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Abstract Over the past years, various representation systems which sparsely
approximate functions governed by anisotropic features such as edges in images
have been proposed. We exemplarily mention the systems of contourlets, curvelets,
and shearlets. Alongside the theoretical development of these systems, algorithmic
realizations of the associated transforms were provided. However, one of the most
common shortcomings of these frameworks is the lack of providing a unified treat-
ment of the continuum and digital world, i.e., allowing a digital theory to be a natural
digitization of the continuum theory. In fact, shearlet systems are the only systems
so far which satisfy this property, yet still deliver optimally sparse approximations
of cartoon-like images. In this chapter, we provide an introduction to digital shearlet
theory with a particular focus on a unified treatment of the continuum and digital
realm. In our survey we will present the implementations of two shearlet transforms,
one based on band-limited shearlets and the other based on compactly supported
shearlets. We will moreover discuss various quantitative measures, which allow an
objective comparison with other directional transforms and an objective tuning of
parameters. The codes for both presented transforms as well as the framework for
quantifying performance are provided in the Matlab toolbox ShearLab.
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1 Introduction

One key property of wavelets, which enabled their success as a universal
methodology for signal processing, is the unified treatment of the continuum and
digital world. In fact, the wavelet transform can be implemented by a natural digiti-
zation of the continuum theory, thus providing a theoretical foundation for the dig-
ital transform. Lately, it was observed that wavelets are however suboptimal when
sparse approximations of 2D functions are sought. The reason is that these functions
are typically governed by anisotropic features such as edges in images or evolving
shock fronts in solutions of transport equations. However, Besov models—which
wavelets optimally encode—are clearly deficient to capture these features. Within
the model of cartoon-like images, introduced by Donoho in [9] in 1999, the subop-
timal behavior of wavelets for such 2D functions was made mathematically precise;
see also the chapter on “Shearlets and Optimally Sparse Approximations.”

Among various directional representation systems which have since then been
proposed such as contourlets [8], curvelets [5], and shearlets, the shearlet system
is in fact the only one which delivers optimally sparse approximations of cartoon-
like images and still also allows for a unified treatment of the continuum and dig-
ital world. One main reason in comparison to the other two mentioned systems is
the fact that shearlets are affine systems, thereby enabling an extensive theoreti-
cal framework, but parameterize directions by slope (in contrast to angles) which
greatly supports treating the digital setting. As a thought experiment just note that
a shear matrix leaves the digital grid Z> invariant, which is in general not true for
rotation.

This raises the following questions, which we will answer in this chapter:

(P1) What are the main desiderata for a digital shearlet theory?

(P2) Which approaches do exist to derive a natural digitization of the continuum
shearlet theory?

(P3) How can we measure the accuracy to which the desiderata from (P1) are
matched?

(P4) Can we even introduce a framework within which different directional trans-
forms can be objectively compared?

Before delving into a detailed discussion, let us first contemplate about these
questions on a more intuitive level.

1.1 A Unified Framework for the Continuum and Digital World

Several desiderata come to one’s mind, which guarantee a unified framework for
both the continuum and digital world, and provide an answer to (P1). The following
are the choices of desiderata which were considered in [16, 10]:
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e Parseval Frame Property. The transform shall ideally have the Parseval frame
property, which enables taking the adjoint as inverse transform. This property
can be broken into the following two parts, which most, but not all, transforms
admit:

o Algebraic Exactness. The transform should be based on a theory for digital
data in the sense that the analyzing functions should be an exact digitization
of the continuum domain analyzing elements.

o Isometry of Pseudo-Polar Fourier Transform. If the image is first mapped
into a different domain—here the pseudo-polar domain—, then this map
should be an isometry.

e Space-Frequency-Localization. The analyzing elements of the associated trans-
form should ideally be highly localized in space and frequency—to the extent to
which uncertainty principles allow this.

e Shear Invariance. Shearing naturally occurs in digital imaging, and it can—
in contrast to rotation—be precisely realized in the digital domain. Thus, the
transform should be shear invariant, i.e., a shearing of the input image should be
mirrored in a simple shift of the transform coefficients.

e Speed. The transform should admit an algorithm of order O(N?logN) flops,
where N? is the number of digital points of the input image.

o Geometric Exactness. The transform should preserve geometric properties par-
allel to those of the continuum theory, for example, edges should be mapped to
edges in transform domain.

e Stability. The transform should be resilient against impacts such as (hard) thresh-
olding.

1.2 Band-Limited vs. Compactly Supported Shearlet Transforms

In general, two different types of shearlet systems are utilized today: Band-limited
shearlet systems and compactly supported shearlet systems (see also the chapters on
“Introduction to Shearlets” and “Shearlets and Optimally Sparse Approximations.”).
Regarding those from an algorithmic viewpoint, both have their particular advan-
tages and disadvantages:

Algorithmic realizations of the band-limited shearlet transform have on the one
hand typically a higher computational complexity due to the fact that the window-
ing takes place in frequency domain. However, on the other hand, they do allow a
high localization in frequency domain which is important, for instance, for handling
seismic data. Even more, band-limited shearlets do admit a precise digitization of
the continuum theory.

In contrast to this, algorithmic realizations of the compactly supported shearlet
transform are much faster and have the advantage of achieving a high accuracy in
spatial domain. But for a precise digitization one has to lower one’s sights slightly.
A more comprehensive answer to (P2) will be provided in this chapter, where we
will present the digital transform based on band-limited shearlets introduced in [16]
and the digital transform based on compactly supported shearlets from [18, 19].
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1.3 Related Work

Since the introduction of directional representation systems by many pioneer
researchers ([4, 5, 6, 7, 8]), various numerical implementations of their directional
representation systems have been proposed. Let us next briefly survey the main fea-
tures of the two closest to shearlets: the contourlet and curvelet algorithms.

e Curvelets [3]. The discrete curvelet transform is implemented in the software
package CurveLab, which comprises two different approaches. One is based on
unequispaced FFTs, which are used to interpolate the function in the frequency
domain on different tiles with respect to different orientations of curvelets. The
other is based on frequency wrapping, which wraps each subband indexed by
scale and angle into a fixed rectangle around the origin. Both approaches can be
realized efficiently in O(N?1logN) flops, N being the image size. The disadvan-
tage of this approach is the lack of an associated continuum domain theory.

e Contourlets [8]. The implementation of contourlets is based on a directional fil-
ter bank, which produces a directional frequency partitioning similar to the one
generated by curvelets. The main advantage of this approach is that it allows a
tree-structured filter bank implementation, in which aliasing due to subsampling
is allowed to exist. Consequently, one can achieve great efficiency in terms of
redundancy and good spatial localization. A drawback is that various artifacts
are introduced and that an associated continuum domain theory is missing.

