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receives a lot of attention due to their desirable properties in both theory and
applications. Using the framework of frequency-based affine systems as developed
in [16], in this paper we introduce and systematically study affine shear tight frames
which include all known shearlet tight frames as special cases. Our results in this
paper resolve several important questions on shearlets. We provide a complete
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wavelet transform, most papers on shearlets do not concern the underlying filter
bank structure and its connection to MRA. In order to study affine shear tight
frames with MRA structure, following the lines developed in [16], we introduce the
notion of a sequence of affine shear tight frames and then we provide a complete
characterization for such a sequence. Based on our characterizations, we present two
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Image denoising Moreover, we provide concrete examples of directional affine shear tight frames

with filter banks and apply them to the image denoising problem. Our numerical
experiments show that our constructed directional affine shear tight frames perform
better than known directional multiscale representation systems such as curvelets
and shearlets for the image denoising problem.
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1. Introduction and motivation

In the era of information, everyday and everywhere, huge amount of information is acquired, processed,
stored, and transmitted in the form of high-dimensional digital data through Internet, T'Vs, cell phones,
satellites, and various other modern communication technologies. One of the main goals in today’s scientific
research is the efficient representation and extraction of information in high-dimensional data. It is well
known that high-dimensional data usually exhibit anisotropic phenomena due to data clustering of various
types of structures. For example, cosmological data normally consist of many morphological distinct ob-
jects concentrated near lower-dimensional structures such as points (stars), filaments, and sheets (nebulae).
The anisotropic features of high-dimensional data thus encode a large portion of significant information.
Mathematical representation systems that are capable of capturing such anisotropic features are therefore
undoubtedly the key for the efficient representation of high-dimensional data.

During the past decade, directional multiscale representation systems have become more and more popu-
lar due to their abilities of resolving anisotropic features in high-dimensional data, see [1,2,12,16,19,21,28,32]
and many references therein. Our focus in this paper is on investigation and construction of a general type
of directional multiscale representation systems: affine shear tight frames. Such a type of directional multi-
scale representation systems has many desirable properties including directionality, multiresolution analysis
(MRA), smooth generators, etc. Moreover, the affine shear systems have an underlying filter banks associ-
ated with the directional affine (wavelet) systems as considered in [16].

Before proceeding, let us first introduce necessary notation and definitions. Let U be a d x d real-valued
invertible matrix. Throughout the paper we shall use the following notation:

foan(@) = fluwm (@) = [Usk,n]f (2) := |det U[V2f (U —k)e™ ™, k,n,z € R™.

Here U, k, and n refer to dilation, translation, and modulation, respectively. We shall adopt the convention
that fu.x = fuko and fin := fi,kn With |y being the d x d identity matrix. Note that such a notation
fuk,n is consistent with the usual notation ;x for wavelets in 1D, since g, = 27/2¢(27 - —k).

Though all the discussion and results in this paper can be carried over to any dimensions R? with d > 2,
for simplicity of presentation, we restrict ourselves to the two-dimensional case only, which is the most
important case in the area of directional multiscale representations. We shall use the following matrices
throughout this paper:

0 1 1T 10 A2 0
E._L 0}7 s._[o J, sT._[T 1], AA._[O A},

A2 0}

0 - (1.1)

By = (A)\)_T = [
where 7 € R and A > 1. S7 and S, are the shear operations while Ay is the dilation matrix. Define
Np := NU {0} and define § : Z? — R to be the Kronecker/Dirac sequence such that §(0) = 1 and d(k) = 0
for all k € Z%\{0}.

An affine shear system is obtained by applying shear, dilation, and translation to generators at different
scales. Note that f(S7-) could be highly tilted when 7 is very large for a compactly supported function f.
To balance the shear operation, one usually considers cone-adapted systems [8,10,13,22]. A cone-adapted
system usually consists of three subsystems: one subsystem covers the low frequency region, one subsystem
covers the horizontal cone {£ = (&1,&) € R? : |&/&1] < 1}, and one subsystem covers the vertical cone
{€ = (&,&) € R? : |£/&]| < 1} in the frequency plane. Throughout the paper, ¢ is used as a one- or
two-dimensional variable for the frequency domain with & = (&1, &) if € € R2. The vertical-cone subsystem
could be constructed to be the ‘flipped’ version of the horizontal-cone subsystem. More precisely, a function
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¢ € La(R?) serves as the generator for the low frequency region, a function ) € Ly(R?) generates an affine
system covering certain region of the horizontal cone in the frequency domain, and {9"¢ € Ly(R?) : |¢| =
rj+1,...,s;} is a set of generators at the scale level j that generates elements along the seamlines (i.e.,
diagonal directions {¢ € R? : & /& = +1}) to serve the purpose of tightness of the system. Note that
PIr e = r; +1,...,s; may not come from a single generator. Define ¥; to be the set of generators in
Ly (R?) as

EI/]‘ = {w(S_Z) = —rj,...,rj} @] {wj,é(s—é.) : |€| =Ty + 1,...,Sj}, (12)

where r; and s; are nonnegative integers. An affine shear system (with the initial scale J = 0) is then
defined to be

AS(gp; {ij}‘;';o) = {(p( —k):ke Zz} U {hAﬁ;k’hAiE;k ckeZ? he ![/j};io. (1.3)

For a function f defined on R?, observe that fe.o(z,y) = f(y,); that is, fe, is the ‘flipped’ version of f
along the line y = z. Note that the system {hAi;k : k € Z?,h € ¥;} is for the high frequency region at the
scale level j with respect to the horizontal cone, while its ‘flipped’ version {hAi Ek k€ Z? h € ®,}is for
the high frequency region at the scale level j with respect to the vertical cone in the frequency plane.

1.1. Related work

In 1D, it is well known that wavelet representation systems provide optimally sparse representations for
functions f € Ly(R) that are smooth except for finitely many discontinuity ‘jumps’ [5]. In high dimensions,
wavelet representation systems could be obtained by using tensor product of 1D wavelets. However, tensor
product real-valued wavelets usually lack directionality since they only favor certain directions such as
the horizontal and vertical directions. Though directionality of tensor product real-valued wavelets can be
improved by using complex wavelets [32] or complex tight framelets [17,19], the limitation of directionality
selectivity is intrinsic in any tensor product approach and therefore, tensor product wavelets or framelets
fail to provide optimally sparse approximation for 2D piecewise smooth functions with singularities along a
closed smooth curve (anisotropic features). To achieve flexible directionality selectivity, additional operation
other than dilation and translation is needed.

For a function f € L;(R?), the Fourier transform fof f in this paper is defined to be

f6) = 71(6) = / f@)e i tds, € eRY,
Rd

which can be extended to square-integrable functions in Ly (R?) and tempered distributions through duality.
Note that the Plancherel identity holds in Lo(R%): (f,g) = (2+)d(f,’g\> for f,g € Ly(R?), where (f,g) =

Jea f(@)g(x)dz. We also define [|f]|3 == (f, f). Note that firx = fu-T.0-

Directional tight framelets in [14,16], directly built from the frequency plane, achieve directionality by
separating the frequency plane into annulus at different scales and further splitting each annulus into
different wedge shapes. More precisely, in the frequency domain, considering the polar coordinate (r,6)
(i.e., (z,y) = (rcosf,rsinf)), one first constructs a pair {n(r),{(r)} of 1D scaling and wavelet functions
in the frequency domain such that |n|? + D ieNy |¢(277+)|> = 1. Then, a 2D scaling function ¢ is defined by
o(r,0) :== n(r), while the 2D radial wavelet function v is defined by 1])\(7“, 0) := ¢(r). The function 12(2_7'-)
is supported on an annulus {(r,0) : 27¢; <r < 29¢y,0 € [0, 27)}. Obviously, ¢ is an isotropic function. But
directionality can be easily achieved by splitting 12)\ in the angular direction 6 with a smooth partition of
unity a;¢(0) for [0,27): 377 |aye(0)]? = 1, 6 € [0,27). Generators at the scale level j is then given by
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W(r, 0) = C(r)a;e(F),€ =1,...,s;. The directional tight framelet systems are then obtained by applying
the isotropic dilation M = 2l and translation to the generators, which result in wavelet atoms of the form
1/){,]?,,( and the whole system is a tight frame for Ly(R?) with all its generators in the Schwartz class.
Although directional tight framelets can easily achieve directionality, yet they still use the isotropic
dilation matrices. The system is thus too ‘dense’ to provide optimally sparse approximation for 2D piecewise
C? functions with singularity along a closed C? curve. By using the parabolic dilation A = diag(2,v/2)
instead of an isotropic dilation, the curvelets introduced in [2] not only can achieve directionality selectivity,
but also provide optimally sparse approximation for 2D piecewise C? functions away from a closed C? curve;
see [2,10,25,26] for more details on the optimally sparse approximation. The curvelet atom is of the form
1/’% Ro, with Ry, , being a rotation operation determined by the angle 6, ,. In other words, each generator
It is attached with a dilation matrix M e := A Ry, , that is determined by both scaling and rotation.
The curvelets use parabolic scaling and rotation and can achieve both directionality and optimally sparse
approximation. However, the rotation operation Ry destroys the preservation of the integer lattice Z? since
RyZ? is not necessarily an integer lattice, yet the integer lattice preservation is a very much desired property
in applications. Shearlets, introduced in [7,8,10], replace rotation Ry by shear S;. The shear operator not
only preserves the integer lattice S;Z? = Z?2, but also enables a shearlet system with only a few generators;
that is, 1/7¢ could come from the shear versions of several generators (even one single generator in the case
of non-cone-adapted shearlets [9]). Let A; := diag(4,2) and Ay := diag(2,4). A cone-adapted shearlet system
in [8,10] is generated by three generators ¢ (for the low frequency region), 1* (for the horizontal cone in the
frequency plane), and 12 := 1! (E-) (for the vertical cone in the frequency plane), through shear, parabolic

scaling, and translation:

CSH(g@; {¢1,¢2}) = {ap( —k): ke ZQ}
U {23972 (S*A] - —K) : ¢

—27,...,27 ke Z? j €Ny}

U {25929 (S,A - —k) : 0= —27,...,27 k€ Z? j € No}. (1.4)

It is obvious that the above shearlet system is indeed a special case of the affine shear systems defined in
(1.3) by noting that 2%/2¢(S*A] - —k) = 2%9/2¢(S*(A] - —=S~*k)) = thpy.g-s, With ¢ := ¢(S*). The system
defined above in (1.4) is in general not a tight frame for Ly(IR?). In the case of bandlimited generators, such
a system can be modified into a tight frame for Ly(R?) by using projection techniques [10], which cut the
seamline elements 1! (SYA? - —k), 12 (S¢A - —k) with £ = £27 into half pieces in the frequency domain and
then restrict them strictly in each cone. Such projection techniques will result in non-smooth shearlets in
the frequency domain along the seamlines: 1% (S+2 AJ . —k), 2+ (S oA} - —k).

The non-smoothness of the seamline elements breaks down the arguments in the proof of the optimally
sparse approximation for 2D piecewise C? functions with singularities along a closed C? curve in [10], in
which at least twice differentiability is needed for the shearlet atoms in the frequency domain. Recently,
Guo and Labate in [13] proposed another type of shearlet-like construction. The idea is still the frequency
splitting; but this time for the rectangular strip from the Fourier transform ¢ of the Meyer 2D tensor

product scaling function. The splitting is applied to 1/&? = /|p(272-2.)]2 — |p(2%+)|2. A gluing procedure
is applied to the two pieces along the seamlines coming from different cones. With appropriate construction,
the gluing procedure is smooth and the system in [13] consists of smooth shearlet-like atoms. However, due
to the inconsistency of the two cones, a different dilation matrix is needed for the glued shearlet-like atom.
We shall discuss the connections of such systems to our affine shear systems in more details in Subsection 4.4.

Though there are various constructions of shearlets available in the literature [8,10,13,22], several key
problems remain unresolved. In particular, the following three issues:
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Q1) Existence of smooth shearlets. The cone-adapted shearlet system is obtained by applying shear,
parabolic scaling, and translation to a few generators. To achieve tightness of the system, the shearlet
atoms along the seamlines need to be cut into half pieces. One way to achieve smoothness is by using
the gluing procedure as in [13]. However, the system no longer has a full shear structure and is not
affine-like. Are there affine shear tight frames using one or a few generators?

Q2) Shearlets with MRA structure. The cone-adapted shearlets achieve directionality by using a parabolic
dilation Ay (in fact it essentially uses two parabolic dilations: Ay = diag(A?,\) for the horizontal
cone, and EALE = diag(\, A\?) for the vertical cone) and the shear matrices S*, S, while try to keep
the generators /7 at all scales to be the same. In essence, directionality is achieved in a shearlet (or
curvelet) system by using infinitely many dilation matrices so that the initial direction of the generator
1 is dilated and sheared (or rotated) to other directions. This is the main difficulty to build a shearlet
system having a multiresolution structure where only a single dilation matrix is employed. It is shown
in [20] that there is no traditional shearlet MRA {¥}};cz with scaling function ¢ having nice decay
property, where ¥ = m{soszi;k : k € Z%,¢ € I;} for some index set I;. In this case, the space ¥}
uses many (possibly infinitely many) dilation matrices. Are there MRA structures in certain setting
for shearlet systems?

Q3) Filter bank association. Once we have an MRA for a shear system, it is then natural to ask whether
there also exists an associated filter bank system for the shear system. [18,27] have studied the filter
bank system with shear operation directly in the discrete setting and provide characterization for such
a shear filter bank system. However, it is still not clear whether a filter bank system exists and can be
naturally induced from the constructed shear system.

Recently, smooth shearlet-like tight frames have been constructed in [13] using Meyer wavelets with filters.
The availability of filters in such shearlet systems in [13] indeed facilitates the computation of coefficients in
a shearlet representation. However, to have a fast discrete transform similar to the traditional fast wavelet
transform, one must have a sequence of affine shear tight frames with MRA structure and filter banks at
every scale level [15,16]. A fast wavelet transform simply transforms between two sets of coefficients in the
representations under a sequence of wavelet bases at two consecutive scale levels. Detailed discussion will
be given in Subsection 4.4 about the connections and differences of our constructions in this paper with
other constructions in [8,10,13].

1.2. Our contributions

In this paper, since shear operation has many nice properties in both theory (optimally sparse approx-
imation, rich group structures, etc., see [23,25]) and applications (edge detection, inpainting, separation,
etc., see [11,12,21,24]), we shall focus on the construction of directional multiscale representation systems
with shear operation: affine shear systems. Along the way, we will focus on the above issues as discussed in
Q1-Q3.

