass filter a is
given by its symbol a as follows:

a(z) = (—2_2“_15““*22)2(—%272 + %271 +1+ %z - %zQ)

All the coefficients of a are rational numbers and the filter a is symmetric about 0:
Sa=1.

Applying Lemma 5.1}, we obtain

Pa(z) i= [l(2),...,al"(2)]

=2 [-227" 419 — 22,27 416 — 22,6271 49,927 +6, -2z 2 +1627 " +1]

and U that symmetrizes P, is given by

1 0 0 0 0
1 1
w00 T
Uz)=|0 0 35 5 0
o 0 L —L o
1 \/5\/5 1

0 55z 0 0 -5z

Then P := /5P,U = Qo Dy satisfies SP = [1,1,27 ", =2~ 1, —1] with
Dy = diag(V/5,v/10,v/10,v/10,v/10)
and Qq being given by
Qo(2) = 15[—427 "' +38 —4z,—27 ' +32— 2,157 +15,-32"" + 3,327 — 3z].
Applying Algorithm ] to P, we obtain a desired paraunitary matrix P, =

D.Q.Dgy with D, = diag(ﬁ, ﬁ, %, %, %) and Q. as follows:

38 —4(z7t+2) 32—(2714+2) 15(z71+1) —-3(z"1+1) 3271 — 32

4(z71+2)—88 27 '+68+2z —152"1—15 3z71-3 —3z71 4+ 32
Qe(z) = —4z=1 + 4z —2z7 142 15271 —15 —3271 -3 3(z"1+4+1)+36
—4 —4z —-1—-=z 6 0 3—3z
—4 44z —1+z 0 42 3+ 3z
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We have SP, = [1,1,—1,z,—2]"[1,1,271, =271, —1] and fsupp([P.]. ;) C fsupp([P];)
for all 1 < j < 5. Now, from the polyphase matrix P := P,U* =: \/g(b[%])ogmﬂ@
with by := a, we derive four high-pass filters by, ..., by as follows:

Ltz +11(2)); ba(2) = 355 (~ta(z7) + ta(2));
bs(2) = ¥4 (=271 — 24 2 4+ 327 +32% 4 2% — 22° — 229);

o
[l
—
N
~—
Il
|-

-
(=)

g5

S

bsy(2) = 3% (=221 =24 2+ 212% — 2123 — 2% + 225 4 22°)

-
o

with
t1(2) = —224342—92% —62° — 24 4227 4225, t5(2) = 182922 — 623 — 2% +22° +225.

The high-pass filter by is symmetric about 0: Sb; = 1, the high-pass filter by is
antisymmetric about 0: Sby = —1, the high-pass filter by is symmetric about 5/2:
Sbs = 25, and the high-pass filter b, is antisymmetric about 5/2: Sby = —z°. Note
that len(by) = len(bs) = len(a) = 12 and len(bs) = len(by) = 7 < len(a).

Example 6.3. Let d = 3 and r = 1. A 3-orthogonal low-pass wavelet filter a is
given by its symbol a as follows:

a(z) = () (~(3+ 2V3)2 7! + 9+ 4iVB — (34 2iv/3)2).

All the coefficients of a are from the algebraic number field Q(iv/3) with i = /—1
being the imaginary unit, and the filter a is symmetric about 0: Sa = 1.
Applying Lemma [5.1], we obtain

Pa(2) :=[al%(2),al")(2), P (2)]
= [-2iV/327 (27 + 4iV/3) — 203z, (6 — 2iv/3) 271+ (24+4iV3)
— (342iV3)z, —(3+2iV/3) 272 4+ (244+4iV3) 27 (6 — 2iV/3)]

and U that symmetrizes P, is given by

1 0 0
1 1
U =19 v
0 =2 ——=z
2 V2

Then P := v/3P,U = QuDy satisfies SP = [1,1, —1] with Dy = diag(+/3, V6, v6)
and Qg being given by