Summarizing, all the above implementations of directional representation systems
have their own advantages and disadvantages; one of the most common shortcom-
ings is the lack of providing a unified treatment of the continuum and digital world.

Besides the shearlet implementations we will present in this chapter, we would
like to refer to the chapter on “Image Processing using Shearlets” for a discussion of
the algorithm in [12] based on the Laplacian pyramid scheme and directional filter-
ing. It should be though noted that this implementation is not focussed on a natural
digitization of the continuum theory, which is a crucial aspect of the work presented
in the sequel. We further would like to draw the reader’s attention to the chapter on
“Shearlet Multiresolution and Multiple Refinement” which is based on [17] aiming
at introducing a shearlet MRA from a subdivision perspective. Finally, we remark
that a different approach to a shearlet MRA was recently undertaken in [13].

1.4 Framework for Quantifying Performance

A major problem with many computation-based results in applied mathematics is
the nonavailability of an accompanying code, and the lack of a fair and objective
comparison with other approaches. The first problem can be overcome by following
the philosophy of “reproducible research” [11] and making the code publicly avail-
able with sufficient documentation. In this spirit, the shearlet transforms presented
in this chapter are all downloadable from http://www.shearlab.org. One approach



Digital Shearlet Transforms 243

to overcome the second obstacle is the provision of a carefully selected set of pre-
scribed performance measures aiming to prohibit a biased comparison on isolated
tasks such as denoising and compression of specific standard images like “Lena,”
“Barbara,” etc. It seems far better from an intellectual viewpoint to carefully decom-
pose performance according to a more insightful array of tests, each one motivated
by a particular well-understood property we are trying to obtain. In this chapter we
will present such a framework for quantifying performance specifically of imple-
mentations of directional transforms, which was originally introduced in [16, 10].
We would like to emphasize that such a framework does not only provide the possi-
bility of a fair and thorough comparison but also enables the tuning of the parameters
of an algorithm in a rational way, thereby providing an answer to both (P3) and (P4).

1.5 ShearLab

Following the philosophy of the previously detailed thoughts, ShearLab' was intro-
duced by Donoho, Shahram, and the authors. This software package contains

An algorithm based on band-limited shearlets introduced in [16].
An algorithm based on compactly supported separable shearlets introduced in
[18].

e An algorithm based on compactly supported non-separable shearlets introduced
in [19].

e A comprehensive framework for quantifying performance of directional repre-
sentations in general.

This chapter is also devoted to provide an introduction to and discuss the mathemat-
ical foundation of these components.

1.6 Outline

In Sect. 2, we introduce and analyze the fast digital shearlet transform (FDST),
which is based on band-limited shearlets. Section 3 is then devoted to the presenta-
tion and discussion of the digital separable shearlet transform (DSST) and the digital
non-separable shearlet transform (DNST). The framework of performance measures
for parabolic scaling-based transforms is provided in Sect. 4. In the same section,
we further discuss these measures for the special cases of the three previously intro-
duced transforms.

! ShearLab (Version 1.1) is available from http://www.shearlab.org.
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2 Digital Shearlet Transform Using Band-Limited Shearlets

The first algorithmic realization of a digital shearlet transform we will present,
coined FDST, is based on band-limited shearlets. Let us start by defining the
class of shearlet systems we are interested in. Referring to the chapter on “Intro-
duction to Shearlets,” we will consider the cone-adapted discrete shearlet system
SH(¢, y, A, A A) = D(¢; A) U (y; A)UP(§; A) with A = Z2 and

A=A={(j,km):j>0,|kl <2/, meZ*}.

We wish to emphasize that this choice relates to a scaling by 4/ yielding an integer
valued parabolic scaling matrix, which is better adapted to the digital setting than a
scaling by 2/. We further let y be a classical shearlet ( likewise with §(&;,&) =

y(&,&)) e,
V(&) = W(&1,6) = Wi(8) ¥a(2), (M)

where y; € L*(R) is a wavelet with §; € C*(R) and supp ¢y C [—4,—1]U[].4],
and y, € L*(R) a “bump” function satisfying » € C(R) and supp W C [—1,1].
We remark that the chosen support deviates slightly from the choice in the introduc-
tion, which is however just a minor adaption again to prepare for the digitization.
Further, recall the definition of the cones 6]1—%, from the chapter on “Introduc-
tion to Shearlets.”

The digitization of the associated discrete shearlet transform will be performed
in the frequency domain. Focussing, on the cone %51, say, the discrete shearlet trans-
form is of the form

F o o) = (i) = (£.2 2 (ST A, @R essin) ) )

where 1 = (j,k,m,1) indexes scale j, orientation k, position m, and cone 1. Con-
sidering this shearlet transform for continuum domain data (taking all cones into
account) implicitly induces a trapezoidal tiling of frequency space which is evi-
dently not cartesian. A digital grid perfectly adapted to this situation is the so-called
“pseudo-polar grid,” which we will introduce and discuss subsequently in detail.
Let us for now mention that this viewpoint enables representation of the discrete
shearlet transform as a cascade of three steps:

(1) Classical Fourier transformation and change of variables to pseudo-polar coor-
dinates.

(2) Weighting by a radial “density compensation” factor.

(3) Decomposition into rectangular tiles and inverse Fourier transform of each tiles.

Before discussing these steps in detail, let us give an overview of how these
steps will be faithfully digitized. First, it will be shown in Sect. 2.1, that the
two operations in Step (1) can be combined to the so-called pseudo-polar Fourier
transform. An oversampling in radial direction of the pseudo-polar grid, on which
the pseudo-polar Fourier transform is computed, will then enable the design of
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“density-compensation-style” weights on those grid points leading to Steps (1) &
(2) being an isometry. This will be discussed in Sect. 2.2. Section 2.3 is then con-
cerned with the digitization of the discrete shearlets to subband windows. Notice
that a digital analog of (2) moreover requires an additional 2D iFFT. Thus, con-
cluding the digitization of the discrete shearlet transform will cascade the following
steps, which is the exact analogy of the continuum domain shearlet transform (2):

(S1) PPFT: Pseudo-polar Fourier transform with oversampling factor in the radial
direction.