For smoothness, we show that by using one inner smooth generator ) and only a few smooth boundary
generators /¢ (at most 8 boundary generators in total for each scale level j and they are actually generated
by only 2 generators through shear and ‘flip’ for the non-stationary construction), we can indeed construct
smooth affine shear tight frames with all generators in the Schwartz class. In addition, in this paper, we study
sequences of affine shear systems. We show that a sequence of affine shear tight frames naturally induces
an MRA structure. We would like to point out here that almost all existing approaches and constructions
of shearlets [8,10,13] study only one shear system, while it is of fundamental importance to investigate
sequences of shear systems as discussed in [15,16].

We propose two approaches for the construction of sequences of smooth affine shear tight frames. One
is non-stationary construction and the other is quasi-stationary construction. The function ¢’ for the non-
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stationary construction is different at different scale levels j, while the quasi-stationary construction has a
fixed scaling function ¢/ = . These two approaches actually share the similar idea of frequency splitting
as that f/or\the construction of directional tight framelets: at the scale level j, a smooth 2D wavelet function
wl = (eIt (A"2)2 - |;3|2)1/2 is constructed; then a smooth partition of unity y; ,,£ = 1,.. ., s; for R*\{0}
such that Z;J: 1, 4|? = 1is created using shear operations for two cones instead of rotation for the case of
directional tight framelets [16] or curvelets [2]; eventually, generators W in the frequency domain at the
scale level j are obtained by applying v, , to w.

By carefully designing the function w’, we show that we can indeed generate a smooth affine shear tight
frame (or a sequence of affine shear tight frames), which contains a subsystem (or a sequence of subsystems)
that is generated by only one generator. In fact, for the non-stationary case, we will see that ¥7* = 1) for
all £ except those £ with respect to seamline elements (at most 8 in total and they can be generated by only
2 elements). In other words, the shear operations in the non-stationary construction can reach arbitrarily
close to the seamlines. For the quasi-stationary construction, we will see that 17¢ = 9 for a total number of
¢ that is proportional to M. In this case, the shear operators in each cone are restricted inside an area with
a fixed opening angle. We shall discuss these two types of constructions in Section 4 with more details.

The non-stationary construction and quasi-stationary construction induce two types of MRA structure:
non-stationary MRA and stationary MRA. Both of these two types of MRAs are the traditional wavelet
MRAs in the sense that the space ¥; is generated by the function (¢ or ¢7) using a fixed dilation matrix M =
A2lo. On the other hand, the space % is generated by ¢ and 17 * using many dilation matrices determined
by shears and parabolic scalings. We show that such types of constructions have a very close relation with
the directional tight framelets developed in [14,16]. By a simple modification, we show that the construction
of directional tight framelets developed in [14,16] using tensor product on the polar coordinate can be
easily adapted to the setting of Cartesian coordinate under the cone-adapted setting. For the directional
tight framelets, it is natural and easy to build a directional tight frame with MRA structure and with
an underlying filter bank. We show that certain affine shear tight frames can be regarded as a subsystem
of certain directional tight framelets. Therefore, such affine shear tight frames have an inherited MRA
structure and filter banks from the corresponding directional tight framelets. This observation implies
that the transform of such affine shear tight frames can be implemented through the filter banks of their
corresponding directional tight framelets.

1.83. Contents

The structure of this paper is as follows. In Section 2, we shall provide a characterization of an affine
shear system to be a tight frame in Ly (R?). Based on the characterization, simple characterization conditions
can be obtained for affine shear systems with nonnegative generators in the frequency domain. Then, we
shall present a toy example of bandlimited affine shear tight frames generated by Shannon-like functions
(characteristic functions in the frequency domain). In Section 3, since sequences of affine shear systems play
a very important role in our study of the MRA structure of affine shear systems, we shall characterize a
sequence of affine shear systems to be a sequence of affine shear tight frames for Ly(R?). Correspondingly,
simple characterization conditions on sequences of affine shear tight frames with nonnegative generators in
the frequency domain shall be given. Based on the characterization results, in Section 4, we provide details
for the construction of smooth affine shear tight frames with all generators in the Schwartz class. Two
approaches shall be introduced, one is the non-stationary construction and the other is the quasi-stationary
construction. The connection of our construction of affine shear systems to other existing shear systems
shall also be addressed. In Section 5, we shall investigate the relation between our affine shear systems
and the directional tight framelets in [14,16]. By modifying the generators for directional tight framelets,
we shall construct cone-adapted directional tight framelets, with which a natural filter bank is associated.
We shall show that for Ay with an integer A > 1, an affine shear tight frame is in fact a subsystem of



306 B. Han, X. Zhuang / Appl. Comput. Harmon. Anal. 39 (2015) 300-338

a cone-adapted directional tight framelet and therefore an affine shear system has also an inherited filter
bank. In Section 6 we shall discuss how to construct a particular family of smooth quasi-stationary affine
shear tight frames with MRA structure through the construction of directional tight framelet filter banks.
Numerical implementation of our affine shear tight frames, its application to image denoising, as well as
performance comparison to curvelets and shearlets will be discussed in Section 6. Some extension and
discussion shall be given in Section 7. Some proofs are postponed to Section 8.

2. Affine shear tight frames

Affine systems and their properties have been studied by many researchers, e.g., see [4,6,14—16,31]. In this
section we introduce and characterize affine shear tight frames. Based on the characterization, we show that
simple characterization conditions could be obtained for affine shear tight frames with generators being
nonnegative in the frequency domain. To prepare our study of smooth affine shear tight frames in later
sections, we shall present a toy example of bandlimited affine shear tight frames at the end of this section.

For AS(p; {¥;}52) given as in (1.3) with ¥; being given as in (1.2), we define the following functions:

IK(&) = B(E)P(§ +2mk), ke Z? ¢ €R%:

5j

5 (€)= > YiU(SEIL(Sy(€ +2nk)), k€2, £ €R?, it = for | <1y

l=—s;

IE(6) = Ty, (€) =0, keR)\Z? (R (2.1)

We say that AS(i; {¥;}52,) is an affine shear tight frame for Ly(R?) if all generators {@} U{¥;}52, C L (R?)
and

IF115 =Y [(fr (- =k +ZZ S (a4 [ gad[P) VF € La(R?). (22)

kez? j=0 hevw; kez?

The analysis of AS(p; {¥; };?‘;0) often takes place in the frequency domain. Since we shall apply the results
from [16], following [15,16], we define a frequency-based affine shear system to be

FAS(3:{,}520) = {Pox : k € 22} U{hgy o hgey - k€ Z2h e}
where W = {h h € ¥;}. Observe that fU kK = fU 7.0k~ Within the framework of tempered distributions,
it is stralghtforward to see that FAS(g; {W} o) is just the image of AS(p;{¥;}52,) under the Fourier
transform. The word frequency-based here simply means that all discussions take place in the frequency
domain and it is not a synonym at all for the word bandlimited (i.e., compactly supported in the frequency
domain). As argued in [15,16], it is more convenient and important to study the frequency-based system
FAS(p; {@;};‘;0) than the spatially-defined system AS(p;{¥;}52,). Since we are only interested in affine
shear tight frames in this paper, due to the Plancherel identity (f,g) = #(ﬁ g) for f,g € La(R?), it is
straightforward to check [15,16] that AS(p; {®;}52,) is an affine shear tight frame for Ly(R?) if and only if
FAS(p; {@;};";0) is a frequency-based affine shear tight frame for Lo(R?), that is, {$} U {@;};";0 C Ly(R?)
and

(2m)?|£]I5 = Z| , oK) +ZZZ thJOk +|th7E0k>|2) VE € L (R?).

kezZ? J=0 hew; kezZ?
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For the convenience of the reader, in this paper we state all results in the spatial domain and try to avoid
the direct appearance of frequency-based systems. However, to better understand our analysis and proofs
in this paper, it is quite helpful to keep in mind the close relations of an affine shear system AS(y; {¥;}52)
with the frequency-based affine shear system FAS({; {@};";0)

We now characterize the system in (1.3) to be an affine shear tight frame. We have the following charac-
terization.

Theorem 1. Let AS(p;{¥;}52,) be defined as in (1.3). Define A = U;’;O([Ag\Zﬂ U [EA%\ZQ]). Then
AS(p;{¥;}520) is an affine shear tight frame for Lo(R?) if and only if

©)+> (75, (Bl¢) + 75 (BIES)] =1, ae. £ €R? (2.3)
7=0
and
)+ [ z A (B1¢) +szEk(B§Eg)] =0, ae &R ke A0}, (2.4)
J=0

where the sum in (2.3) converges absolutely and the infinite sum in (2.4) is finite for almost every £ € R2.

Proof. Since A > 1, the set B,(0) N A is finite for any ball B,.(0) with radius » > 0. Hence, A has no
accumulation point. Moreover,

{j eNuU{0} : Blk € Z? or BJEk € Z?} is a finite set for every k € A\{0}, (2.5)

since lim;_, Bik = 0 and lim;_, B&Ek = 0. Now the claim follows directly from [16, Theorem 11 and
Corollary 12]. O

o~

When all generators ¢, 1,17 are nonnegative in the frequency domain; that is ¢ > 0, ¢ > 0, and ¢3¢ > 0
for all 7, ¢, the characterization in Theorem 1 becomes

Corollary 1. Let AS(p; {¥;}52,) be defined as in (1.3). Suppose
h(€) 20, ae € €R? Vhe {p}u{¥)2,. (2.6)

Then AS(p; {¥;}32) is an affine shear tight frame for Lo (R?) if and only if

B+ Y (R(BLOI + [(BIES) ) =1 (2.7)
j=0 hew,
for a.e. £ € R? and
R(E)R(E+27k) =0, a.e. € € R, Yk € Z2\{0}, and Vh € {p} U {F;},. (2.8)

Proof. Obviously, (2.3) is equivalent to (2.7). When all generators are nonnegative in the frequency domain,
(2.4) is equivalent to (2.8). Now the claim follows directly from Theorem 1. O

By Corollary 1, we see that when all generators are nonnegative in the frequency domain, condition (2.7)
is essentially saying that a partition of unity on the frequency plane is required for the system AS(¢; {¥;}52)
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\/
A

Fig. 1. Frequency tiling of AS(p; {¥; }J o) generated by functions in (2.9) and (2.10) with A = 2. Inner rectangle @. Middle rectangle:

'L/J,d}o —1(S_q- ),wo +1(S1-) and their flipped versions. Outer rectangle: 1,[)(Sng ), 0 = —1 0,1,1/11 —2(S_3B2-), 1,b1 +2(S3Bs-) and
their flipped versions.

to be a tight frame for Lo(R?). Condition (2.8) says that each generator in the frequency domain should
not overlap with its 2w-shifted version. In summary, the characterization in Theorem 1 is simplified to a
partition of unity condition and a non-overlapping condition.

To prepare for our study of smooth affine shear tight frames in later sections, we next give a simple exam-
ple of bandlimited affine shear tight frames whose generators are characteristic functions in the frequency
domain.

Let A > 1 and define £,; := |[A —1/2| 4+ 1. Choose 0 < p < 1. Let

Q:={(eR?: -1/2 < & /& < 1/2,161] € (A 2pm, prrl},
Qj+ = {E€R?: —1/2< & /&1 <N — Ly, |&1| € (A 2pr, prl},
Qj— ={EeR*: =N + 1), <&/& < 1/2,1G| € (A ?pm, pr] }.

Define
B = Xla2prr-2pnzs ¥ = XQ - XQj, it = XQj.4 - (2.9)

Let
Ty o= {P(S75) b=~y + 1, 0 — 1} U {pP0 (§700 ) ypd =0 (8%32) ), (2.10)

Using Corollary 1, we have the following result whose proof will be given in Section 8.

Corollary 2. Let AS(p;{¥;}52,) be defined as in (1.3) with ¢ and ¥; being given as in (2.9) and (2.10).
Then AS(p; {®;}52,) is an affine shear tight frame for La(R?).

See Fig. 1 for an illustration of AS(y;{¥;}32,) with A = 2. One of the main goals of this paper is to
construct smooth affine shear tight frames that in certain sense can be regarded as the smoothened version
(in the frequency domain) of AS(p;{¥;}32,) in Corollary 2.

3. Sequences of affine shear tight frames
Most current papers in the literature have investigated only one single affine system. However, to have

MRA structure, as argued in [15,16], it is of fundamental importance to study a sequence of affine systems.
In order to study the MRA structure of affine shear systems, we next study sequences of affine shear systems.
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We first characterize a sequence of affine shear systems to be a sequence of affine shear tight frames for
Ly(R?). Then, corresponding to Corollary 1, a simple characterization will be given for a sequence of affine
shear tight frames with generators being nonnegative in the frequency domain. For A # 0, we define the
following 2 x 2 matrices

My := A2ly, Ny:=M;T =A%y, and D, := diag(1,\). (3.1)

We shall use My with A > 1 as the dilation matrix for the underlying MRA of the affine shear systems in
this paper. Let J be an integer. Let @7, 1,17 || = r; +1,...,s;,7 > J be functions in Ly(R?). Let ¥,
be defined as in (1.2) and Ay, By, S%, S¢, E be defined as in (1.1). An affine shear system AS;(¢”; {¥1525)
(with the initial scale J) is then defined to be

ASs (97 {5152 )) = {elyw k€ 2} U {hpy pohagey k€22 h e 05} (3.2)

Considering all integers J > .Jy for some integer Jy, we then can define a sequence AS;(¢”; {@;}32 ),
J > Jy of affine shear systems. We denote by Z(R?) the linear space of all compactly supported C°° (test)
functions with the usual topology and recall that By = (A5)~T and Ny = (M,)~T. We have the following
characterization for a sequence of affine shear systems AS;(¢”; {¥; }227), J = Jo to be a sequence of affine
shear tight frames for Lo(R?).

Theorem 2. Let Jy be an integer and AS;(p”; (w5152 ;) be defined as in (3.2) with integers J > Jo. Then
the following statements are equivalent to each other.

(1) AS;(¢’; {@;}52 ;) is an affine shear tight frame for Lo(R?), i.e., all generators are from Ly(R?) and
for all f € Ly(R?),

1713 = 21 Gagaol” + 20 20 D (W hagadl + 1 hagead ) (3.3)
keZ? j=J hew; keZ?

for every integer J > Jy. R
(2) The following identities hold: for all f € 2(R?) and for all integers j > Jy
: J 2 _ 2
Jim. EZJ“% D= 1113 (3.4)
and
; 2 j 2 2 2
D0l = DK 0+ 20 D (U hagad |+ [ hagead ) (3.5)
kez? kez? hew; kez?