Qo = 1o5[—4iV3(2 7 +2)+(54+8V3i), (3—4iV/3) (2 ' +2)+(48+8iv3),9(z 1 —2)).
Applying Algorithm ] to P, we obtain a desired paraunitary matrix P, =
D.Q.Dy with D, = diag(ﬁ, £7 %) and Q. as follows:
—4i\/§(z_1 +2z)+t1 (3— 4i\/§)(z_1 + 2) + t12 9zt —2)
Qe(2) = | —4(z7 +2) +tav3 —(4+iv3)(z7 4 2) +te 3i—V3(z' —2) ,
—4iV/3(z71 = 2) (3 —4iV3)(27! — 2) 9(z7 +2) — 36iV3
with

t11 = 54 + 8iv/3; t1o = 48 4 8iV/3; ta1 = —208 + 36iV/3; oo = 116 — 16iV/3.
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We have SP, = [1,1, —1]7[1, 1, —1] and fsupp([P.]. ;) C fsupp([P];) forall 1 < j < 3.
Now, from the polyphase matrix P := P ,U* =: ﬁ(bﬁ])ogmﬁg with by := a, we
derive two high-pass filters by, by as follows:

bi(2)= FE(—(2—iVB) (7" + %) —2(27° +2%) — 2+ 2iVB) (27> + 2?)
+ (58 — 8iV/3) (27! + 2) — 104 + 18iV/3),

ba(z) = Y& (—(3+ 2iV3) (21 — 2%) — 2iv/3(2 7% — 2%) + (6 — 2iV/3) (22 — 2?)
+18iV3(z71 — 2))

The high-pass filter by is symmetric about 0: Sb; = 1, while the high-pass filter by
is antisymmetric about 0: Sby = —1. Note that len(by) = len(bs) = len(a) = 8.

Example 6.4. Let d =2 and r = 2. A 2-orthogonal wavelet low-pass filter a with
multiplicity 2 in [4] is given by
a(z) = 1 12(z71+1) 1612271
T40 [ —V2(27t =9 -92+2%) —2(3271 —10+32)

The low-pass filter a satisfies the symmetry property in (51 with ¢; = —1,¢0 =0
and €1 = g5 = 1. Note that the coefficients of a are from the algebraic number field

F = Q(v2).
Applying Lemma [5.1] we obtain P, := [al%, al!)] and U as follows:
. 6 0| 62! 8v/2:71
Pa(2)= 2 | 1 1 1 1
E(Q—z) 10 W(9—z_ ) —3(1+2z71)
and
1 0 1 0
Uz) = — | 9 V2.0 0
v2 |z 0 —z 0
0 0 0 V22

Then P := v/2P,U satisfies SP = [1,2]T[1, 27!, —1,1] = QuDy with

_Q[ 6vV2 0 0 8v2
T 20 | 4(1+2) 10 5(1—2) —3(1+2)

We would like to point out that though the filter coefficients of Qg are in Q(ﬁ),
they are essentially in Q because Qg can be written as

1M1 0]la .. = 12 0 0 16
:2_0[0 \/5] QOW“hQO(’Z):[zL(Hz) 10 5(1—2z) —3(1—|—z)}’

and our algorithms are essentially applied to the part Qo.
Applying Algorithm 2 to P, we obtain a desired paraunitary matrix P, = D.Q,
with D, and Q. being given as follows:

Qo(z) } . Do =14.

Qo

6 0 0 8
iy _ 1 41 +2) 10 5(1—-2) =3(1+2)
D.=ding(2,v2,v2,2), Qu(2)= 20 | 4(142) —10 5(1—2) —3(1+2)
41—-2) 0 5(1+2) =3(1—2)
We have SP. = [1,z,2,—2]T[1,27!,—1,1] and fsupp([P.]. ;) C fsupp([P]. ;) for all

1<j<4
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Now, from the polyphase matrix P := P ,U* =: ﬁ(bg])ogmﬁgl with by := a,
we derive a high-pass filter by as follows:

_ 1 —V2(z7' =9 -92+2%) —2(3271 410+ 32)
40| 2(—27 4+ 9-92+22) —6v2(271 = 2)

Then the high-pass filter by satisfies (5.7) with ¢f = ¢} =0 and e] = 1,¢ = —1.

bl(Z)

Our algorithms are applicable to many other examples with d > 2 and r € N;
for example, see [10, Examples 2 and 3] and many examples in [5] §].