(S2) Weighting: Multiplication by “density-compensation-style” weights.

(S3) Windowing: Decomposing the pseudo-polar grid into rectangular subband
windows with additional 2D iFFT.

With a careful choice of the weights and subband windows, this transform is an
isometry. Then, the inverse transform can be computed by merely taking the adjoint
in each step. A final discussion on the FDST will be presented in Sect. 2.4.

2.1 Pseudo-Polar Fourier Transform

We start by discussing Step (S1).

2.1.1 Pseudo-polar grids with oversampling

In [1], a fast pseudo-polar Fourier transform (PPFT) which evaluates the discrete
Fourier transform at points on a trapezoidal grid in frequency space, the so-called
pseudo-polar grid, was already developed. However, the direct use of the PPFT is
problematic, since it is—as defined in [1]—not an isometry. The main obstacle is
the highly nonuniform arrangement of the points on the pseudo-polar grid. This in-
tuitively suggests to downweight points in regions of very high density by using
weights which correspond roughly to the density compensation weights underly-
ing the continuous change of variables. This will be enabled by a sufficient radial
oversampling of the pseudo-polar grid.

This new pseudo-polar grid, which we will denote in the sequel by €2z to indicate
the oversampling rate R, is defined by

Qr=0QLUQ32, 3)

where
9&={<—%-%,%>- LS L o @
= {(Z,-2. %) Y <r<y, By ©)

This grid is illustrated in Fig. 1. We remark that the pseudo-polar grid introduced
in [1] coincides with Qg for the particular choice R = 2. It should be emphasized
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Fig. 1 The pseudo-polar grid Qg = QU Q3 for N=4and R =4

that Qp = .Q,lQ U .QI% is neither a disjoint partitioning nor is the mapping (n,¢) —

(=% ¥ g)or (%, —% . zﬁe) injective. In fact, the center

¢ ={(0,0)} (6)

appears N + 1 times in Q} as well as 3, and the points on the seam lines

=

yRI = {(_%52
yRZ = {(%7_

) B <n<B n#0},
):—%Vgngg,n;éO}.

=L =|

appear in both .Q,lQ and .QI%.

Definition 1. Let N, R be positive integers, and let Q2 be the pseudo-polar grid given
by (3). For an N x N image I := {I(u,v) : =5 <u,v < § — 1}, the pseudo-polar
Fourier transform (PPFT) [ of I evaluated on p is then defined to be

N/271 2mi
Hona)= 3 1up)e T (o,m) € Q,
uy=—N/2

where mo > N is an integer.

We wish to mention that mg > N is typically set to be my = %(RN + 1) for com-
putational reasons (see also [1]), but we for now allow more generality.

2.1.2 Fast PPFT

It was shown in [1], that the PPFT can be realized in O(N?logN) flops with N x N
being the size of the input image. We will now discuss how the extended pseudo-
polar Fourier transform (cf. Definition 1) can be computed with similar complexity.

For this, let I be an image of size N x N. Also, my is set—but not restricted—
to be my = %(RN + 1); we will elaborate on this choice at the end of this section.
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We now focus on .Qlé, and mention that the PPFT on the other cone can be computed

similarly. Rewriting the pseudo-polar Fourier transform from Definition 1, for

(01, 0) = (—% : %, %é’) € Q}, we obtain

N/2-1 o N/z 1 N/2-1 ri ot
o, m)="Y I(uv)e ™ (wonrer) = > Y Iuv) ef'"io(” )
uy=—N/2 u=—N/2v=—N/2
N/2-1 [/ N/2-1 .
-3 S I(u,v)e @ o 2Tl T 7)
u=—N/2 \v=—N/2

This rewritten form, i.e., (7), suggests that the pseudo-polar Fourier transform [ of I
on Q} can be obtained by performing the 1D FFT on the extension of / along direc-
tion v and then applying a fractional Fourier transform (frFT) along direction u. To
be more specific, we require the following operations:

Fractional Fourier Transform. For ¢ € CN*!, the (unaliased) discrete fractional
Fourier transform by o € C is defined to be

N/2

(Fao)(k):= Y c(jle ik p=_8
j=—N/2

=

It was shown in [2], that the fractional Fourier transform F, ¢ can be computed
using O(NlogN) operations. For the special case of o« = 1 /(N + 1), the fractional
Fourier transform becomes the (unaliased) 1D discrete Fourier Transform (1D FFT),
which in the sequel will be denoted by Fj. Similarly, the 2D discrete Fourier Trans-
form (2D FFT) will be denoted by F>, and the inverse of the F; by F[l (2D iFFT).
Padding Operator. For N even, m > N an odd integer, and ¢ € CV, the padding
operator E,, , gives a symmetrically zero padding version of ¢ in the sense that

clk) k e
0 ke{—%,

N
20

(Emne)(k) = {

NI§ NIZ

-1,
P d 1),

Using these operators, (7) can be computed by

N/2—1 ) »
(@, 0) = 2 F]OERNJrl’NOl(u,n)eizﬂlué.(RN4+17)~N/2
u=—N/2
N/2 it
Tiul: i~
= Y EnyinoFioEryiinol(un)e e = (Fyi I(-m))(0),
u=—N/2
where [ = EyjyoFyoEgyyiyol € CRNEDXWNHD) and ¢, = —W. Since

the 1D FFT and 1D frFT require only O(NlogN) operations for a vector of size
N, the total complexity of this algorithm for computing the pseudo-polar Fourier
transform from Definition 1 is indeed O(N?logN) for an image of size N x N.
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We would like to also remark that for a different choice of constant m, one can
compute the pseudo-polar Fourier transform also with complexity O(N?logN) for
an image of size N x N. This however requires application of the fractional Fourier
transform in both directions u and v of the image, which results in a larger constant
for the computational cost; see also [2].

2.2 Density-Compensation Weights

Next we tackle Step (S2), which is more delicate than it might seem, since the
weights will not be derivable from simple density compensation arguments.

2.2.1 A Plancherel theorem for the PPFT

For this, we now aim to choose weights w : Qg — R™ so that the extended PPFT
from Definition 1 becomes an isometry, i.e.,

N/2-1

z |I(uvv)|2: z W(wlvwz)'|i(w17w2)|2' (®)

uy=—N/2 (0r,m)€Qr

Observing the symmetry of the pseudo-polar grid, it seems natural to select weight
functions w which have full axis symmetry properties, i.e., for all (@, @) € Qg,
we require

w(or, @) =w(w, o), w(o, ) =w(—0,m;), w(or,m) =w(o,—w). (9)

Then, the following “Plancherel theorem” for the pseudo-polar Fourier transform
on Qgp—similar to the one for the Fourier transform on the cartesian grid—can be
proved.