(3) The following identities hold:

. - _7 2 o 2
jlgroloqw (N)\ ) ,h> =(1,h) Vhe @(R ) (3.6)
and for all integers j > Jo,
T3 (V) + (T (BLe) + 7™ (BLEQ)) = 20 (W 7¢) (3.7

for a.e. £ € R?, k € ([MLZ2] U [M{T'Z2) U [ALZ2| U [EALZ?)), where X

W-,IEJ, are similarly defined as in
(2.1).
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Proof. The claim follows directly from [16, Theorem 13 and Corollary 12]. Since this result plays a central
role in this paper, for the convenience of the reader, we provide a proof here by following the lines developed
n [16, Theorem 13].

Note that by our assumption on My and Ay, it is easy to show that

{j€Z:j>Jo, [NiBC(O)] NZ* #{0}} is a finite set for every c € [1, 00). (3.8)

(1)=-(2). Consider (3.3) with two consecutive J and J + 1 with J > Jy. Then the difference gives (3.5).
Now by (3.5), it is easy to deduce that,

J'—1
St = S+ D0 D0 S (a0 + [ aged) W' 20 (3.9)
kez2 kez? j=J hew; keZ?

Therefore, by (3.3) and letting J' — oo, we see that (3.4) holds.

(2)=(1). By (3.5), we deduce that (3.9) holds. Letting J" — oo and in view of (3.4), we conclude that
(3.3) holds.

(2)<(3). By [16, Lemma 10|, we can show that (3.5) is equivalent to

N 1

BAE (B E¢)] — 0 (N{Te))de =0, (3.10)

> Jie 5+27fk)([f ; (N&£)+I (Bl + 1,0

B kEA;

where A; = [M}Z?] U [M{T'Z2] U [AZ?] U [EALZ?]. Since My = A2l and A, = diag(\%,\) with A > 1, we
see that the lattice A; is discrete. By the same argument as in the proof of [16, Theorem 13|, we see that
(3.10) is equivalent to (3.7).

By [16, Lemma 10] and the Plancherel identity (f, g) = ﬁ(ﬁ g) for f,g € La(R?), we see that (3.4) is
equivalent to

i [ Y Ff€+2m0n (Mo =17 vFe 2(2). (3.11)
T8 kemiz2)

Since f € 2(R?) is compactly supported, there exists ¢ > 0 such that f(f)f({ +27k) = 0 for all £ € R?
and |k| > ¢. By (3.8), there exists J” > Jo such that f(£)f(¢ + 2rk) = 0 for all ¢ € R?, k € [M,Z2)\{0},
and j > J”. Consequently, for j > J”, (3.11) becomes

1m/uiz%w©=M@v%@®%

j—o0

which is equivalent to (3.6). O

As argued in [15,16], the relation in (3.5) is critical for a fast transform algorithm. If all elements g/p?, ¥, W
are nonnegative, we have the following simple characterization (also see [16, Corollary 18]):

Corollary 3. Let Jy be an integer and AS ;(p”; {¥;}152 ;) be defined as in (3.2) with J > Jo. Suppose that
h>0 forallhe{p :j>Joh U{F}2,,. (3.12)

Then, for all integers J > Jo, AS;(0”; {@;}52 ;) is an affine shear tight frame for Lo(R?) if and only if



B. Han, X. Zhuang / Appl. Comput. Harmon. Anal. 39 (2015) 300-338 311

R(ER(E +2mk) =0, a.e., 6 € Rk € Z\{0} and he {¢/ : j> Jo} U{¥;}2,, (3.13)
PN = T (M) P+ D (BB + [R(BIES)[). ac.&e® j= o,  (3.14)
hew;

and (3.6) holds.

Proof. When (3.12) holds, by item (3) of Theorem 2, for k € Z2\{0}, (3.7) is equivalent to (3.13). For k = 0,
(3.7) is equivalent to (3.14). Together with the condition (3.6) and by item (3) of Theorem 2, the claim
follows from the equivalence between item (1) and item (3) of Theorem 2. 0O

The condition in (3.6) can be further simplified as in the following lemma.

Lemma 1. Suppose that there exist two positive numbers ¢ and C such that
|&(§)‘ <C, ae £€[—cc? andVj > Jy. (3.15)

Assume that g(&) = lim;_ o \&(Ng\f)ﬁ exists for almost every & € R%. Then (3.6) holds if and only if
g(&) =1, a.e. £ € R2.

Proof. Given h € Z(RR?). Since h has compact support and N;l = M, is expansive, there exists J € N
such that \&(Nf\g)|2|h(§)| < C%h(¢)] for all 5 > J and ¢ € R2. Since h € L;(R?), by Lebesgue Dominated
Convergence Theorem, we have hmjﬁoo(\&(Nﬁs)P,h) = (lim; 00 |&(N§\)|2,h> = (g, h). Now it is trivial
to see that (3.6) holds if and only if (g,h) = (1,h) for all h € 2(R?), which is equivalent to g(¢) = 1 for
almost every £ € R2. O

Consider the toy example in Corollary 2. Define ¢/ := ¢ and ¥; := {{(S™%) : € = —Ly; +1,..., 05 —
1} U {00 (ST )} with 1b, 107+ being constructed as in Corollary 2. Then condition (3.6) holds by
Lemma 1 since ¢/ satisfies (3.15) and g(£) = lim; o0 |&(Nf\§)\2 =1 a.e., £ € R Condition (3.13) directly
follows from the proof of Corollary 2 (see Section 8). Condition (3.14) holds by our construction. Therefore,
by Corollary 3, AS;(¢”;{¥; };";J) is an affine shear tight frame for Lo(R?) for any integer J > 0.

A sequence of affine shear tight frames naturally induces an MRA structure {¥;}32; with 7; :=
spTl{goj(Mi - —k) : k € Z?}. But so far, the generators in the above toy example and its induced se-
quence of systems are discontinuous in the frequency domain. In the next section, we shall focus on the
construction of smooth affine shear tight frames for Lo(R?) in the Schwartz class that have many desir-
able properties. We shall show that not only our systems can have smooth generators, but also have shear
structure and more importantly, an MRA structure could be deduced from such type of systems.

4. Construction of smooth affine shear tight frames

In this section we shall provide two types of constructions of smooth affine shear tight frames: one is
non-stationary construction and the other is quasi-stationary construction. Both these two types of con-
structions use the idea of normalization in the frequency domain. In essence, we first construct a smooth
affine shear frame for Ly(R?) and then a normalization procedure is applied to such a frame. The non-
stationary construction uses different functions ¢’ for different scale levels j, while the quasi-stationary
construction employs a single function ¢ for every scale level. We first need some auxiliary results and then
provide details on the two types of constructions.
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-3 -2 -1 0 1 2 3

Fig. 2. Graphs of a4, (dotted line), cx s,,(A72:) (solid line), and Ba,t,p (dashed-dot line) for A = 2 and p = t = 1. Note that
B+, overlaps with a(A72.) for £ > A" %pn.

4.1. Auxiliary results

We shall use a function v € C*°(R) such that v(z) = 0 for z < —1, v(z) = 1 for x > 1, and |v(z)|* +
|v(=z)|? = 1 for all x € R. There are many choices of such functions For example, as in [14], we define
f(@) = e V" for 2 > 0 and f(z) :=0 for x <0, and let g(z) := [, f(1+t)f(1 — t)dt. Define

v(z) = g(x) z € R. 4.
R o R e -

Then v € C*°(R) is a desired function. Using such a function v, we now construct our building blocks

Qxt,p, B, of Meyer-type scaling and wavelet functions with A > 1,0 <¢ <1, and 0 < p < A2 as follows
(see Fig. 2):

() if &< —cHoe,

are (&) =41 if —c+e<€¢<c—eg,
V(=) i ¢ >c—e,
Brin(©) = (Jer e, (A 26))” = an (€))%, (4.2)

where ¢ = A\7*(1 —t/2)pr and € = A"*tpm/2. Then ax ¢ p, By ;, € C°(R), where C2°(R) denotes the linear
space consisting of all compactly supported functions in C*°(R). Moreover,

supp ot = [f)fzpﬂ', )\72[)71'] and supp B, ,, = [—pﬂ', 2721 - t)pﬂ'] U [)\72(1 —t)pm, pw].

Furthermore, define a 27-periodic function p, ; , and vy, as follows:

Bar (&) =1 @ \fl; pr,
0 if A pm < |§‘ <,

aA,t,p(E)

tp(8) =
Ut p( ) g)\,t,p(g) if€e [_ﬁjw)\supp ,8)\7,57;;()\2.)7

ﬂx,t,p(A2£) . —4 _ —2
{7 if A4(1 — t)pm < [€] < A2, (43)

where g+, is a function in C°°(T) such that [jg—iLg,\ t.0(&)]|le=2r—2pr = 0(n) for all n € Ny. The purpose

Bix.t,,(A28)
[e 5N t.p(&) - 1 fOr

|¢] > A~*pr and %;:’725)@ = 0 for [¢| < A™*(1 — t)pm, we can simply define gy, to be gr¢,(§) =1

of gxt,p is to make the function vy ¢, smooth. Such a gy ¢ , exists. In fact, noting that
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for \pm < |¢] < 7 and gy ,(€) := 0 for [¢] < A7*(1 — t)pn. In this case, gi s, extends periodically
as a constant 1 near the boundary of T. If A=?p < 1, then another way to make vy ,(£) smooth is by
defining gy 1, to be g +,(€) =1 for \™4pm < €] < A7 2pmr, and gy 4,,(€) == 0 for || < A74(1 — t)prm or
A" 2pom < |€] < 7 with pg being a positive constant such that A=2p < A=2py < 1, which can be achieved by
using smoothing kernel. We have the following result (see Section 8 for its proof).

Proposition 1. Let A > 1,0 <t <1, and 0 < p < N2, Let Qxtps Bt and Py 5, Ut be defined as in
(4.2) and (4.3), respectively. Then cux ¢ p, By, € C°(R) and py Va1, € C(T). Moreover,

@O +18re, (€))7 = leni, (A 2)], € €R,

and

a>\7t7p()\2§) = ﬂ)\,t,p(g)aA-,t,P(g)a IBA,t,p(A2£) =vatp(§ontp(§), §ER.

The functions a1, and B, , , shall be used for the horizontal direction. We next define ‘bump’ function
7. for splitting pieces along the vertical direction. Roughly speaking, the core generator for our affine
shear systems in the frequency domain looks like 8, ; ,(£1)7v.(£2/€1), which is a wedge shape generator.
Application of parabolic scaling, shear, and translation operations to such a generator induces our affine
shear systems. Further technical treatments are then applied on such systems to achieve tightness; see next
subsections for details.

In what follows, € shall be fixed as a constant such that 0 < & < 1/2. Define a function v, to be

1 if 2] <1/2 —e,
Yelw) = § (Y if 1/2 — e < Ja| < 1/2+ e, (4.4)
0 otherwise.

Then it is easy to check that 7. € C2°(R) and >, [v.(- + )] = 1.
For A > 1, define £y := |[A — (1/24¢)] + 1= |A+ (1/2 — ¢)]. Define the corner pieces ’Yis,eO by

v ety ::{'yg()\x;ﬁ,\) %f)\j(fA—l/Q—a)g <A™ (QKE)\—l/Q—I—g),
€580 1/(1—}—;(1—:5)) if A (EA—l/Q—&—E)SxSl—I— 52,
_ o *yE(Ax—l—&\) ANl +1/2—¢e) <a <A H—ly+1/2+¢),
Mhieo N2 6 '_{ v+ 21 +a) if —1-2 <z <A ( A H1/2+e), (45)
That is,

£ ()= v () if —1/2—e<z<-1/2+¢,
Tree0\® (1—|————(CE+€>\)) if —1/24+¢e <z <A1+ 2e9/A?) — £y,
_ () ifl1/2—e<x<1/2+¢, L6
Mreo@ = 01+ 2 1 2@ 0)) if —A1+20/X) + 0 <o <122 (4.6)

Here g > 0 is a parameter to control the overlap of corner pieces around the seamlines. Note that *yf\c .0
are also C¢° functions. Then, for A > 1,

Ox—1
( Z |'y€ Az +0) ’ > + |’y/\650 —E)\)|2 + |'y;76,50()\x+£>\)|2 =1 Vjz|<1 (4.7
l=—0y+1

and
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€>\+1/2—5

£
S e+ 0 =1 V2| < !

b=—1Lx

(4.8)

Accordingly, we next define two functions IV and T';, which will be used for frequency splitting along the
shear directions. We have the following result (see Section 8 for its proof).

Proposition 2. Let j € Ny. Define

€>\j—1

i) = > (r-We/ea+ 0 + . (Ver/&2 + O7) | + 7 .., W&/ = 00)]

Ei—f)\j +1
+ ”ij,s,eo ()\j£2/£1 + g)‘j) ‘2 + ”Yi_j,s,eo (>\j£1/é~2 - g)‘j) ‘2 + ’A/;j,s,eo (>\j£1/€2 + £>‘j) ‘2 (49)
and

Lyj

L) = Y (l(Ve/a + 0 + [v.(Ve/e + 0)). (4.10)
b=—10,

Then T9,T; € C*°(R?\{0}) have the following properties.
(i) 1<TI(&) <2, TI(EE) =TY(€), and TV (&) =TI (&) for all t #0 and & # 0.

(i) 0 < Ty (€) < 2, T(E€) = T;(€), and T(1€) = T (€) for all t £ 0 and € £0.
(iii) TV and T'; satisfy

y
© =1, € {ee RO} max{leo/anh lon/el} < 5575 (.11
and
D=1 ¢e{eer malla/alla/al) < ;s (4.12)

Equations (4.9) and (4.10) will be used to construct two types of smooth affine shear tight frames. One
is non-stationary construction with ¢’/ changing at different scale levels and the other is quasi-stationary
construction with ¢ being the same for all scale levels. We next discuss the details of these two types of
constructions.

4.2. Non-stationary construction

We first discuss the non-stationary construction. For such a type of construction, the shear operations
could reach arbitrarily close to the seamlines when j goes to infinity. The idea of constructing such a smooth
affine shear tight frame in the non-stationary setting is simple. We first construct an affine shear frame from
only a few generators and then apply normalization to such a frame to obtain a tight frame.