7. PROOFS OF LEMMAS AND

We now prove Lemmas and stated in Section @ To do so, we need an
auxiliary result. The following lemma shows that for a 1 x 4 vector p of Laurent
polynomials with symmetry such that p(z)p*(z) = 1 for all z € C\{0}, Sp =
[1,—1,271, =271, and p(2) = qo(2) Do, we can construct a 4 x 4 paraunitary matrix
with a special structure.

Lemma 7.1. Let p be a 1 x 4 row vector of Laurent polynomials with symme-
try satisfying p(2)p*(z) = 1 for all z € C\ {0}, Sp(z) = [1,—1,271,—271], and
p(2) = qo(2)Dg for some 1 x 4 wvector qo of Laurent polynomials in F|z,z~] and
some diagonal matriz Dy = diag(dy,d1,ds,ds), where di, ds, and dy are positive
numbers with d3, d3, and d3 being numbers in F. Suppose fsupp(p) = [—k, k] with
a positive integer k > 1, coeff(q, —k) = [f1,—f1, 01, —g2], and coeff(q,—k + 1) =
[f3,—fa,93, —ga] for some numbers fi, f3, f1,91,92,93,94 in F with fi > 0 and
91,92 = 0, i.e., qf takes the form:

f1 /3 /3 J1
T —fi| -k —fa| —kt1 fa| k-1 fil &
= + ot + .
%(2) g1 N g3 N g1 : 0|~
—92 —94 g2 0

Define a matriz Ug(z) := D§Vo(z)D1 with Dy = Ldiag(1,1, g—i’, g—i‘) and Vg being
given by

(7.1) )
filz+z27N)+ f filz—=2"Y (427 ga(l—271)
—filz=2z""  —filz+2N)+f —9%(1—271) —g2(14271)
Vol2) =1 gi(1+42) —0(l=2)  —BCA+S) o |
g2(1—2) —g2(1+ 2) 0 %(Qfl—f)

where f = f3 — fi and c := \/Ad} f? + 2d%g3 + 2d3g3 + d3|f|2. Then Uy is parau-
nitary and has the following properties:
(i) fsupp(Ug) = [~1,1] and SUg(2) = [1,—1,2,—2]T[1, 1,271, —271]; that is,
Up has compatible symmetry with filter support on [—1,1];

(i) fsupp(pUp) = [k + 1,k — 1] and S(qUo) = S(p); that is, Uy reduces the
length of p exactly by 2 and preserves the symmetry pattern of p;

(iii) for any wector p of Laurent polynomials such that pp* = 0 and Sp(z) =
€2k Sp(2) for some € € {—1,1} and some ko € Z, we have S(pUg) = Sp and
fsupp(pUp) C fsupp(p); that is, Uy keeps the symmetry pattern of p and
does not increase the length of p.
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Proof. Note that p is of the form:

h fs [ f1
p(z)T:Dg - 2k —f1 e SN Ja =1 fi K

91 93 g1 0

92 —94 92 0

For such a vector p, by [6], a paraunitary matrix, that reduces its length by 2 and
preserves its symmetry pattern, is given by

(7.2)
difi(z+z7") +dif difi(z—27")  dzgi(l+27")  daga(1—271)
Uo(z) = 1| —difi(z—2z"1) —difiz+z" ) +dif —dzgi(1—271) —daga(1+271)
c dzgi(1+ z) —d3gi1(1 —2) —2d1f1 —dif 0
dag2(1— 2) —daga(1+ 2) 0 2d1f1 —dif

with ¢ = \/4d3 f2 + 2d3g} + 2d3g3 + d3|f|? and f = f3 — fi. It is easy to check
that Uy can be rewritten as in the lemma. The properties of Uy in items (i) — (iii)
can be verified directly by computations. ([l

We remark that the above result holds even when [p]s or [p]s is empty, or both
[p]s and [p]4 are empty. In such a case, we obtain either a 2x 2 or a 3x 3 paraunitary
matrix by simply deleting the corresponding row(s) and column(s) in ([Z2).

Thanks to Lemmas and [[Jl we now prove Lemma as follows.

Proof of Lemma [£21 The paraunitary matrix B, is constructed according to the
following steps: first reduce the problem size to a 1 x 4 vector of Laurent polynomi-
als, then construct a 4 x 4 paraunitary matrix according to Lemma [/.]] and finally
extend it in a simple way to an s X s paraunitary matrix.