Theorem 1 ([16]). Let N be even, and let w : Qg — R™ be a weight function satis-
fying (9). Then, (8) holds if and only if the weight function w satisfies

S (u,v) = w(0,0)

RN/2
Ha Y 3w R cos2mue ) cos2mv B - §)
(=0,N/2 n=
N/2—1RN/2
w8 B 3wl o ) -cosemy- - §) (10
&z

forall -N+1<u,v<N-—1.
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Proof. We start by computing the right-hand side of (8):

S wlw, ) (o)

(@1,02)€Qr
Nj2-1 2w :
= 2 W(wlqa)Z) . 2 I(M,v)e*mfo(ua)lﬁ’\/wz)
(01,0)€Qr u,y=—N/2

N/2—-1  N/2—1 . , ,
= 2 W(wlawz)-l 2 z ](u7v)1(u/7v/)emo((uu)wﬁr(vv)wz)l

(01,@0)€Qr uy=—N/2u' V'=—N/2
N/2-1
= Y we,wm) Y |[uv)
(01,@0)€Qr u,y=—N/2
N/2—1 27i / /
" 2 I(u,v)—l(u’,v/) ) l z w(wr, o) .6770((”*“ Jor+(v—v )a>2>‘| '
uwal W =—N/2 (01,02)€Qr
(u,v) (' V')

Choosing I = ¢y, v, 8 (u —u1,v —vi) + Cuy, 0 (1 — ttp,v — v2) forall =N /2 < uy, vy,
up, v < N/2—1 and for all Cuy vy »Cuz,vy € C, we can conclude that (8) holds if and
only if
_2mi
S w(on )¢ 0T Z§uy), —N+1<uy<N-1.
(o01,0)€Qr

By the symmetry of the weights (9), this is equivalent to
2

D, wl(on, o) [cos(ZEuw)cos(ZEva)] = & (u,v) (11)
((D],(Dz)EQR

for all -N+1 < u,v < N — 1. From this, we can deduce that (11) is equivalent to
(10), which proves the theorem. 0O

Notice that (10) is a linear system with RN?/4 + RN /24 1 unknowns and
(2N — 1)? equations, wherefore, in general, one needs the oversampling factor R
to be at least 16 to enforce solvability.

2.2.2 Relaxed form of weight functions

The computation of the weights satisfying Theorem 1 by solving the full linear sys-
tem of (10) is much too complex. Hence, we relax the requirement for exact isomet-
ric weighting, and represent the weights in terms of undercomplete basis functions
on the pseudo-polar grid.
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More precisely, we first choose a set of basis functions wy,...,wy, : Qg = RT
such that 2’;‘):1 wj(wr, ) # 0 forall (@, ) € Qg. We then represent weight func-
tions w : Qg — RT by

0
wi= chwj, (12)

j=1
with cy,...,cy, being nonnegative constants. This approach now enables solving
(10) for the constants ci,...,cy, using the least squares method, thereby reducing

the computational complexity significantly. The “full” weight function w is then
given by (12).

We next present two different choices of weights which were derived by this
relaxed approach. Notice that (@), ®,) and (n,£) will be used interchangeably.

Choice 1. The set of basis functions wy, ..., ws is defined as follows:
Center: wi = 1(9,0)-
Boundary: wy = 1{(ay ) |n|=NR/2, =0y} A0 W3 = 1{(0) 0,):n|=NR/2, 0170}
Seam lines: wy = |n| - L () a,):1<|n|<NR/2, 1= }-
Interior: ws = |n| - 1{(qw, wy):1<|n|<NR/2, 0 @0} -

Choice 2. The set of basis functions wy, ..., wy > is defined as follows:
Center: wi = 1(9,0)-

Radial Lines: wy,» = 1{(w17w2):1<|n|<NR/2,wz:NL;zwl}’ £=0,1,...,N/2.

The associated weight functions are displayed in Fig. 2. In general, suitable
weight functions usually obey the pattern of linearly increasing values along the
radial direction. Thus, this is a natural requirement for the basis functions.

000 B0 600 420 200 o 00 00 600 800 1000 : 0’:1&'( 800 600 &0 200 o 200 00 600 B0 1000
Choice 1 Choice 2

Fig. 2 Weight functions on the pseudo-polar grid for N =256 and R = 8

2.2.3 Computation of the weighting

For the FDST—as also in the implementation in ShearLab—the coefficients in
the expansion (12) will be computed off-line, and then hardwired in the code.
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This enables the weighting of a function on the pseudo-polar grid to simply be a
point-wise multiplication in each sampling point. That is, letting J := [ : Q¢ — C be
the pseudo-polar Fourier transform of an N x N image [ and w : Qg — R™ be any
suitable weight function on g, the following values need to be computed:

Jw(wlvab):‘](a)laab)' W(O‘)laa)Z) for all (wlvab) 6ng-

Let us comment on why the square root of the weight is utilized. If the weights w
satisfy the condition in Theorem 1, we obtain P*wP = Id (P is the operator for the
PPFT), which can be written in a symmetric form as follows: (v/wP)*\/wP = Id.
This form shows that the operator \/wP can be inverted by taking the adjoint
(v/wP)*. In other words, each image can be reconstructed from its weighted pseudo-
polar Fourier transform by applying the adjoint of the weighted pseudo-polar
Fourier transform. This issue will be discussed in further detail in Sect. 2.4.2.

2.3 Digital Shearlets on Pseudo-Polar Grid

We next aim at deriving a faithful digitization of the shearlet transform associated
with a band-limited cone-adapted discrete shearlet system to the pseudo-polar grid.
This would settle Step (S3).

2.3.1 Preparation for faithful digitization

For this, let us recall the definition of the discrete shearlet transform associated

with (2); taking the particular form (1) of the shearlet y € I? (Rz) into account.
Restricting our attention to the cone %3, we obtain

A 3 '
£ (F2 ST A ) e 5D

= <f72*f

[S1[38]

U1 (477E) i (k+ 2’%))%1 2mi (A, Simy) >7

for scale j, orientation k, position m, and cone .