More precisely, we fix A > 1,0 < ¢t < 1,0 < p < 1, and 0 < ¢ < 1/2 as parameters. Below, we
shall omit the dependency of ¢, n, ¢, ®7, etc., on the parameters \, t, p, e for simplicity of presentation. Let
Axs Bas My, Ny, et py B ps and v, 'yis’ao, £y be defined as in (1.1), (3.1), (4.2), (4.4), (4.6). Define

n(61,&2) = anro(E)V:(&2/61),  (&1,&) €R?,
C(&1, &) == Birr, (E)V-(&2/6),  (&1,&) € R:\{0}, (4.13)
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as well as the corner pieces

(&, &) = a)\,t,p(é-l)’Yj\:j7s750 (&/&), (&4,6) e R?,
CIEN (&,8) = Bt &)V oo (&2/&1), (&1.&) € R*\{0}. (4.14)

For £ = 0, ¢(0) := 0 and ¢hEN (0) := 0. Since the support of B, , , is away from the origin, we have
¢, ¢ € O°(R?). Let

(&) = anp(&)an (), EER

Then, ¢ is also a function in C2°(R?) hence ¢ € C*°(R?).
For a nonnegative integer Jy, define

N
©% (&) = [p(Nye) [P+ S Z [[¢7(S,BLE) | + |¢7 (SeBLEE)|?] (4.15)
j=Jo t=—L,;

for £ € R2, where for || < £5;, n’* =1 and Cj’z = (, respectively. We have the following result concerning
the function ®7° (see Section 8 for its proof).

Proposition 3. Let A > 1,0<e<1/2,0<t <1, and 0 < p < 1. Let Jy be a nonnegative integer and @’°
be defined as in (4.15). Choose g¢ such that 0 < gq < %)\JO_I. Then ©7° has the following properties:

(i) ®% € C*(R?), ©®70 = @%(E.), and 0 < e’ < 2.
.. —2 ;
(i) @7 (&) =@M (E) =1 VEeux, ue_fe o [(SeBY) "t supp ¢7).

The function @70 will be used for the normalization of the frame generated by ¢7*.
Since 0 < ®70 < 2, we can take the square root of ®70, which is still a smooth function. Moreover,

1/v®70 is also a smooth function. Define cpJO = % and
O(M;%)

(T2, (G (SBLOP + ¢ (SBLES) 1)/
©%(¢)

Wi, (NRE) == . i>h (4.16)

Define 7! to be

1/2

P (NT) o= (| (MO + .o, (NS ) (4.17)

Now, we split the function wi,w as follows. Recall that D := diag(1, A) as in (3.1). For £ # 0, define

oy, j —j Y (§2/61)

d}j’e(g) = wg\,tp(D)\JS—ég) Fj((SeBg\)flg)’ {= 7£)J + 17 s ,6}\3‘ - 15 (418)

and

Vi eeo(€2/€1)
T9((See,,BL)LE)

G (€) == Wl (D3 Se,, ) (4.19)
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For ¢ = 0, we define W(O) := 0. Since the support of wiyt’p is away from the origin and in view of the
properties of IV, we deduce that 17-¢ € C2°(R?) and hence ¥’ is function in C*°(R?). Let

Ty o= {p(S70) il =—ly,, ... 0\ } (4.20)

with ¢7¢ being given as in (4.18) and (4.19). The (non-stationary) affine shear system AS ;(¢”; {w;152,) is
then defined as follows:

AS; (ol {W;}52 ) = {%i;k tk € 22} U {hag g hpgen k€22 h € 73 (4.21)
Explicitly, we have,
AS; ({5152 ,) = {(pMJ G kezZPPu{glt ,ZAJ o QfeAgE;k k€ ZP 0= by, bu} 5 (4.22)

With the property of @70 in item (ii) of Proposition 3, we can show that the system defined in (4.21) can
have shear structure for elements inside each cone. Moreover, with the scale j going to infinity, the shear
operation could reach the seamline arbitrarily close. Indeed, we have the following result.

Theorem 3. Let A > 1,0 < e <1/2,0<t <1, and 0 < p< 1 such that 1/p—1/2—¢ > 0. Let Jy
be a nonnegative integer. Choose €9 > 0 such that g9 < mln{/\ )\2‘]0( —1/2),(1/p — 1/2 — e)ATo}.
Then the system AS ;(¢”7;{¥; }32) defined as in (4.21) with Y cmd v, bemg given as in (4.17) and (4.20),
respectively, is an affine shear tight frame for Ly(R?) for all J > Jo. All elements in AS ;(¢”7; {¥; };";J) have
compactly supported Fourier transforms in C°(R?). Moreover, let 1 := .# ~1¢. We have

{w(S7%) |l < by —1} C ¥y, 5> Jo+1,
and

{Qﬂs-eAg;kﬂ#S-eAgE;k : ] > ']a ke Z27 |€‘ < E)J - 1} - AJS(QDJ; {g/j}_?ij)v J>Jo+ 1.

Proof. By the property of ®7° in Proposition 3, we see that wf\7t,p(Nf\§) = 13/\77571)()\—23'51) for £ €
supp Cj’e(SgBi') with |4 < €y, — 1, j > Jop+ 1, and wf\7t7p(N§§) = ﬂ)\#typ()\72j£2) for £ € supp Cj’é(Sng\E)
with |[¢| < £y; — 1 and j > Jy + 1. Hence, it is easily seen that for j > Jo + 1,

V(€)= B p (607 (E2/61) = C(E) = D), [0 < Ln — 1.

For j > Jo+ 1, we observe that W; = {1)(S™%) : £ = —ly; +2,..., 0y —2}U{p?4(S70) : [f] = £y — 1,05}

By our construction, (3.14) and (3.6) hold. Moreover, all generators are nonnegative. Noting that
supp a1, = [=A7%pm, A?pr], supp By, = [—pm, —A2pr]UNTZpm, prl, and supp e = [-1/2—¢,1/2+¢],
together with p < 1and 0 <e < 1/2, we see that supp 7 it C [—pm, pr]? C [—m,7]? for [¢| < £y; — 1. Hence,
we have 7> Z(f)z/ﬂ L&+ 27k) = 0, a.e., £ € R? and k € Z?\{0} for |[¢| < ¢,;, — 1. For ¢7_7M' we have

supp 7~ C {€ € B2 < &1 € [—pm, pr), ~1/2 — ¢ < &a/61 < N (1+220/A%) — £},
Since 269 < A%0(2/p — 1 — 2¢), we have,
(M (142e0/X) =y +1/2+e) < (N (1+250/A%) = (MW +1/2—¢) +1+1/2+¢)

250
~ + 142 <2/p.

\ /\
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This implies the e support of 1/)3’ xi (€1,-) is of length less than 27 for any &; € [—pm, pr]. Similar property

holds for supp 17 ‘H}M Hence, we conclude that PIELG (E)ap7 T (E427k) = 0, ae., £ € R? and k € Z2\{0}.
By the definition of ¢/ and gy < )\2‘]0( —1/2), we have

supp& C [-A7%p(1+ 2e0/X7)m, A ?p(1 + 250/)\2j)77]2 C [-m, 72

Hence, we conclude that &(f)&(f + 27k) = 0 for all k € Z*\{0} and for almost every & € R2. Therefore,
(3.13) holds. By the result of Corollary 3, AS;(p”; {¥; }32 ;) is an affine shear tight frame for Lo (R?) for
all J > Jp. Since all involved auxiliary functions are from C2°(R?), all elements in AS(¢”; {¥; }32 ;) have
compactly supported Fourier transforms in C2°(R?). O

From Theorem 3 we see that

C(S=t,,+2BE) = Brr, (AN HE) V(N & /é1 — by +2), £€R?
has support satisfying & /& < W — 1 as j — oo. In other words, the shear operation reaches
arbitrarily close to the seamlines {£ € R? : & /& = +1}.

4.8. Quasi-stationary construction

Let us next discuss the quasi-stationary construction. The idea is to use the tensor product of functions
in 1D to obtain rectangular bands for different scale levels, and then a frequency splitting using -, is applied
to produce generators with respect to different shears. More precisely, let A > 1,0 <t <1,and 0 < p < 1.
Consider §(€) := auxt,p(&1)art,p(&2), € = (&1,&) € R? and define

2

wrip(©) =802 — |3, € R (4.23)

Then wyt, € C2(R?). In fact, it is easy to show that if $(§) = 0 or 1, then all the derivatives of &
vanish at &. Now if @y ,(€) = [G(A72E)|> — |@(£)|? does not vanish for & = &, then it is trivial to see
that wx:, = /Wi, is infinitely differentiable at & = &o. If Wx1,(&) = 0 at £ = &, then we must have
(&) = P(A\72&) = 0 or §(&) = P(A"2&) = 1. Then, all the derivatives of Wy, vanish at &. By the
Taylor expansion, we see that wy; , = m must be infinitely differentiable at &, with all its derivatives
at & being zero. Therefore, wy 1, € C°(R?).

In view of the construction of @, the refinable structure is clear. We have (A\%¢) = a(£)@(¢), € € R?
with @ = Hatp @ Hatp bflng the tensor product of tl}\e 1D mask p, ; , given in (4.3). Moreover, we have
w(A2E) = b(&)P(€) with b € C°(T) being given by b(¢) = (g(&) — [a(¢)|?)*/? for any smooth function
g € C°°(T?) such that g = 1 on the support of .

Note that for simplicity of presentation, we omit the dependency of o, 17" a, b, I';, etc., on the parameters
Atop,e.

Since 0 < T'; < 2and T'; is in C*°(R?\{0}), we have that /T; is infinitely differentiable for all ¢ € R*\{0}.
Let Ay, By, My, Ny, Dy with A > 1 be defined as in (1.1) and (3.1). Let ¥; := {tp7¢(S7%) 1 0 = —Lys, ..., lxi }
with

oy —j Y (&2/€1)

D) = wr (DS 46) o (6N (6 + ) — 22/

T;((S¢B})~1€) T;((S¢B})~1€)

(4.24)
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for £ € R?\{0} and W(O) := 0, which gives W(SgBif) = w,\,tp(Niﬁ)%\/%H). By the properties of T';
J

and that the support of wy; , is away from the origin, we see that 17 are compactly supported functions
in C>°(R?) and hence 99¢ € C°°(R2?). We now define a (quasi-stationary) affine shear system:

AS; (@ {¥;}52 ;) = {‘PM{;k ke Z*}U {hAi;k7hA§E;k :keZ* he Ll'/j};:]

j 0 i, 0 )
= {omgx ke Z’}u {¢;*5A§;k’¢;*fA§E;k k€ ZP 0= ~ly,.. by}, (4.25)

At first glance, such a system does not have shear structure at all due to that the function wy; , is not
shear-invariant. However, we shall show that such a system do have certain affine and shear structure in
the sense that a sub-system of this system is from shear and dilation of one single generator.

Theorem 4. Let A > 1, 0 <t < 1, and 0 < p < 1. Let AS;(p;{¥;}32;) be defined as in (4.25) with
P = ani,p ® ane, and P being given by (4.24). Then AS;(y; {¥;}52 ;) is an affine shear tight frame
for Lo(R?) for all J > 0. All elements in AS ;(p; {¥; }52.7) have compactly supported Fourier transforms in
C2°(R?). Moreover, we have

{w(S™)it=—rj,....r;} CW, >,
where ;= [N72(1 = t)p — (1/2+ £)| and (&) = By, ,(&1)7.(&2/&1), & € R2. In other words,
{V5-eag o Vs-eafen K EL2 L= —rj,..., rj};?‘;J - AJs(@; {w;3525).
Proof. By our construction, we have
xi
BN "+ D [[wrf(SeBLe)[* + |94 (S,BLEE) ]
l=—Ly;

igpE & : j
% > [reWe/a +OF + (Ve /& + 0]

==Ly

= [p(N}&)[* +
= [B(NLE) [* + |wa e (NE) | = [B(NTHLE) P, € € R

Hence, (3.14) holds. By the definition of ¢, (3.6) also holds. Note that all generators satisfy W >0
and supp it C [—pm,pr]? with p < 1. Hence, (3.13) is true. Now, by Corollary 3, we conclude that
AS;(p;{¥;}52 ;) is an affine shear tight frame for Ly(R?) for all J > 0. Since all @, are compactly
supported functions in C2°(R?), all elements in AS;(y; {¥; }32 ;) are functions in C'>° (R?).

By the definition of wy  ,, it is easy to see that

2 2 2 2
|w>\,t,p(51a§2)| = |O‘)\,t,p(fl)ﬁ>\,t,p(§2)| + |IB)\,t,p(£1)a)\7t>P(€2)} + |13)\,t,p(£1)13)\,t,p(€2)| .
And for [&] < A72(1 — t)pm, we have wx 1,(&1,82) = Bt ,(E1)nt,0(E2) = By ,(&1). Consequently, if for
all § € supp il gr g\, we have €] < A2=2(1 — t)pm, then we have
Vg a1 0k(€) = A9 w1,y (AHE) . (Vo /61 + £) e 513
— )\—33'/2,3)\715’,) ()\—23'51)78 (/\jf2/§1 + g)e—ik-SeBié
= wS@Bi;O,k(g)'
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Now let us find the range of £ such that the above support constrain for 7-¢ SeBLi0k holds. At the scale level
j, we have

suppwa,t,, (A7) C [-A¥ pr, )\Q-jpﬂ]2\[—)\2j—2(l —t)pm, N 2(1 — t)pﬂQ.

Then, the support constrain means that at the scale level j, one needs |£3/¢1| < A72(1 — t)p. Hence, the
support of vy_(M& /& + ¢) must satisfy

A2 =t)p < AT(1)24e4+0) <&JE<SNTI(1)24e—0) < XL —1t)p.
Consequently, we obtain
V21— t)p+ (1/242) < £ < N1 —)p— (1/2+ <),
That is, |(| < M 72(1 —t)p — (1/2 + €). In summary, letting r; := [M72(1 —t)p — (1/2 +¢) |, we have
{w(S_Z-) A= —rj,...,rj} Cv;, j=>J,
and
{wS*ZAi;wwS*ZAiE;k 1j 2 I ke b= 1.1} C AJS(“P? {WJ};)‘;J)

This completes the proof. 0O

Note that when ¢ = —r;, the support of 12(548{\5) = ,BA’t’p()\_%fl)%()\jﬁg/fl — r;) satisfies

Eo/& S AT (rj+1/24e) AT (IN2A—t)p—1/2—¢] +1/24¢) < AT>(1—t)p.