(1) Let pg := pUsp, where Us;, is a matrix defined in (7). Then
Spo = [1517 _152,2_1153, _2_1134]

with s1, ..., 84 being nonnegative integers determined by Sp. py must take
one of the following forms:
€2—2

Po :<[f17 —f2,81, —ga] 2" + [£3, —f4,83, —ga] 2" T + Z coeff (po, £)2*

(7.3) 0=01+2
+ [f?n f47 g1, 82]2%_1 + [f1> f27 O> O]Z€2>I~)0;
£5—2
Po :([Uao,fl, —£5]2" + (g1, —g2, £5, —£4]27 T+ ) coeff(po, )2

(7.4) 0=01+2

+ (g3, 84, £3, £4]2°2 71 + [gl,g2,f17f2]2e2)1~)o-

If po is of the form (73)), we simply let D, := Usp. If py takes the
form in (4], we further construct a permutation matrix F such that
(81,82, f1, 2] E=[f1, £2, g1, g2] and define Dy (2) :=Usp Ediag(Ls—s,, 2 ' I,),
where 1 X sg is the size of the row vector [g;, g2]. In this way, pg := pD, al-
ways takes the form in ([Z3)) with £; # 0. Moreover, the diagonal matrix Dy
is given by DO = D*DoD = dlag(f)o 1 DO 2, DO 3, DO 4) where DO 15 DO 2,
Do 3, Do 4 are of the same sizes with respect to the vectors f1,£2,81, 80
Define £, := £1Dg 1, £2 := £2Dg.0, &1 := g1 Do 3, and g2 := g2 Dy 4.
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(2) Applying Lemma 22] to the vectors fl,fg,gl,gg, we can construct uni-

tary constant matrices Uz, = DO 1Vle1 1, Uz, = DO 2Vf2D1 2, Us, =
DO 3Vg1D1 3, and U, = DO 4Vg2D1 4, Where V = [£7, FY], sz = [£5, F3],
Vi, = lg5, Gy, and Vi, = [g5, G3] are nonsmgular matrices with all the

entries in [F. Moreover, U = diag(Us,, Us,, Ug,, Ug,) = D§V Dy with Dy =
diag(D1 1, D1 2, D1 3, D1 4) normalizes the vector [f17 —f9, 81, —g2| Do to the
following form:

[f17 _f27g17 _gQ]DOU
= [d1f1,0, .. .,0, —d1f1,0, .. .,0,d3g1,0,. . .,O,—d4gz,0, .. .,0],

where we can choose dy,ds,ds and f1,g1,g2 to be di = ||£1]], d3 = ||&1]l,
dy = ||gz2|| and fi = g1 = g2 = 1 (other choices are possible as long as
dy,ds,ds and fl,gl,gg satlsfy conditions in Lemma [[T]). In other words,
under the action of U, 1, f5, g1, and g g2 become [d1 f1,0], [d1 f1,0], [dsg1, ],
and [d4gs, 0], respectively. Note that f1U~1 = f2U~2 [d1f1,0,...,0] fol-
lows from the fact that ||£;| = ||£2]|, and d3g; or digs could be an empty
entry.

(3) Applying Lemma [Z.T] to the 1 x 4 subvector of poU = pD,U consisting its
Ist, (14 s1)th, (1 —0(s3))(1+s1+s2)th, and (1 —0(s4))(14 s1+ 52+ s3)th
entries, we obtain a paraunitary matrix Ug as described in Lemma [l
Note that Uy could be a 2 x 2 or 3 x 3 matrix depending on whether or
not dsg; or dygs is an empty entry. Let Z := {1,1+ s1, (1 —0(s3))(1+ 51+
s2), (L —0(s4))(1 + 51+ s2 4+ s3)} \ {0} be an index set and ng := #(Z) be
its cardinality.