To approach a faithful digitization, we first have to partition €2z according to the
partitioning of the plane into €1, €12, 6»1, and %»;, as well as a centered rectangle
Z. The center ¢ as defined in (6) will play the role of Z. Thus, it remains to
partition the set g beyond the already defined partitioning into 2} and Q3 (cf. (4)
and (5)) by setting

Q=0 urual? and Q}=0Q3'UTUQY,
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where
11 2 20 2 N N RN
Qg ={(-F -5 F)—7sl<53,1<n<TF},
12 2 20 2 N N RN
Q - ( Ig.N’Ig) zgégza zgng 1}7
QZI 2 2 20 N N RN
(Fn’_%'ﬁ) _7<—€<— 7,1_<n<_ 2 }’
22 2 2 20 N N RN
Q" = (fn’_%'ﬁ) _7<—€<— 2: 77 Sns 1}

When restricting to the cone 3!, say, the exact digitization of the coefficients of
the discrete shearlet system is

Y J(on,w)2 I (STA, o) T e sme)
a)::(col,a)z)egl%l

Y J(0n,:)2 BWETa)V (k27 Z)e i iSimo)
(mI’@)EQZI

N
2 > o0 2 AWE TRV (-2 he 0siA0) 3y

where V and W as well as the ranges of j, k, and m are to be carefully chosen.

Our main objective will be to achieve a digital shearlet transform, which is an
isometry. This— as in the continuum domain situation—is equivalent to requiring
the associated shearlet system to form a tight frame for functions J : 2 — C. For
the convenience of the reader let us recall the notion of a Parseval frame in this
particular situation. A sequence (¢ ), c4—A being some indexing set — is a tight
frame for all functions J : Qg — C, if

JE—— ) 2
p) ] Jono)g(onw)| = % VLol
AEA  (o1,m7)EQR (01,0,)€Qg

In the sequel we will define digital shearlets on Q3! and extend the definition to
the other cones by symmetry.

2.3.2 Subband windows on the pseudo-polar grid

We start by defining the scaling function, which will depend on two functions V) and
Wo, and the generating digital shearlet, which will depend on again two functions V
and W. W, and W will be chosen to be Fourier transforms of wavelets, and V;; and
V will be chosen to be “bump” functions, paralleling the construction of classical
shearlets.

First, let Wy be the Fourier transform of the Meyer scaling function such that

suppWp C [—1,1] and Wy(£1) =0, (14)
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and let Vj be a “bump” function satisfying
suppVo C [-3/2,3/2] with W(E)=1for|é| <1, eR.
Then, we define the scaling function ¢ for the digital shearlet system to be
0(81,8) =Wo(4 &NV (4 1), (&1,&) € R

We remark that we will later restrict this function to the pseudo-polar grid.
Let next W be the Fourier transform of the Meyer wavelet function satisfying

suppW C [—4,1/4]U[1/4,4] and W(+1/4)=W(£4)=0,  (15)

as well as, choosing the lowest scale ji, to be j := —[log,(R/2)],
) [logy N1 ]
Wo(dLEP+ Y WEATEP =1  forall | <N, E€R (16)
J=iL

We further choose V to be a “bump” function satisfying
suppV C [-1,1] and V(£1)=0, (17)
as well as
VE-DP+VEP+VE+DP=1  forall[§[<1,E€R. (18)

Then, the generating shearlet y for the digital shearlet system on Q3 is defined as

P(EL&) =WEV(B), (&,8&) R (19)

Notice that (18) implies

2J
> VQEIE-KF=1 forall |<1,&ER;j>0, (20)
k=—2J

which will become important for the analysis of frame properties. For the particular
choice of Vj, Wy, V, and W in ShearLab, we refer to Sect. 2.3.7.

2.3.3 Range of parameters
We from now on assume that R and N are both positive even integers and that

N = 2" for some integer ng € N. This poses no restrictions, since both parameters
can be enlarged to satisfy this condition.
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We start by analyzing the range of j. Recalling the definition of the shearlet y
in (19) and the support properties of W and V in (15) and (17), respectively, we
observe that the digitized shearlet

2*./'%‘/1/(4*}%)‘/(]( _oJ+l %)GZﬂi<m,S,{A4,jw> 1)
from (13) has radial support
n=4 R Ly =0, 41 1R (22)

on the cone Q3'. To determine the appropriate range of j, we will analyze the
precise support in radial direction. If j < —[log(R/2)], then n < 1, which corre-
sponds to only one point—the origin—and is dealt with by the scaling function. If
Jj > [logy N1, we have n > 1%. Hence, the value W(1/4) = 0 (cf. (15)) is placed on
the boundary, and these scales can be omitted. Therefore, the range of the scaling
parameter will be chosen to be

je{jLs---,ju}, where jL:=—[log(R/2)] and jy := [log,N].

Next, we determine the appropriate range of k. Again recalling the definition of
the shearlet y in (19), the digitized shearlet (21) has angular support

(=27"N(k=1)+1, 1pb=0,...,27/N (23)

on the cone Q3!. To compute the range of k, we start by examining the case j > 0.
If k > 2/, we have £ > N/2. Hence the value V(—1) = 0 (cf. (17)) is placed on
the seam line, and these parameters can be omitted. By symmetry, we also obtain
k > —2J. Thus, the shearing parameter will be chosen to be

ke {=2/,...,27}.

2.3.4 Support size of shearlets

We next compute the support as well as the support size of scaled and sheared ver-
sion of digital shearlets. This will be used for the normalization of digital shearlets.

As before, we first analyze the radial support. By (22), the radial supports of the
windows associated with scales j; < j < jy are

n=4"1844, n=0,.4"" Bk (24)

and the radial support of the windows associated with the scale j, = —[log,(R/2)]
and jy = [logy N is

n=t, tl:la"'74jL+1§7 forj:jLu
n—4jH71£+t =0 M_z‘_jyfll_? f L (25)
- 2 1y 1=Y5.-y 5 7 or j=Jy.
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Turning to the angular direction, by (23), the angular support of the windows at
scale j associated with shears —2/ < k < 2/ is

(=2""'N(k—=1)+1, 1b,=0,....27/N, (26)

the angular support at scale j associated with the shear parameter k = —2/ is
(=277 IN(=2/ —1)+1, =275, 27N,

and for k = 2/ it is

(=27"IN2/~1)+n, ©=0,.,27%. (27)

For the case j < 0, we simply let k =0 and ¢ = —N /2 + 1, witht, =0,...,N. Also,
for this lower frequency case, the window function W (4 /@, )V (k+2/ %‘) is slightly
modified to be W (47 o1 )Vo(k + 2/ 32).