Hence, by the symmetry property of I'j, we see that the shear operation generates a subsystem of
AS (05 {¥;}52,) inside the cone area {& € R* : max{[&/&1],161/&} < A72(1 — t)p} in the frequency
domain.
4.4. Connections to other directional mutliscale representation systems

In this subsection, we shall discuss the connections of our affine shear tight frames to those shearlet

systems in [8,10] or shearlet-like systems in [13].
Define corner pieces

v(x) if —1/2—e<zx<—-1/2+4¢,

Yi(@) =11 if —1/24+e<z<A—1{),
0 otherwise,
Y(z) if1/2—e<2<1/2+4¢,

Yy () =191 if — A+l <z<1/2—¢, (4.26)
0 otherwise.

These are the corner pieces that shall be used to achieve tightness of the system or for gluing two seamline
elements together smoothly. Let {a,\7t7p,ﬂ)\7t7p,78,7§:} be defined as in (4.2), (4.4), and (4.26). Similarly,
for the half pieces of the system generated by the characteristic functions as in (2.9), we define 1), 17+
by
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o —

{b\(f) = ﬂA,t,p(fl)75(£2/€l)a wj,i@v (5) = IBA,Lp(gl)’Y):!:j (52/51)7 € 7é 0
and @Z(O) =0, ¢mf (0) := 0. The scaling function ¢ is defined to be

=@+ 2 (4.27)

—

with ©1(§) = ot p(€)x(eerzie/a <13 () and ¢* = @HE) = o p(§2)X(cerziier/el<1}(§), € =
(&1,&2) € R2% Now define

W= {p(S75) b=l + 1,0y — 1} U{pP(S70) r 0= 0} (4.28)
Note that @ is smooth while the corner pieces ¥7*¢xi are not smooth. We have the following result.

Corollary 4. Let Ay, By, My, Ny, Sp, E be defined as in (1.1) and (3.1) with A > 1. Let 0 <t <1,0<p <1
and 0 < & < 1/2. Then the system AS;(p;{¥;}52 ;) defined as in (3.2) with ¢, ¥; being given by (4.27),
(4.28), respectively, is an affine shear tight frame for Lo(R?) for all J > 0.

Proof. By the definition of «, and 'yf, for a fixed j7 > 0, it is easy to show that

Z lv. (M &/& +f)‘2 + v (W& /é - f,\f)’2 + v (Vé/& +€>\J’>|2 = X{lea/e11<13 (&), € F#0.
(=", +1

Hence, for &€ = (£1,&) € R?, we have

e (NSO + DT [R(BLE) " = (lon e,y (A7) [* + B s (A 26) ") X(leaser1 <11 (6)

hew;
= [0 (N27260) X gleaser1 <1y (€)
= [¢L(N{e)]”

Similarly, we have |&\2(Nf\§)\2 + X hew, |h(BLES)|2 = \&\Q(Niﬂf)ﬁ Consequently, we have

PO+ 3 (BB + [BLEP) =[BT, e, € € B2
hew;

Hence (3.14) holds.

Moreover, we have ﬁ(f)ﬁ(&i—?ﬂk) = Oforall h € {@}U{®;}52, and k € Z*\{0}. In fact, if k = (k1, ko) € Z?
with k; # 0, then ﬁ(f)?z(f + 27k) = 0 due to that a ¢, B, , are supported on [—pm, pr| with p < 1.
If ky = 0 but ky # 0, then by v.((&2 + 2mk2)/&1)7c(82/81) = vo(&2/&1 + 2mk2/&1)v.(§2/61) = O for
&1 € [—pm, pr], we have h(&)h(£ + 2wk) = 0 as well. Hence, (3.13) is satisfied. Obviously, (3.6) is true by our
construction of .

Therefore, by Corollary 3, AS;(p;{¥;}52 ;) defined in (1.3) with ¢, ¥; being given by (4.27), (4.28),
respectively, is an affine shear tight frame for Ly(R?) for all J > 0. 0O

Now, it is easy to show that the cone-adapted shearlet system constructed in [10] is indeed the initial
system of a sequence of affine shear tight frames. In fact, let A = 2, and A; := Ay, Ay := EAE. Let ¢! = ¢
and 9?2 := ¢! (E). It is easy to show that
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W (S'A] - —k) = (SeAL - —k) and  ¢?(S,A} - —k) = (S'ALE - —Ek).

Noting that EZ? = Z? and the symmetry of the range of ¢ for each scale level j, we see that the cone-adapted
shearlet system in (1.4) with modified seamline elements is the affine shear tight frame AS(y;{¥;}52)
defined as in (1.3) with ¢, ¥; being given by (4.27), (4.28), and A = 2. Moreover, it is the initial system of
the sequence of affine shear tight frames AS;(; {¥;}52 ;),J € N defined as in (3.2) with ¢, ¥; being given
by (4.27), (4.28), respectively.
For the smooth shearlet-like systems constructed in [13], it is also a special case of the following system.
Note that ’yj,'y; satisfy
— =d(n) Vn e Ny, (4.29)

=+
(e :m)}
d$ A r==+1

which guarantees the smoothness by gluing the two corner pieces.
Let W, := {¢p3¢(S7%) : £ = —lys,..., Ly}, where for || < Uy,

YL (E) == Wt (DY7S_e€) Vo (E2/61) = watp (1, N7 (1l + &2)) Vo (&2/&1), € €R?, (4.30)

which gives
Pht (SZBJK) = wx (AT Y. (V)& +0);
and for those elements on the seamlines, i.e., for £ = +¢,; and j > 1,

d)mj (S:I:EAJ- B&/Q&) — {wk,t,p()\_ij)ﬁ’; (>‘j£2/€1 + g)\j) if |€2/€1| <1,

Wt ATV (NE /& £ 0y) if |&2/6] > 1.

For 7 =0,

Wxtp()V(€2/6 £1) if [§2/&] <1,

Y (S18) = {wx,t,p(f)’)’a(ﬁl/& 1) if[6/&] > 1.

Let A%’ := AJ for j > 1 and £ < £y, AL :=2AJ for j > 1, and for j = 0, AL* := I,. Then, we can define
the following system:

AS(pi{75}520) = {0 — k) k€ Z2} U {hpge o hpgegy tk € 22 h e U3} (4.31)

Corollary 5. AS(p;{¥;}52,) in (4.31) is an affine shear tight frame for Ly(R?) and all elements in
AS(p; {¥;1}520) have compactly supported Fourier transforms in C>(R?).

Proof. By our construction, we have
2 — R . , )
BOI+D>- D0 [0 (SeBL)] + [t (SeBLE) ']
J=0 f=—£, ;+1

+3° S [it(5eBL/2) |7 + [ (SBLE/2) P = 1, ae € € R
J=0€=+0,

Moreover, all generators satisfy ¢J¢ > 0 and suppyd* C [—m, 7], Note that dilation matrices of the
seamline generators 1) are 2A% instead of A{. A simple adaptation of the proof of Theorem 1 gives



322 B. Han, X. Zhuang / Appl. Comput. Harmon. Anal. 39 (2015) 300-338

that AS(i; {¥;}32) is a tight frame for Ly (R?). By the definition of ~, ’yf in (4.4), (4.26), W are compactly
supported smooth functions. Consequently, all elements in AS(i; {¥;}32) have compactly supported Fourier
transforms in C°(R?). O

We finish this section by making some comments on the connections and differences of our affine shear
systems with other shearlet or shearlet-like systems. First, when A = 2,t = 1 — A72, and p = 1, except
those seamline elements, AS(p; {¥;}32) defined in (4.31) is essentially the system defined in [13]. Second,
the shear subsystem (generated by one single generator through shear, parabolic scaling, and translation)
in [13] can have its shear operations reach only up to slope (in absolute value) A=% = 1/16. Here, in our
construction, the shear subsystem {wS*@Ai;k’wS*fAiE;k ckeZ? = —T,... ,rj}g?;, as in Theorem 4 can
reach up to slope A=2(1 — t)p in the frequency domain with any 0 <t < 1,0 < p < 1. In other words, we
have a shear subsystem covers larger cones (horizontal and vertical) in the frequency domain than those
in [13]. Third, the ideas of achieving tightness for our quasi-stationary construction and the construction
in [13] are essentially different. Our tightness is achieved by normalizing an affine frame obtained through
application of shear, dilation, translation, together with flip operations to a single generator while the
tightness in [13] is achieved by a gluing process. Comparing with our quasi-stationary construction, the
gluing procedure is somewhat unnatural since one can see that a different dilation matrix 2A§\ needs to
be applied to the gluing elements at the scale level j while all other generators use the dilation matrix Af\
(see boundary shearlets in Section 2.1 in [13]). Our affine shear systems, either under our quasi-stationary
construction or non-stationary construction, obey the parabolic rule. More importantly, at all scale levels
j for each cone, the dilation matrix is fixed as Ag\ for all generators. Finally, we would like to point out
that our quasi-stationary construction is more general and flexible with several control parameters A, t, p, €.
Moreover, to our best knowledge, the non-stationary construction in this paper is new and we make a clear
and important connection between affine shear tight frames and directional tight framelets, which shall be
investigated in the next section.

5. MRA structures and filter banks

By connecting affine shear tight frames to tight framelets in [16], in this section we shall study the MRA
structure of sequences of affine shear tight frames constructed in Section 4 and investigate their underlying
filter banks.

As discussed in [16], a sequence of tight framelets is closely linked to filter banks and MRA structure.
Let us first discuss the connections of affine shear tight frames to a special class of tight framelets.

5.1. Connections to affine tight My-framelets through subsampling
Let {p/} U {%}3";] be a set of generators with

lﬁj = {ij’zzfz—ﬁ,\j7...,€,\_7}. (51)

Using the dilation matrix My for all generators in {¢”} U {@Ej’é};?';J with J € Ny, we define a sequence of
(non-stationary cone-adapted) affine My-framelet systems by

AS'\J/IA (cp‘]; {Q/J};";J) = {cp;\]/'i;k ke ZQ} U {hMi;k’ hMiE;k ‘keZ? he lI/j}joiJ

. 74,4 74,4 ]
= {¢ingu ke Z?}U {%i;k,%&&k ke ZP 0= ~by,....0u}_ ;. (52)

Similarly, when ¢/ = ¢ is fixed across all scale levels j € Ny, we define a sequence of (quasi-stationary
cone-adapted) affine My-framelet systems by
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AS"\]AA (¢; {u'/]}?';]) = {@M{;k ke ZQ} U {hMi;k’hMiE;k ckeZ%he WJ}]O.;J

. 2 79,4 79,4 . 2 _ ) @
= {ompu k€ BF UL dli k€Tl =l o) (53)

We have the following result connecting affine shear systems with affine My-framelet systems.

Theorem 5. Let My, Ny, Dy be defined as in (3.1). Let {AS;(¢”; {®;}52 ;)15 be a sequence of affine shear
systems in (4.21) with W; = {p3*(S~0) : £ = —Lys,..., Ly }. Define ¥; := {3t o 0=y, ... 0} with
7 € Ng and

P = ATIPIE(STIDYTY), U=l (5.4)
If
DI (E)pi (€ +21K) =0, a.e. €€ R2, Yk e Z2\{0}, j € No, (5.5)
GIL(EYI(E 1 27K) =0, ae. € € R2, Wk € Z2\{0}, j € No, |¢] < Ly, (5.6)
and
JH(E)DI(E +2mk) = 0, ace. € € R, Wk € Z2\{0}, j € No, 0] < L, (57)

then ASJ(QOJ;{%};’.’;J) is an affine shear tight frame for Ly(R?) for every J € Ny if and only if
AS'\J"*(QDJ;{WD]-};?';J) in (5.2) is an affine tight My-framelet for La(R?) for every J € Ny, that is, {p’ :
jEeNgIU {j/j}‘]?‘;o C Ly(R?) and for every integer J € Ny,

1B = D[l + D0 3 S (4 b+ [ b ead[F) VS € La(R?). (5.8)

2 — : 2
kezZ j=J hed; keZ

Proof. Since (5.5) and (5.6) are satisfied, by Theorem 2 (also cf. Corollary 3), AS;(¢”; {¥; }327) is an affine
shear tight frame for Ly(R?) for every J € Ny if and only if (3.6) and (3.14) are satisfied with Jy = 0.

Observe that (5.4) implies §hit = W(SgDi~). Therefore, by BiMi = Di and EMZ\ = Mg\E, we see that
(3.14) is equivalent to

[PHMOF = [T + 3 (WA (SBMOI + 077 (sBlEMe) )
Z:fs]-
—FEP + 3 ([P + [ E))
é:—sj

a.e. £ € R? and j € Ny. Hence, by (5.5) and (5.7), the claim follows directly from Theorem 2 and [16,
Corollary 18]. O

Immediately, we have the following corollary.

Corollary 6. Retain all the conditions on \,t, p, e, for AS (¢ ; {¥; }327) in (4.21) of Theorem 3 with Jo = 0
(respectively, for AS;(p;{W;}52 ;) in (4.25) of Theorem /). Let ASM (o7 {WJ};";J) be defined as in (5.2)
(respectively, AST> (¢ 0z }32.7) be defined in (5.3) ) with @; being given as in (5.4). Then ASY (o7 (¥ }20)
(respectively, AS'\JA*(QO; {W;}52 ;) is an affine tight Mx-framelet for Lo(R2) for every integer J € Ny and
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VR — \J/2,),04 J:L — \J/2,),04
ws—fiAg;k =A wMg;DgsL’k’ ws—lAiE;k =A wMiE;DiSék' (5.9)
Proof. By (5.4), it is straightforward to check that (5.9) holds. By (5.4), we also have

™ ; N ¢
¢J7Z(§) = w&,t,p(é)’ys( 1-1532(/5)1 ki )7

— : Vo eeg N E2/61 £ 4r5)
ﬂﬂ?ﬂﬂ (f) = wf\,np(f) A T (5) )

EA0, [0 < by —1, (5.10)

€40, (5.11)

and 1[)j»£(0) := 0. Comparing with ¥7 in (4.18) and (4.19), we can easily check that (5.7) holds by a similar
argument as in the proof of Theorem 3. By Corollary 3, we see that (5.5) and (5.6) hold. Now the conclusion
that ASLI\]/IA (g5 {!PJ}‘;‘;J) is an affine tight My-framelet for Lo(R?) follows from Theorem 5.