(4) Extend Up to an s x s paraunitary matrix U as follows:

[U]Ij7Ik = [UO]j,k?a ]ak - 17 <5 10, [U]]J = 17 .7 ¢ I;
and all other entries of U are zero. Then U is of the form U = D§V2D3 for
some strongly invertible matrix Vo extended from ([Z.I]), where
-DQ = diag(dlu 151717 d17 182*17 d37 153717 d47 15471)
and
= diag(%, 181—1a %7 152—17 %a 183—17 %7 154—1)
with ¢ defined in (7). o .
(5) Define By, (2) := UU(z) = (D§VD1)(D3V1D3). Then B, satisfies item
(i) — (iv) of Lemma for po, and by our construction, By, is the form
BPO = D6VOD4Z

[ f1(z4co+ 1) fa(z— 1) g(1+1) | g21-1) 7

Fy 0 0 0
—f1(z—=1) | —falz—co+ 1) | —g(1-1) | —g2(1+2)
V*( ) 0 Fy 0 0
zZ) =

0 £1(1 + 2) —£5(1 — 2) g1 0
0 0 Gy 0
f1(1 - 2) fo(1+ 2) 0 g2

I 0 0 0 Gy |
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where ¢ = ——coeff(pg, £1 + 1)coeff(pg, —f2) € F and Dy is a diagonal

IIf 12
matrix determined by Dy, Dy and Ds,.
6) Define B,(z) := D,(2)Bp,(2)D%(2). Then B, is a desired paraunitary ma-
2] P Po p 2]
trix.

Properties (i) — (v) of B, follow from our construction. O
We complete the paper by proving Lemma

Proof of Lemma 43 The proof is similar to that of Lemmal£2l First, one can show
that there exists a permutation matrix F(q, q,) such that qi1 Eq, q,) and q2E(q, q.)
take the following form:

PL | _| 9 | g _ |00 & -& | fs —fo g1 s —k+1
= (a1,92) — z + ~ ~ z z <
p2 q2 0 0 O 0 g1 —g fr —fg

f5 f6 & g4:|k_1 |:0 0 O 0:|k
z + || &%,

++ N N ~ ~ - N
g g fr fs g1 g 0 O

where g1, g2, g3, &4 are all nonzero row vectors of size 1 X s1, 1 X so, 1 X s3, 1 X Sy,
respectively. And [g1, &2, 83, 84) = [g1, 82, 83, 84] Do for some vectors g1, . .., gq with
all their entries in ' and having same size as g1, ..., g4, respectively, and for some
diagonal matrix Dy with all the entries of DyDy in F. Note that ||g]| = [|&2| and
llgsll = l1g4ll-

Using Lemma [Z2] we can construct unitary matrices Uy, , Us,, Ug,, Ug, of the
form Ug1 = Do 1[817G*]D1 1 ng = Do 2[817G*]D1 ,29 Ugs = Do 3[g3,G*]D1 3, and
Ug4 = DO 4[g1, G4] 1,4 where Do = dlag(Do 1,D0 27D0 3, DO 4) Gl; .. G4 are
nonsingular matrices with all the entries in IF, and D1 : d1ag(D1 1, D1 2, D1 3 D1 4)
is some diagonal matrix with all the entries of D; D7 in F.

Define U := diag(Ug,, Uz, , Us,, Uz, ) =: DoV D;. Applying U to the pair (p1, p2);
we normalize the pair to be supported on [—k + 1,k — 1] except those entries on
Ist, (1 4+ s1)th, (1 + s1 + s2)th, and (1 + s; + s2 + s3)th positions. Hence, we
only need to consider a problem of constructing a 4 x 4 paraunitary matrix Uy,
which can be constructed by Lemma [Z]] similarly as in the proof Lemma 2]
corresponding to the 1 x 4 vector of Laurent polynomials with symmetry. Finally,
we can extend Ug into a full s X s paraunitary matrix U of the form U = DyV1Ds.
Consequently, the paraunitary matrix for the pair (pi1,p2) is given by By, p,) =
UU = (DVD;)(D3V,Ds), and by our construction, B
= DyVoDy4 with V, being given as follows:

p1,pz) Call be written as

B(Pl,PQ)
[ & 0 gs(1+1) | ga(1—1) 7
G1 0 0 0
g2 —g3s(1—1) | —ga(1+ 1)
V*( ) 0 Gy 0 0
0 zZ) = s
g1(1+2) | —g2(l—2) —g3 0
0 0 Gs 0
gi(l—2) | —g2(l +2) 0 —84
L 0 0 0 Gy i
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and Dy being determined by D1, Dy, and D3. Let B(g, q,) = E(q17q2)B(P17P2)EEI;]1,q2)'

Then Byq, q,) is a desired matrix and properties (i) — (v) follow from our construc-
tion. O
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