These computations now allow us to determine the support size of the function
W (4~ 1)V (k+2/32) in terms of pairs (n,¢), which for scale j and shear k, is

| 4i1E D=L
gjlz 4L BR4 <<, (23)
RTN—417112—Q+1:].:]‘H7
and
27IN+1: -2/ <k<2/ with j>0,
L= 278 +1: ke {2727} with j>0, (29)
N+1 :j<0.

2.3.5 Digitization of the exponential term

We next digitize the exponential term in (13), which can be rewritten as

e—Zﬂi<m,S{A4,jw> — o 2mi{m (@4 o4 ko 127 wy)) efzﬂi<m,(4’j%,4’jk%72’j%\’;)>.

We observe two obstacles:

e The change of variables 7 := S,{A47 jo possible in (13) cannot be performed
similarly in this situation due to the fact that the pseudo-polar grid is not invari-
ant under the action of ST A, ;. This is however the first step in the continuum
domain reasoning for tightness; see the chapter on “Introduction to Shearlets.”

e The Fourier transform of a function defined on the pseudo-polar grid does not
satisfy any Plancherel theorem.

These problems require a slight adjustment of the exponential term, which will be
the only adaption we allow us to make when digitizing. This will circumvent the
two obstacles and enable us to construct a Parseval frame as well as derive a direct
application of the inverse Fast Fourier transform in FDST.
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The adjustment will be made by using the mapping 6 : R\ {0} — R defined by
6(x,y) = (x,%). This yields the modified exponential term

efzﬂi<m,(60(5£)7l)(47j%' ATiZ oy efzm<m,(4*f'2ﬁ”,fzf'+l ) (30)

)

which can be rewritten as

. . . 1
o 2mi(m (47 R 27 )y 2w+ (1—k)my) *2ﬂ1<m (477 3 2! 2)>

)

with #; and #, ranging over an appropriate set defined by (24)—(27).
Now, taking into account the support size of each W (4~/ e )V (k+2/ %) as given
in (28) and (29), we obtain the following reformulation of (30):

14-i 2 0it]
exp{—2ni<m,(%4gifz/mt1, "i;;k(l/mtz>>}, t, . (31)

J Js

This version shows that we might regard the exponential terms as characters of a
suitable locally compact abelian group (see [14]): with associated annihilator iden-
tified with the rectangle

YR N
%,,-,k—{< 7 ,—2’:% =0, 2 —1,n=0,. 241},
J Js

where 92” ! and fz were defined in (28) and (29), respectively. This viewpoint
will be cruc:lal to guarantee that the digital shearlet system defined in Sect. 2.3.6
provides a Parseval frame on the pseudo-polar grid 2. In practice, (31) also ensures
that in Step (S3) on each windowed image on the pseudo-polar grid only a 2D
iFFT—in contrast to a fractional Fourier transform—needs to be performed, thereby
reducing the computational complexity. For the low-frequency square, we further
require the set

%:{("1772)1712—1,...,1,}’2:—%,...,

N4
—

2.3.6 Digital shearlets

We are now ready to define digital shearlets, which we define as functions on the
pseudo-polar grid Qg. The spatial domain picture can thus be derived by the inverse
pseudo-polar Fourier transform.

Definition 2. Retaining the definitions and notations from Sect. 2.3, for all (wl ) wm)E
.QI%I, we define digital shearlets at scale j € {ji,..., ju}, shear k = [-2/ 2/]|NZ,
and spatial position m € % ; by

024 (@1, @) = CLLLl W (47T ) VI (k427 2 ))ngl(a)l,a)z)ezm<m’(4 ’“’l’z’wl)>,
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where V/ =V for j > 0 and V/ = V; for j < 0, and

1 (o,m) € SUSE,
Cloy,m)={ 75 :(onm)e(FRUIR\YG,
.
The shearlets ¢! k - G]-Ii’m, sz,i,m on the remaining cones are defined accordingly by

symmetry with equal indexing sets for scale j, shear k, and spatial location m. For
1p=1,2, (o,an) € QF, and ny € %, we define the scaling function

C(w1,an)

oy (o, 02) = =5 9 (@1, @)1 (01, @)e

2ni<noa(%w¢+1)>,

Then, the digital shearlet system DSH is defined by

DSH = {(p’,l(()) ‘o= 1,2,1/10 eﬁ}u{ajak,m : J € {ij'-'ajH}ake {_2];2]}5
meRj,t=11,12,21,22}.

As desired, the digital shearlet system DSH, which we derived as a faithful digiti-
zation of the continuum domain band-limited cone-adapted discrete shearlet system,
forms a Parseval frame for J : Qr — C.

Theorem 2 ([16]). The digital shearlet system DSH defined in Definition 2 forms a
Parseval frame for functions J : Qg — C.

Proof. Letting J : Qr — C, we claim that

= z |<‘17(P7110>QR|2+ z |<‘17 jkm>QR|2 (32)

10,710 L,j.k.m

which proves the result. Here (J1,/2)q, = Z(whwz)eQle(wl,a)z)Jz(wl,a)z) for
Ji,Jy: Qr — C.

We start by analyzing the first term on the RHS of (32). Let 1p € {1,2} and
Jc : Qg — C be defined by Je (0, @) :=C(w, ) - J(0, @) for (0, @) € Q.
Using the support conditions of qS,

S
Sleal=Z| 3 ononeiona)

"0 (o,0)eQ

R . 2
|%|2‘ Z Je(wr, @) - ¢(wr,w)- e’2”1<"0,(§wi+1)>‘
(o1,0,) EQ
1 N2 /

|%|2 >, Y Jeloon )¢ (wr, an)- Le~2mi(mo. (3,75 1)>‘2.

ny n=—1({=—N/2

The choice of % now allows us to use the Plancherel formula, see Sect. 2.3.5. Ex-
ploiting again support properties (see Sect. 2.3.5), we conclude that
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Zlprn0 al’= XY IC(or,m) (o) (o).
(wlla)Z)EQ[leO

Combining 1o = 1,2 and using (14), we proved

SYNL o0l = Y (@) [Woler)]. (33)

o 1o (0r,m)€Qr

Next we study the second term on the RHS in (32). By symmetry, it suffices to
consider the case 1 = 21. By the support conditions on W and V (see (15) and (17)),

S ohimal =Y > ‘ > J(o,m)oh, (0r,m;)

Jikm JkmeRj i (w),0,)eQ3!