The proof for AsyA (5 {LD] }32 ;) is essentially the same. O

5.2. The filter bank structure of smooth affine shear tight frames

Since tight framelets are closely related to filter banks ([16]), we next study the filter bank structure of
affine tight My-framelets and affine shear tight frames in Corollary 6. For a filter u = {u(k) }yez2 : Z? — C,
we define its Fourier series @ : R? — C to be u(§) = > .z u(k)e™™ ¢, & € R2. Obviously, @ is 2wZ?-periodic.
For the non-stationary ASl\J/IA (o7 {¥; }32 7), by our construction and setting 0 < p < 1, we can choose pg and
e to satisfy 0 < p < pgp < 1 and 0 < g9 < A%(po/p — 1)/2 so that supp&(M)\-) C suppggE C [—pom, pom)?

and supp 174 (My-) C supp @i+1 C [—pom, po]2. Let a?, b7¢, j € Ny be filters defined by their Fourier series
as follows:

D) = % if € € supp g7 (My-),
0 if & € [—m, )2\ supp I (M),
ey o Ty YN &/ 6+ 0) o
bl (€) = bi(€) T 0] <l — 1,
— ~ ’ij ()\j§2/fl if}\j)
bE0 (€) = b 5250 , 5.12
(©) =00 0 (5:12)

where bAJ(f) =\/g/ (&) — |aAJ(£)|2 for some function g’ defined on T? satisfying g/ = 1 on the support of
Pt

Similarly for the quasi-stationary AS'}"* (p; {% };’i 7), we can define a sequence of filter banks. In this case,
the low-pass filter @ of 27Z2-periodic function for ¢ is fixed as follows:

a(§) = tr s p ()b p(82), € € [-m,m) (5.13)

with g, , as in (4.3). Note that supp ¢¢(My-) C supp @. Define 2rZ2-periodic functions bit for it
j € Ny as follows:

e L';(&)

with E(E) = 1/g(&) — [a(¢)|? for some function g defined on T? satisfying g = 1 on the support of 3.
By [16, Corollary 18 and Theorem 17], we have the following result.

c <, g€ -mm)? (5.14)



B. Han, X. Zhuang / Appl. Comput. Harmon. Anal. 39 (2015) 300-338 325

Corollary 7. Retain all the conditions for A\ t,p,e,e9 as in Tﬁg)rem 3 witﬁ\]o = 0 and choose p, pg,€ to
satisfy 0 < p < po <1 and 0 < g9 < AN2(po/p—1) so that supp ¢/ and supp -t are inside [—pom, pom)?. Let
ASM (o7 {W]};";J), J € Ny be defined as in (5.2) with W; as in (5.4). Let a?,b7* be defined as in (5.12).
Then there exist g@ € C>(T?), j > Jo such that aAj,I;\ve € C(T?) for all j € No,{ = —lxi,..., L\, and

P (M) = (€)@ Ti(E) and D(MyE) = bIL(€)TL(€), j €Ny, ne E€RE  (5.15)

If in addition My is an integer matriz (that is, |\/? € N), then {a?; ¥4 b4 (E-) 1 £ = —Lys,...,Lxi} is a
generalized tight My -framelet filter bank, i.e.,

N .
W@©))+ S ([P + |pE D) =1, ae. £ € o, (5.16)
l=—Ly;
and
ai(§)al (& + 2mw) + Z bﬂ §+27rw) —l—bM(Eg) ( (§+2mw))] =0 (5.17)
==t

PV

for a.e. € € 051 N (0pi+1 — 27w) and for w € m, \{0} with Qu, = [M{'Z?|N[0,1)? and o5+ = {{ €
R? : Y okeze [0ITHE+ 2mk)|? # 0}.

Proof. It follows from Corollary 6 that ASMA(go {!P }327) in (5.2) is an affine tight My-framelet for L (R?)
for every J € NO By the construction of aJ it is easily seen that the first 1dent1ty in (o 15) holds.

Since supp @J(M A-) is strictly inside suppgo/ﬁ'\1 by the smoothness of (,07 and <p7+1, it is trivial that
@l € C*°(T?). We next show that there exist g/ € C°°(T?) such that bit ¢ C°°(T?). Since supp <p3+1
and supplzﬁ’ are inside [—po7, po7]?, one can construct a function g/ € C°°(T?) such that g’(¢) = 1 for
¢ € [—pom, porr)? and g](f) = 0 for £ € T?\[—p1m, p17]? for some p; such that 0 < py < p1 < 1. Since
Suppw“p(M)\ ) C suppgoﬂ‘H we have

@, (MLTE) = (|7 L© = [eT M) * = (|1 — |ad )1 (©)[*)
= (1 |al(©) o) = (7€) — | (©)) &1 (e).
Obviously, (g7 (€) — |a7(€)[2)1/2 € C*°(T?). Then,

P (MyE) = w&,t,pmgﬂ;—j(g) = b (E)@I ()

ith bil(g) = i (£)LAE/aHD s R
with b7-4(€) = b7 (€) NiEI6) being a function in C*°(T#). Similarly,

— A G We/aEl) —
I (M) = ., (Mr§) 7> ’€’€°(rf<2§/)€1 O ERlt)

This proves the second identity in (5.15) and aAj, bist € C>=(T?).
Since M) is an integer matrix, by [16, Theorem 17|, (5.16) and (5.17) hold. O
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The conclusions in Corollary 7 also hold for AS'\JA* (p; {WJ };"; ;) in Corollary 6 by replacing ¢/, o/, g7 with
¥, a, g, respectively.

The sequence of systems {AS;(p”; {¥; 132 7)o in (4.21) of Theorem 3 with Jo = 0 has two different
dilation matrices Ay and EALE for two cones. On the one hand, the functions ¢”, J € Ny with the dilation
matrix My induce an MRA {7;}%2, with

¥; = span{¢’ (M, - —k) : k € Z2}.

The function space ¥; is shift-invariant on the lattice NiZQ. On the other hand, at the scale level j € Ny,
the wavelet subspace % is given by

W; = span{ Pt (SAL - —k), PP (SALE - —K) : L= —Lys,... . Lh k€ Z2}.

While ¥} is shift-invariant on the lattice Nf\Zz, #; is not shift-invariant on the lattice Nf\ZQ. Define
![ofj = {1/3“ E 0= —Lyi,...,0\} with j € Ny and ¢i* in (5.4). Define the wavelet subspace % of
{ASM (7 (%5152 1)} 720 at the scale level j as follows:

W = span {7 (M) - —k), 07 (MLE - —K) 1 0= —Lys,..., Ly, k € Z2}.

It is trivial to see that 7/] is shift-invariant on the lattice Nf\Z2.

By Corollary 6, AS“JA*(QOJ;{WOJ-};';J) is a tight My-framelet for Lo(R?) for all J € Ny. By (5.16) in
Corollary 7 and a similar relation as in [16, (1.6)], we have ¥; C ¥4, and 7/] C ¥4+ for all j € Ny. By the
relations in (5.4), we have

W; = span{yt (SAL - —S'D7K), I (SPALE - —SDy7K) 1 €= —lyi,... Ly, k€ Z2).

When ) is an integer, we have Z2 C SD,?Z? and we see that (5.6) implies (5.7) by it = W(Sng\)
Therefore, for this case, we have #; C ”//J for all 5 € Ny, that is, when A is an integer, the affine shear
tight frame AS;(¢”; {¥;}52 ;) is indeed a (properly re-scaled) subsystem of the affine tight Mj-framelet
AS"\,/IA (o7 {WJ }32 ;) through subsampling. Since both of these two systems share the same refinable functions
@’, ¥; of the MRA for these two systems are the same.

6. Numerical implementation and comparison results on image denoising

In this section we first discuss how to construct a particular family of smooth quasi-stationary affine
shear tight frames through the construction of directional affine tight framelets and their underlying di-
rectional tight framelet filter banks. Then we briefly discuss the numerical implementation of our smooth
affine shear tight frames by employing their underlying filter banks, and compare their performance on the
image denoising problem to other existing directional multiscale representation systems such as curvelets
and shearlets. Our construction and implementation are based on the underlying filter banks of our quasi-
stationary smooth affine shear tight frames.

In a nutshell, we shall construct a sequence of directional tight framelet filter banks {a; &, b7(E-) :
0= —Lyj,...,0y} with j € Ny for decomposition and reconstruction of images. Here, j corresponds to the
scale level and My = A2l, is an integer matrix with A > 1. As argued in [16] for directional tight framelets,
when j increases, the number £,; of directions should also increase./\\N ith such a sequence of filter banks,

we can define ¢ through @ := limj_ Hj:o A(NJT) and ¢t by it(M1€) = b/j\ve(f)ﬁ(f), ¢ € R2. Then
we automatically have $(My-) = ap. Let j/j = {1;” : 0= —ly,...,ly}. Define AS'\J/'*(@; {LP]};”;J) as in
(5.3). Now by [16, Theorem 17] (also cf. [16, Corollary 18]), we have a sequence of affine tight My-framelets
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{AS{}AA((,O; {j’j}?ij)}go:o- By (5.4), we can define ¥ to be /! = Ajz/zj’e(DiSe-). Let ¥; := {¢3¢(S~%) :
{=—Lyi,...,0x}. Assume that @ > 0 and birt >0 for all j € Ng and £ = —£y,,...,Ly;. It follows from
(16, Corollary 18] that (5.7) holds and $(£)p(€ + 27k) = 0 for all k € Z2\{0}. Moreover, all the generators
in {¢} U {W] }32¢ have nonnegative Fourier transforms. If suppa is small enough, then the support of @
will be contained inside [—pm, prr]? for sufficiently small 0 < p < 1. Consequently, due to the identity

ijve(l\/ll) = b/JT"@, the support of W will be small enough so that (5.6) holds. Consequently, by Theorem 5,
we also have a sequence of affine shear tight frames {AS;(¢; {¥;}32 ;)}5, as defined in (4.25).

Following the lines developed in [16] for the construction of directional tight framelets, we next give
a concrete example for the construction of a sequence of tight framelet filter banks for our affine shear
tight frames. For simplicity, we assume A = v/2 so that My = 2l is an integer matrix, though the same
construction can be modified for general \ satisfying |A|'/? € N. For parameters co > 0 and €y > 0 satisfying
co + €9 < m/2 (for downsampling by 2), we can define a low-pass filter a : Z?> — R by

a(f) = X[—co,col;€0,€0 (fl)X[*Co,co];eo,eo (£2)a 5 € [_777 7T)2 (61>

with the bump function x| being defined to be

CL,CRI;€L,€R

v(5eE) ift <ep +er,

X[CL,CR];eL,en(t) =<1 if e, + e, <t<cgr—e€pg,
V(C}:R_t) ift >cp — er.

Now at each scale level j € Ny and k; € Ny, using a similar idea as in [16] for directional tight framelets, we
are going to construct directional high-pass filters &>¢ : Z? — C such that {a; "¢, b7¢(E-) : £ = —2Fs ... 2ki}
forms a tight My-framelet filter bank:

2kj
@@ + Y (oo + prE]) =1, € eR?, (6.2)
(=—2%j
2k
aAOa(e +2mw) + > [BILEIL(E + 2mw) + biIL(EEDIL (E(E + 2mw))] =0, € € R? (6.3)
=—2%;

for all w € [NAZ?* N [0,1)? with Ny = il (note that we assumed VA = 2). The total number of
shear directions at this scale level j is 2Ft2 + 2 with 2%t1 4+ 1 shear directions for both the hori-
zontal cone and the vertical cone. To this end, we use an auxiliary function a; € Lo(R?) defined by
a1(8) = X[=cr,e1lsen,er (1) X[=cr,erfier,es (§2) (With ¢; = 7 and ¢1 + €1 — (co —€0) < 7 for downsampling at least
by 2 for high-pass filter coefficients). Thanks to the property of v, one can show that

STlae +2mk) =1 veeR2 (6.4)
kez?
We define a function b € Lo(R?) by
Be) = { VIG@P ~[a@F i ¢ € suppa, (6.5)
0 otherwise.

Now, we apply the splitting technique to b for the construction of high-pass filters *. Recall the definition
of T'; in (4.10), we have
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2k

S (h@Ve/a + 0 + 28 a /e + 07, €£0 (6.6)

1=—2%i

Ty, (€)

for some 0 < e < 1/2. Note that 3({)75(2’”52/51 +0)/\/Tk, (€) is not a 2rZ>-periodic function. We define
bil, 0= —2ki .. 2% to be the 2rZ2-periodization of b(¢)y_ (251, /&1 + 0)/\/T; (&) as follows:

¥ (2% (€2 + 2mka) /(€1 + 27ky) 4 £)

b/J\/(,f) = Z 3(§ + 2mk) Ty (€ + 27k)

k=(k1,ka)€Z?

. £eT*\{0} (6.7)

and b/J\‘Z(O) := 0. Now, in view of (6.4) and (6.6), it is easy to show that {a;b"*,0?*(E-) : £ = —2Fs ... 2%}
is a tight My-framelet filter bank such that @ > 0 and b/:¢ > 0 for all j € Ny and £ = —2%i_ ..., 2% For
simplicity, we denote by B, := {b»*,b)4(E-) : £ = —2ki ... 2k}, Then we have a tight My-framelet filter
bank {a; B;} at every scale level j € Ny. For practical applications, we only apply {a; B;},j =0,...,J —1
for some positive integer J, where J is the level of decomposition.

We next discuss the implementation of the forward transform (decomposition). Without loss of generality
and for simplicity of presentation, we assume that the image size N = 2% for some integer K > 0. Choose
a positive integer J < K — 1 as the decomposition level and a sequence of nonnegative integers k;,j =
0,...,J—1corresponding to the number of shear directions at the scale level j. Let A(x k) := [0, 2K 1272
be a Cartesian grid for images of size 25X x 25, Then the (normalized) discrete Fourier transform (DFT)
F maps an image u” : Ak, gy = Rtoa 2nZ2-periodic image u’ : /T(K,K) — C in the frequency domain,
where ;}(k) = (Fru’)(k) = 3% D onedn u‘](n)e*i"'k/?{ and k € //I\(K,K) = 2% A(k i)~ In what follows, we
regard u’ as a 2K7Z2-periodic image; that is, u”’ (- + 25k) = u” for all k € Z2.

At the scale level J, with u”/ as our input image, we apply the tight framelet filter bank {a; B;_;}. For
the low-pass coefficients, we first compute the convolution u” * a given by [u” x a](k) := Y, u”(n)a(n — k),
k € Z2, which can be implemented by 9}}1(1? . EL\|/T(K1K ), where 6|/T(K)K) is the restriction of @ on the
J

)
lattice Ag. Applying the downsampling by 2 operation on u” * a, we obtain the 2% ~1Z2-periodic low-pass

coefficients u’/ 1 : A(g_1 k1) = R by v/~ (k) = 2u”(2k), k € Z2.
For the high-pass coefficients ci_l’g s Ag-1,xk—k,_,) — Cand c
the case of the low-pass coefficients, we have

J—1,0

v : A(K*kal,Kfl) — (C, similar to

A (kaska) = VIR [ (W BT )] (2K, 2 ke, (Kuske) € Aty ),

¢l (ka ko) = V2RI [ (u bJ—/l\J(E)\A(K,K))] (2% 1ke,2ke), (ki k2) € Agk—p, ,,x-1),

for £ = —2ks—1 . 2kt

J=1is a 2K—1 x 2K~1 image. Repeating the above procedure by replacing u”, Zx, and {a; By_1}

J=2

Now u
with /=1 Fx 1, and {a, By_s}, respectively. We can obtain the next scale low-pass coefficients u
and high-pass coefficients cifu,ci’“, ¢ = —2ks—2  9ks-—2 Repeating the procedure for J —2,...,0.
Eventually, we have a sequence of coefficients: {u°} U {c{b’e, et = 2k . . 2k j;ol.

For the implementation of the backward transform (reconstruction), it is merely the reverse of the above
steps with each operator replaced by its adjoint operator. For example, suppose that we are at the scale

level j with {u’=7} U {ci_j’e, c/=3t 4 = 2k ... 2ks-i} given as above and would like to reconstruct
the ijngr 1scaule image u’/ 7t : A(k—j+1,K—j+1) — R. We first upsample the low-pass filter image u’ 77 to
be Cy A : A(K—j+1,K—j+1) — R:

¢l I k) = {QU‘”(kﬂ) if k/2 € Ax—j,k—j),
0 otherwise.
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—j41,e J— ]+1 ‘.

Similarly, we upsample the high-pass coefficients to obtain ch
Ak —j+1,k—j+1) = R by

A(K JH1L,K—j+1) — R and C,

Ch,0

J—j+1, é(kh ko) = {\/QkJ'—ijlC{;Z(kl/ZkQ/QkJj) if (ky/2, kz/Qkaj) S A(K—j,K—kJ,j)a
0

otherwise

and

Cq{aj+1’e(k1, kg) _ { V Qk"*j+1cz}’e(k1/2k‘]*j,k2/2) if (k1/2’”ﬂ', k2/2) S A(K—k]_j,K—j)7
’ 0

otherwise.

The reconstructed image u” 71 is then given by

J—j+1 _ g1 J—j+1y
U =9 | Fr_ii1(c -a
K—J+1[ K J+1( 0 ) ‘A<K—j+1,K—j+1)

k]]

J—j+1,8\ TJI—j.L
+ E F c b’
K- J+1( h,0 ) ’A(K,jJrLK,jJrl)

r=—2k7—j

IcJ7

+ Z /K J+1( J+1Z) bJ—j,K(E)

(=—2Fs—j

‘A(K—Hl,K—Hl)

In the rest of this section we apply our systems to the image denoising problem. We choose the decompo-
sition level J = 4; that is, we decompose an image into 5 scales. The parameters cg, €, €1 of a1, a are given
by co = 33/32, e = 69/128, ¢; = 69/128, and € = 1/2 for .. For the finest scale level, we use k4 = 4 (total
16 shear directions, 8 on the horizontal cone and 8 on the vertical cone). For the next three scales, we use
ks = ko = k1 = 2 (8 shear directions), and for the coarsest scale level, we use ko = 1 (4 shear directions).
The redundancy rate of our system is about 5.4.

For image denoising, we employ the local-soft (LS) thresholding method: For each sub-band coefficients
ci’e, clt| we first normalize them with respect to the sub-band energy, which can be computed by applying
the backward transform to a delta image on the support of c{l’e or c{;e and then compute the l5 norm of the
reconstructed image. Using a local window of size 9 x 9 with uniform weight 8—11 and convolving with the
normalized coefficients c{l’z, c{;l centering at position k, we can estimate the local coefficient variance oy at
position k and then use the threshold value T = (Uf—iﬁ for soft threshold at position k. As usual, the
standard deviation o of Gaussian noise is assumed to be known. Note that the thresholding procedure does
not apply to the low-pass coefficients u°.

We test two standard images: Lena and Barbara of size 512 x 512. We first employ symmetric boundary
extension (with 32 pixels) on the noisy image to avoid boundary effect. We then apply our forward transform
to obtain the coefficients. After performing the local-soft thresholding procedure, we then apply the backward
transform to the thresholded coefficients and throw away the extended boundary pixels to obtain the final
denoised image.

We compare the performance of our method with two other known directional multiscale representation
systems: Curvelets in [2] and compactly supported shearlets in [29,30]. All implementations of these two
directional multiscale representation systems using curvelets and shearlets can be downloaded from the
corresponding authors’ websites. We download each of their packages and run their denoising codes for test
images of Lena and Barbara. The peak signal-to-noise ratio (PSNR) is used to measure the performance

and is defined to be PSNR(u,4) = 10log;, Mszé’f’u 77> Where u is the original clean image and 4 is the
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Table 1

PSNR values for test images of Lena and Barbara. ASTF is our proposed affine shear tight frames with redundancy rate 5.4.
CurveLab uses frequency wrapping with redundancy rate 2.8. ShearLab DST and DNST employ compactly supported shearlets
which have redundancy rate 40 for DST and 49 for DNST and are implemented by an undecimated transform.

o 512 X 512 Lena 512 x 512 Barbara

ASTF CurveLab ShearLab ShearLab ASTF CurveLab ShearLab ShearLab

(LS) (Wrap) (DST) (DNST) (LS) (Wrap) (DST) (DNST)
5 38.19 35.75(2.44) 38.22(—0.03)  38.01(0.18) 37.40 33.81(3.59) 37.76(—0.36)  37.17(0.23)
10 35.18 33.34(1.84) 35.19(—0.01)  35.35(—0.17)  33.74 29.16(4.58) 33.94(—0.20)  33.62(0.12)
15 33.50 31.96(1.54) 33.41(0.09) 33.72(—0.22) 31.75 26.68(5.07) 31.71(0.04) 31.54(0.21)
20 32.33 30.89(1.44) 32.12(0.21) 32.51(—0.18) 30.36 25.46(4.90) 30.12(0.24) 30.08(0.28)
25 31.40 30.06(1.34) 31.09(0.31) 31.51(—0.11)  29.29 24.84(4.45) 28.90(0.39) 28.93(0.36)
30 30.64 29.32(1.32) 30.25(0.39) 30.68(—0.04) 28.42 24.45(3.97) 27.90(0.52) 27.97(0.45)
35 29.98 28.67(1.31) 29.53(0.45) 29.96(0.02) 27.70 24.14(3.56) 27.07(0.63) 27.18(0.52)
40 29.40 28.13(1.27) 28.92(0.48) 29.32(0.08) 27.08 23.87(3.21) 26.36(0.72) 26.48(0.60)
45 28.90 27.62(1.28) 28.37(0.53) 28.74(0.16) 26.54 23.63(2.91) 25.75(0.79) 25.86(0.68)
50 28.46 27.13(1.33) 27.89(0.57) 28.21(0.25) 26.05 23.40(2.65) 25.22(0.83) 25.31(0.74)

denoised image and MSE(u, ) is the mean squared error > > kepo,n—1p2 [u(k) — t(k)|%. The unit of PSNR
is dB.

The CurveLab package at http://www.curvelab.org has two subpackages: one uses un-equispace FFT
and the other uses frequency wrapping. Here we use the frequency wrapping package; detailed information
on CurveLab package can be found at [3]. The performance of these two subpackages are very close to each
other (less than 0.2 dB differences) and here we choose the one with the frequency wrapping for comparison.
The total number of scales is 5. At the finest scale level, the CurveLab uses an isotropic wavelet transform
to avoid checkerboard effect. At the scale level 4, 32 (angular) directions are used. At the scale levels 3
and 2, 16 (angular) directions are used. At the coarsest scale level, 8 (angular) directions are used. The
redundancy rate of the CurveLab wrapping package is about 2.8.

The ShearLab package at http://www.shearlab.org also has many subpackages for different implemen-
tations. Here we choose two subpackages using compactly supported shearlets. One is DST as described in
[29] and the other is DNST as described in [30]. The DNST in [30] has the best performance so far in the
ShearLab package. For DST, the total number of scales is 5. 10 shear directions are used across all scale
levels. The redundancy rate of the DST is 40. For DNST, the total number of scales is 4. 16 shear directions
are used for the finest scale levels 4 and 3; while 8 shear directions are used for the other two scale levels.
All filters are implemented in an undecimated fashion. The redundancy rate of DNST is 49.

We compare the denoising performance over different noise level o ranging from 5 to 50 with step size 5.
The comparison results are presented in Table 1. The values in the brackets are gain or loss of our method
comparing to other methods. From Table 1, we see that our method has significant improvement over
CurveLab. We have about 1.51 dB improvement in average for Lena and 3.89 dB improvement in average
for Barbara. Comparing our method with DST, we have about 0.30 dB improvement in average for Lena and
0.36 dB improvement in average for Barbara. Moreover, our method has better performance than that of
DST for all noise level except when noise level o is small (o = 5,10). When the noise level is high (o = 50),
we have 0.57 dB improvement over DST for Lena and 0.83 dB improvement for Barbara. Comparing our
method with DNST, the average performance is the same for both our method and DNST for Lena while
our method has 0.42 dB improvement in average for Barbara. For Lena, our method performs slightly
worst than that of DNST when o < 30 but outperforms DNST when o > 30. For Barbara, our method
outperforms DNST for all 0. We must point out that, in terms of redundancy, CurveLab has the lowest
redundancy rate 2.8 but in general has far worse performance. DNST and DST have better performance
over CurveLab, yet their redundancy is significantly higher (40 for DST and 49 for DNST since they are
undecimated transforms.) than that of CurveLab. Not only our method has small redundancy rate 5.4, but
also the performance of our method is in general better than DNST and DST, especially for Barbara.


http://www.curvelab.org
http://www.shearlab.org
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7. Discussion and extension

In this paper, we mainly investigate affine shear systems in Lo(R?) for the purpose of simplicity of
presentation. Our characterization and construction can be easily extended to higher dimensions. In R¢

with d > 2, the shear operator S™ with 7 = (2,...,74) € R?"! and A, are of the form:
1 ™ ... 714 A0 ... 0
o 1 ... 0 0O X ... 0
ST = . . and Ay = . .
0 0 ... 1 0 0 ... X

Define S, := (S7)T and denote E,, to be the elementary matrix corresponding to the coordinate exchange
between the first axis and the nth one. For example, E; = |5 and Ey = diag(E, I;—2). For d = 2, we have
Ep = E. Let ¥; be given by

W= {(S™5) by =17, =2, dy Ul (ST | =T+, st e =2, d)
with £ = (3, ...,44) € Z% ! and 1,97 being functions in Ly(R?). For the low frequency part, it corresponds
to a function ¢’ € Ly(R?). Then an affine shear system in R? is defined to be

AS(o” {03352) = { @y p k€L U {hpge g k€L =1,....d hew;} 7 . (7.1)

All the characterizations for affine shear tight frames and sequences of affine shear tight frames can be
carried over to the d-dimensional case for the system defined as in (7.1). Since the essential idea of our smooth
non-stationary construction and smooth quasi-stationary construction is frequency splitting (see [14]), our
2D construction th&s\can be easilz\ extended to any high dimensions once an w’ is constructed in a way
satisfying w? = (Jpi+1(Ny-)|> — |¢7|?)/? for both the non-stationary and quasi-stationary construction.
Filter banks associated with high-dimensional affine systems can be obtained as well as their connection to
cone-adapted high-dimensional directional tight framelets.

Several problems remain open in our study of affine shear tight frames. For example, the existence and
construction of affine shear tight frames with compactly supported generators in the spatial domain. If
we drop the tightness requirement, there are indeed compactly supported shearlet frames, e.g., see [22]. In
view of the connection between affine shear tight frames and cone-adapted directional tight framelets, one
might want to consider the existence and construction of cone-adapted directional framelets with compactly
supported generators first. Another problem is the existence of affine shear tight frames with only one
smooth generator; that is, ¥; := {¢(S7%) : £ = —s;,...,s;} is from one generator 1. Considering that
the shear operator along the seamlines is not consistent for both cones, our conjecture is that there is even
no affine shear tight frame with one single generator that is continuous in the frequency domain. In other
words, additional seamline generators seem to be unavoidable when considering cone-adapted construction.
When A > 1 is an integer, we know that an affine shear tight frame can be regarded as a subsystem of a
directional tight framelet through sub-sampling, from which an underlying filter bank exists for the affine
shear tight frame. However, when A\ > 1 is not an integer, though an affine shear tight frame is still related
to a cone-adapted directional tight framelet via (5.9), the lattice DiS‘ZZ2 is no longer an integer lattice, the
sub-sampling procedure thus fails and we do not know whether there is still an underlying filter bank for
such an affine shear tight frame.

Since our affine shear tight frames includes the smooth tight frame of shearlets in [13] as a special
case (when A = 2), the property of optimal sparse approximation for cartoon-like functions holds true
automatically. Curvelets and shearlets possessing optimal sparse approximation property necessarily should
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have low redundancy rate and their performance for practical applications such as the image denoising
problem could be theoretically optimal after performing the simple soft /hard thresholding on the coefficients.
However, by Table 1 for image denoising, curvelet (Wrap) with the smallest redundancy rate has significantly
lower performance than shearlet (DNST), which has the highest redundancy rate and is implemented by
a fully un-decimated transform similar to an undecimated wavelet transform. Therefore, shearlet (DNST)
has even much higher redundancy rate than the directional tight framelets in [16] and affine shear tight
frames in this paper. Consequently, due to the high/maximum redundancy rate, shearlet (DNST) cannot
have the optimal sparse approximation property. For image denoising, this dilemma between optimal sparse
approximation property and redundancy rate remains as a mystery to us. Nevertheless, Table 1 suggests
that directional multiscale representations indeed are very important for high-dimensional problems such
as image denoising.