S 5|3 s 7

meZjk (oy,a,)cQ3!

‘ 2

— o~ —2mi —J j @0\ 2
VIGTDE) 27 (m, (4 2 w1)>‘

4N R/2) 27T IN(k+1)

> ’ > Je(or,m)

Jk| mE/ * n:4j*l(R/2)£:2’j’1N(k71)

R

. _ion Y. 2
-W(4*/w1)-Vl'(k+2/wﬂl)-e*2”‘<’”’(4 f%ﬂf“%»‘ ,

Similarly as before, the choice of % ik does allow us to use the Plancherel formula,
see Sect. 2.3.5. Hence,

N - - 2
PIRIAY ka =2 X ’Jc(wl,wz)~W(4*-/w1)V-/(k+2J%)’ i
Jom Ik (r,0)eQf!

Next we use (20) to obtain

DYDY

Jk (o,0)€QF

; - - 2
Je(wn,@n)- W To)-Vilk+2752)|

JH ) 2 . ‘
= Y elon@)P Y WE o) Y Vik+22)P
(0),a,)eQ3! J=ir k=—2J

= Y |elo,m)? IZH“ (W4 ap) .

(@p,0)eQ}! j=iL
Thus the second term on the RHS in (32) equals
2 2 & PRND)
22 ohmal = Y Wonm)P Y W@ )P (34)
v jkm (w1,0,)€Qp J=iL

Finally, our claim (32) follows from combining (33), (34), and (16). O



Digital Shearlet Transforms 259

2.3.7 Digital shearlet windowing

The final Step (S3) of the FDST then consists in decomposing the data on the
points of the pseudo-polar grid given by the previously—in Steps (S1) and (S2)—
computed weighted pseudo-polar image J,, : £2g — C into rectangular subband win-
dows according to the digital shearlet system DSH defined in Definition 2, followed
by a 2D iFFT. More precisely, given J,,, the set of digital shearlet coefficients

et = (1, @8), forallig.ng and chy,,: <J ka>g for all j,k,m,1
R

is computed followed by application of the 2D iFFT to each windowed image J,, (p(l)0
and J,, Gj 1.0 Testricted on the support of ‘Po and G] r.0» Tespectively.

The definition of the digital shearlet system DSH in Definition 2 requires appro-
priate choices of the functions ¢, Vg, V, Wy, and W, and the required conditions are
stated throughout Sect. 2.3.2. We now discuss one particular choice, which is cho-
sen in ShearLab. We start selecting the “wavelets” Wy and W. In Sect. 2.3.2, these
functions were defined to be Fourier transforms of the Meyer scaling function and
Meyer wavelet function, respectively, i.e.,

1 HEl< g
Wo(&) =1 cos[Fv(31El—3)] - g <[,
0 : otherwise,

and
sin [3v(3le1- 4] < h<lgl <1,
W(E)=q cos[Fv(31€|-3)] : 1 <[§] <4,
0 : otherwise,

where v > 0 is a C* function or C* function such that v(x) + v(I —x) = 1 for 0 <
x < 1. One possible choice for v is the function v(x) = x*(35 — 84x + 70x> — 20x?),
0 < x < 1, which then automatically fixes Wy and W. Since [Wy(&)[> + W (&)|> =1
for || < 1, the required condition (16) is satisfied. The function v can be also used
to design the “bump” function V as well, which needs to satisfy (18). One possible
choice for V is to define it by V(&) = \/v(1+&)+v(1—&), =1 <& < 1.V can
then simply be chosen as Vjy = 1. Let us finally mention that ¢ is defined depending
on Vp and W), wherefore fixing these two functions determines ¢ uniquely.

2.4 Algorithmic Realization of the FDST

We have previously discussed all main ingredients of the fast digital shearlet trans-
form (FDST)—Fast PPFT, Weighting, and Digital Shearlet Windowing—, and will
now summarize those findings. Depending on the application at hand, a fast inverse
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transform is required, which we will also detail in the sequel. In fact, we will present
two possibilities: the Adjoint FDST and the Inverse FDST depending on whether the
weighting allows to use the adjoint for reconstruction or whether an iterative pro-
cedure is required for higher accuracy. For a more detailed description of FDST,
Adjoint FDST, and Inverse FDST in form of pseudo-code, we refer to [16].

For the sake of brevity, we now let P, w, and W denote the Fast PPFT from
Sect. 2.1.2, the weighting on the pseudo-polar grid described in Sect. 2.2.3, and
windowing operator consisting of the application of the shearlet windows followed
by 2D iFFT to each array as detailed in Sect. 2.3.7, respectively.

2.4.1 FDST

We can summarize the steps of the algorithm FDST as follows:

e Step (S1): For a given image I, apply the Fast PPFT as described in Sect. 2.1.2
to obtain the function PI : Qg — C.

o Step (S2): Apply the square root of an off-line computed weight function w :
Qg — C to PI as described in Sect. 2.2.3, yielding \/wPI : Qg — C.

e Step (S3): Apply the shearlet windows to the function /wPI, followed by a 2D
iFFT to each array to obtain the shearlet coefficients W/wPI, which we denote
by ¢, 10,10 and ¢ s Joksm, L

2.4.2 Adjoint FDST

Assuming that the weight function w used in Step (S2) satisfies the condition in
Theorem 1, and using Theorem 2, we obtain

(W/WP)W /WP = P*\/w(W*W)y/wP = P*wP = Id.

Hence in this case, the FDST, which is abbreviated by W/wP can be inverted by
applying the Adjoint FDST, which cascades the following steps:

e Step 1: For given shearlet coefficients C, i.e., c,ll%, 19,19 and c;’km, Jj k,m, 1, com-
pute the linear combination of the shearlet windows with coefficients c;l%, 19, 1o
and c}7k’m, J,k,m,1. This gives the function W*C : Qg — C.

e Step 2: Apply the square root of an off-line computed weight function w : Qg —
C to W*C, yielding the function \/wW*C : Qr — C.

e Step 3: Apply the Fast Adjoint PPFT by running the Fast PPFT “backward.”
For this, we just notice that the adjoint fractional Fourier transform of a vec-
tor ¢ € CV*! with respect to a constant & € C is given by Fy % c. Also, for
m > N, the adjoint padding operator E,;, y applied to a vector ¢ € C" is given by
(Ej yc)(k) =c(k),k=—N/2,...,N/2—1.The Adjoint PPFT gives P*/wW*C.