Our results reveal that the affine shear tight frames are connected to the affine tight framelets in [16] via
subsampling, which shows that there are an underlying filter bank structures for the affine shear tight frames.
Moreover, in term of numerical implementation, one only needs to implement the affine tight framelets while
the implementation of affine shear tight frames are then automatically follows by subsampling. The compar-
ison results show the advantages of our construction and implementation over several existing directional
multiscale representation systems, including the compactly supported shearlets implementation. Although
there exist compactly supported shearlet systems, yet they are frames but not tight frames. In terms of im-
plementations, one needs to use iterative methods to perform the inverse transform for compactly supported
shearlets. It is still open for the construction of compactly supported affine shear tight frames.

8. Proofs

In this section, we provide proofs of some results in the paper.
8.1. Proofs of results in Section 2
Proof of Corollary 2. Note that for a fixed j, ’LZ(S@B{\') = XQ,., With

Qje= {6 €R? : XTI (——1/2) <& /& < AT (=L +1/2), 6] € (A 2pm, A pr]}
and 7~ (S, BY) = Xaqj - 9709 (Se,,BYY) = Xq,.,, with
ijfzxj = {f € R? : )‘_j(gkj - 1/2) < 52/51 <1 |§1| € ()‘2j_2p7rv)\2jp7r]}’
Qi,, = {§ ER?: —1<&/6 < N (ly —1/2),16| € ()\Qj_er,/\ijﬂ']}.

Thus, we have,

£y;—1 . , . 4
I9,(BL) = D [R(SBL) [+ |90 (S-ay BL) [P+ 900 (e, BL) [

=—t,;—1

=X ﬁy Qe = X{€eR%:-1<€2 /61 <1, |&1|€(A¥ ~2pm A2 prr] } -

exi

Similarly, we have

0 )
IWJ‘ (Bz\E') = X{€eR2:—1<¢, /€2<1,|&2|€(A2—2pm A2 prr]} -

Consequently, we obtain
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)
©)+> (79, (Bl¢) + 75 (BIES)] =1, ae £ R
Jj=0

Hence, (2.7) holds.

Since 0 < p < 1, we have supp(p) C [, n]? and supp(¥) C C [-m, 72 Hence P(§)P(& + 2km) = 0 and
D(EVD(E + 2kn) = 0, ae. £ € R? and k € Z2\{0}. The case that 1/75&] (€)0i£0 (€ + 2k) = 0 ae. € € R?
and k € Z*\{0} can be argued in the same way. Hence, (2.8) holds.

Note that all generators are nonnegative. Therefore, by Corollary 1, AS(¢; {¥;}52) with ¢ and ¥; being
given as in (2.9) and (2.10) is an affine shear tight frame for Ly(R?). O

8.2. Proofs of results in Section j.1

Proof of Proposition 1. Explicitly, we have

1 if [€] < A72(1 —t)pr,
2
p(€) = 4 p(ZHEEEZ00T) i A=2(1 — 1) pm < [¢] < A 2pr, (8.1)
0 otherwise.

Hence, by the smoothness of v and noting [%y(f)]|5:1 = d(n) we have ax s, € C(R).

If 1 —t > A2, by the definition, B, can be written as

p(PRELZC=00m) i 3=2(1 — p)pr < [¢] < A2pr,

tpm
if A=2pm < [¢] < (1 t)pr
NGERS A pm < P (8:2)
e p(HELEC00m) i (1 f)pr < [¢] < pr,
0 otherwise.

Again, by the smoothness of v and [dg" v(€)]le=1 = d(n), we have B, , , € CZ(R).
If0<1—t< A2 then B, 1s given by

B (€)= { [((Z2eE2=temy)2 (o (Z2ALECemy 21172 i A2 (1~ t)pr <[] < pm, (33
otherwise.

Note that () := (V(W))2 — (V(W))2 > 0 for all £ such that |¢] € (A\™2(1 —t)pm, pr).
Hence, B, ; ,(§) = \/7(€) is infinitely differentiable for all || € (A"2(1 —t)pm, p). For all other £ such that
€] ¢ (A2(1—t)pm, pr), all the derivatives of 7/(€) vanish. Then, using the Taylor expansion for 8, , , = V7,
we see that all the derivatives of B, ; , vanish for all [¢] ¢ (\™?(1 — t)pm, pm). Hence, 8, , , € C°(R).

Therefore, axt,p,By:, € CP(R). By the definition of B8y, ,, we have |ox,(&)1* + By, ,(E)* =
laa,t,,(AT2€)|? for all € € R.

Similar to the cases of By, if 1 —¢ > A72, then we have

C [an,(N%) if ¢ < A4y,
IWCER it At < Je] < .

UA,Lp(g) = {

p(REZ2=00my i \=4(1 — t)pm < [€] < A2pr,

. ’ (8.4)
g%ﬂﬂ(g) lff € [77T77T)\Supp ﬂ)\,t,p(A )

—22* €|+ (2—t)pr )|

In this case, obviously, p, ; , € C*°(T). Note that [%V( e

of g t,p, we see that vy, € C(T).
If 0 <1—1t< A2, then we have

e=+r-2pr = 0(n). By our choice
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u(;2A4\s\+<2—t>M) .
tpm . _
prs () = { oG, LIES AT, (8.5)

0 if A\=tpr < €] <,

and

—_2)2 — P _aa4 — T
[(v(=2 |§t|;(r2 e y)2 () (=22 \gf\;;sz e yy2)1/2

. 74 —
U p(€) = V(772A2‘5t|;7£27t)pw) AT = t)pm < J¢] < A%,
g)x,t,p(g) if f € [77T,7T)\Supp IB)\,t,p(Az')‘

(8.6)

Note that the function I/(w) is strictly positive for all ¢ such that |¢] < A ~*pm. Hence,

tpm

m is infinitely differentiable for all ¢ such that || < A=*pm. Since v is C°°, the product

(=

of u(_z’\ﬂ&l‘t;(f_t)p”) and (72A2|£‘1+(27t)m) is infinitely differentiable for all £ such that || < A=*pm. For ¢
(=7 —

such that A\=*pm < [¢] < 7, all the derivatives of py , ,(¢) vanish. Consequently, g, ; , € C°°(T). Observe

—2)7 2—t)pm —2x* 2—t)pm —2)° 2—t)pm - —
that [(v(=22HEGTEREE))2 — (3 (=2ETEREE) 212 = p (EHEEEEN)) for A2 (1—t)pm < [¢] < Apr.
By similar arguments, we conclude that vy, € C*°(T).

Therefore, py; ,,Urt, € C®(T). By their constructions, it is easy to check that ay;,(A*¢) =

By p(E)anp(&) and By ; ,(AE) = v p(E)ans, (§) for E€R. O

Proof of Proposition 2. Since v, is a function in CS°(R) and the function f(§) := & /& or &1 /&> is infinitely
differentiable for all £ = (£1,&) € R? such that both & # 0 and & # 0, we see that by Taylor expansion
IV is infinitely differentiable for & € R? such that both & # 0 and & # 0. For a fixed & # 0, we have

ij—l

i) = > |r.(We/a+ 0 + v, (Ve/a £ 00)|

[:7@]- +1

for |€2| small enough in view of the supports of v. and ~,; . ., which implies that I7(¢) is infinitely
differentiable at (£1,0) with & # 0. Similarly, we have I'? (£) is infinitely differentiable at (0, £3) with & # 0.
Hence, we have IV € C>°(R?\{0}). By its definition as in (4.9), TY(E-) = TV and TV (t£) = TV (&) for t # 0
and & # 0.

By the property of v.,7¥, ., as in (4.7), it is easily seen that 1 < T7(€) < 2 for € # 0. Now to see that
(4.11) holds, we notice that the seamline element on the horizontal cone with respect to ¢ = —£,; has part

of the piece overlapping with the other cone. By the support of *yj\ﬁ, co? for this seamline element, we have
&6 <1+ i%g’ Hence, those elements on the vertical cone with support satisfying |£; /&2 < #2]250 is not
affected by that seamline elements. By symmetry, same result holds for seamline elements on vertical cone
affecting the horizontal cone. Therefore, (4.11) holds.

The proof for T'; € C°°(R?\{0}) is similar to that for I'V. By its definition in (4.10), I';(E:) = I'; and
L;(t)=T; fort#0.

By the property of v, as in (4.8), it is easily seen that 0 < I'; < 2. Now to see that (4.12) holds, we notice
that the seamline element on the horizontal cone with respect to £ = —¢,; has part of the piece overlapping

with the other cone. By the support of ., for this seamline element, we have

< 1
NE /& — Ly < 3 te
S 1/24e40,;
which implies & /& < %
&/& > m. By symmetry, the same result holds for seamline elements on vertical cone affecting the
horizontal cone. Therefore, (4.12) holds. O

. Hence, it only affects elements in other cone with support satisfying
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8.3. Proofs of results in Section 4.2

Proof of Proposition 3. Since the generators satisfy 3, ¢/ € C°°(R?) and for any bounded open set E C R2,
©70(¢) is the summation of finitely many terms from 3, ¢ for all € € E, the function ©70 is thus also a
function in C°°(R?). By its definition, it is obvious that ®70(E.) = @70,

For simplicity of presentation, we denote X{|¢,/¢,|<1} = X{ceRr2:|¢,/¢,|<1} and similar notation applies for
others. For ¢ € {¢ € R? : max{|& ], |&2|} < A2%opr}, by (4.7), we have

N

©% (&) > [Ny ) [P+ Y (|¢7(SeBYE)[” + ¢ (8B EE) [*)

==t
> o (A2 €)@y (A7) + [Bap (A7) X1t 1 <13 (€)
+ 1By (A28) X (jeasea51(6) > 0,

and for ¢ € {¢€ € R? : max{|&1],|&|} > A270~2pr}, we have

oo é)\J
%) =" S (|¢H(SeBLE)|” + ¢ (SeBLEE) )

j:Jof Z)\J

> 3 [1Bre VY6 Pxgearen1 <y () + 1Brey N 76) Xpiearen 51 ()] > 0.
j=Jo

Consequently, ®70 > 0.
We next show that @70 < 2. Again, by v, as in (4.7), we have

e/\j

> \’7(54515)\ZX{|§2/£1|§1}(5) = ’aAﬂf,PO‘_ngl)‘ZX{|§2/£1|§1}<£)7 £E#0
b=—Ly;

and similarly,

Lxi

3 [C(SeBAE) Xieasen <11 (€) = [Baey A7E) P Xyierser <13 (€), €#£0.

l=—Ly;
Hence, for £ # 0,

Li

S ([n(SeBRE) | + ¢ (SeBRE) ) X(jeaser1<1y (©) = (Jen s (A2 " +|Bis, A7) )X (jeaser1<13 (6)

==Ly,

Lri+1

= e (A2 PXqese <y € = Y. (SB[ qrea e <1y (€).

l=—Lyj+1

Therefore, we have

J—o0 -
éifé/\,jo ]:JQ Z:féwv

N J-1 Ly .
Hm( ST Rt (seBLe )+ > ST |<j’f<seB&£><2)><{wgms)

. _ 2
= lim oo, (A6 g6 /60<11(€) = X(1ea/e11<13 (€), €#0.
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Now, we define

L

(€)=Y (In""(SBYe)|" + [n (B EE)|”)
t=—t\19
o] Z,\J‘ ) ) )
30 > (9B + [ (seBLES) ). € #0.
j=Jo t=—t,,
Then, for £ # 0,
€70
e (&) = Z (|nJO)Z (SgBiof) |2 + |nJ0)e (SgBioEg) ’2) (X{\&/El\ﬁl}(g) + X{\f2/51\>1}(£))
t=—t, 5,
fe’e] ew’ ) ) ) )
+ 30D ([P(SBLE) |+ ¢ (SBLEO ) (xleaseri<ny (€) + Xpiasent> 13 ()
j=Jo t=—L,;

0o
=1+ <‘77J07i5x}0 (SiZAJo B'){Of) |2 + Z |Cj’:u)\j (Sizm Bg\g) ‘2> X{|§2/E1|>1}(£)
j=Jo

+ (m (S0 BIEEP + 37 |50 (Se0, B{ES) |2) ewsencn @

Jj=Jo
=14 I(¢) + I(E€) — /I(€)I(ES),

where

I(g) = <|77J0’:H/\"0 (S:HAJO Bioﬁ) ‘2 + Z |Cj7ie>\-7' (S:I:K)\j B&f) |2> X{\£2/£1|21}(€)7 f 7é 0.

Jj=Jo

By the construction of e, and B, ,, we have I < 1. Therefore, 1 < ©7 < 2. Observe that @70 € <
e (¢) < 2 for £ # 0 and ©7°(0) = 1, we conclude that item (i) holds.
We next show that item (ii) holds. We have

€500

©% (&) = 0% (&) + |[p(NLe) " — 3 [nPf (SB¢)[”.

==ty

~ ... £ .
Note that supp @(Ni"-) is inside the support of Z[‘]D |’I7J0’£(SgBiU')|2. Hence, for £ outside the support

==ty

of ZZJEZVO In’ot(S¢BJ°-)|?, we have @7 = ©”. By that ©®/0 = 1+ I + I(E-) — \/T-I(E-), we hence
only need to check the overlapping coming from I and I(E-). In fact, at scale j, the seamline element on
the horizontal cone with respect to £ = —¢,; has part of the piece overlapping with the other cone. By the
support of 7;,5,50’ for this seamline element, we have its support satisfying & /& <1+ /2\%5’ Moreover, by
the support of 3, ; ,, this seamline element can only affect other elements in the vertical cone with respect
to scales jo = 7 — 1,4,7 + 1. Now, the support of the vertical cone element corresponding to scale jy and
{ = —Lyj, + s with s being a nonnegative integer satisfying

. 1
A& 60 — Lyio + 8 < 5 te
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1/2+e+L, 5 —s

which implies &; /8 < ~——5>—. Consequently, the seamline element on the horizontal cone affecting
the elements in the vertical cone at scale jo means 1 + i%g > 1/2%2”075, which implies

1 ’ M\27+3d0 1 N 1 \27+jo
8_2+6+ Mo )\2J+2EO_2+8+< —1—2 5) N2 1 25

Jo Jj+1
<1+ﬂ<1+%§1+ 2e0

260
- - <1
- )\2J + 250 - )\2] + 260

N +)\J071 <2

since €9 < )‘J;_l . Hence, by that s is a nonnegative integer, we deduce that s is either 0 or 1. By symmetry,

same result holds for seamline elements on vertical cone affecting the horizontal cone. Therefore, we have
@7 (¢) = ©@7°(E€) = 1 for ¢ in the support of those ¢/(S;B}-) with || < £y; — 1 and j > Jo + 1. That is,
item (ii) holds. O
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