Digital Shearlet Transforms 261

2.4.3 Inverse FDST

Normally—as also with the relaxed form of weights debated in Sect. 2.2.2—the
weights will not satisfy the conditions of Theorem 1 precisely. A measure for
whether application of the adjoint is still feasible will be discussed in Sect. 4.2.
If higher accuracy of the reconstruction is required, one might use iterative meth-
ods, such as conjugate gradient methods. Since the digital shearlet system forms a
Parseval frame, we always have

W*W /WP = \/wP.

Hence, iterative methods need to be “only” applied to reconstruct an image / from
knowledge of J := /WPl i.e., to solve the equation

P*wPI = P*wJ

for 1. Since J might not be in the range of P, I is typically computed by solving
the weighted least square problem miny ||\/wPI — \/WJ||». Since the matrix cor-
responding to P*P is symmetric positive definite, iterative methods such as the
conjugate gradient methods are applicable. The conjugate gradient method is then
applied to the equation Ax = b with A = P*wP and b = P*wJ. Its performance
can be measured by the condition number of the operator P*wP: cond(P*wP) =
Amax (P*WP) [ Amin(P*wP), and it turns out that the weight function serves as a pre-
conditioner. We remark that this measure is more closely studied in Sect. 4.2.

3 Digital Shearlet Transform Using Compactly Supported
Shearlets

In this section, we will discuss two implementation strategies for computing shear-
let coefficients associated with a cone-adapted discrete shearlet system now based
on compactly supported shearlets, as introduced in the chapter on “Introduction to
Shearlets.” Again, one main focus will be on deriving a digitization which is faithful
to the continuum setting.

Recall that in the context of wavelet theory, faithful digitization is achieved by
the concept of multiresolution analysis, where scaling and translation are digitized
by discrete operations: Downsampling, upsampling, and convolution. In the case
of directional transforms however, three types of operators: Scaling, translation, and
direction, need to be digitized. In this section, we will pay particular attention to
deriving a framework in which each of the three operators is faithfully interpreted
as a digitized operation in digital domain. Both approaches will be based on the
following digitization strategies:

o Scaling and translation: A multiresolution analysis associated with anisotropic
scaling A,; can be applied for each shear parameter k.
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e Directionality: A faithful digitization of shear operator S, 2, has to be achieved
with particular care.

In Sect. 3.1, we present the DSST, which is associated with a shearlet system
generated by a separable function alongside with discussions on its properties,
e.g., its redundancy. Section 3.2 then presents the digital non-separable shearlet
transform (DNST), whose shearlet elements are generated by non-separable shearlet
generator.

3.1 Digital Separable Shearlet Transform

We now describe a faithful digitization of the continuum domain shearlet transform
based on compactly supported shearlets as introduced in [18], which moreover is
highly computationally efficient.

3.1.1 Faithful digitization of the compactly supported shearlet transform

We start by discussing those theoretical aspects which allow a faithful digitization of
the shearlet transform associated with the shearlet system generated by the separable
shearlet y defined by

W(E) =m(46)0(£1)0(28), &= (&.&) €R?, (35)

where m; is a carefully chosen bandpass filter and ¢ an adaptively chosen scal-
ing function, see the chapter on “Introduction to Shearlets.” For this, we will only
consider shearlets ;4 ,, for the horizontal cone, i.e., belonging to ¥ (y,c). Notice
that the same procedure can be applied to compute the shearlet coefficients for the
vertical cone, i.e., those belonging to ¥(\,c), except for switching the order of
variables.

To construct a separable shearlet generator y € L?(R?) and an associated scaling
function ¢ € L*(R?), let ¢ € L*>(R) be a compactly supported 1D scaling function
satisfying

o1(x) = 3 h(m)vV261 (261 —m) (36)

n €z

for some “appropriately chosen” filter ~—we comment on the required condition
below. An associated compactly supported 1D wavelet y; € L?(IR) can then be de-
fined by

vix) =Y, g(n)V2¢;(2x; —ny), (37)

ni€Z

where again g is an “appropriately chosen” filter. The selected shearlet generator is
then defined to be

Y (x1,x2) = i (x1) 1 (x2), (38)
and the scaling function by ¢ (x1,x2) = @1 (x1) 1 (x2).
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Let us comment on whether this is indeed a special case of the shearlet generators
defined in (35). The Fourier transform of y defined in (38) takes the form

W(&1,&) =mi(&/2)61(81/2)61(&2/2),

where m is a trigonometric polynomial whose Fourier coefficients are g(n;). We
need to compare this expression with the Fourier transform of the shearlet generator
y given in (35), which is

V(E1,&) =mi(48)61(281) 1 (&),

with 1D scaling function ¢; defined in (36). We remark that this later scaling func-
tion is slightly different defined as in (35). This small adaption is for the sake of
presenting a simpler version of the implementation; essentially the same implemen-
tation strategy as the one we will describe can be applied to the shearlet generator
given in (35).

The filter coefficients & and g are required to be chosen so that y satisfies a
certain decay condition (cf. [15] of the chapter on “Introduction to Shearlets”) to
guarantee a stable reconstruction from the shearlet coefficients.

For the signal f € L?>(R?) to be analyzed, we now assume that, for J > 0 fixed, f
is of the form

fx) =3 f1(n)2'¢(2"x1 —n1,2'x2 —ny). (39)

neZz?

Let us mention that this is a very natural assumption for a digital implementation in
the sense that the scaling coefficients can be viewed as sample values of f—in fact
fr(n) = f(27/n) with appropriately chosen ¢. Aiming toward a faithful digitization
of the shearlet coefficients (f, Y i) for j=0,...,J — 1, we first observe that

(fsWikm) = (F(S3-i21.())s Wiom () (40)

and, WLOG we will from now on assume that j/2 is integer; otherwise either [ j/2]
or | j/2] would need to be taken. Our observation (40) shows us in fact precisely
how to digitize the shearlet coefficients (f, v« ,,): By applying the discrete sepa-
rable wavelet transform associated with the anisotropic sampling matrix A,; to the
sheared version of the data f(S, 2, (-)). This however requires—compare the as-
sumed form of f given in (39)—that f(S, 2, (-)) is contained in the scaling space

Vi ={2'¢(2" - —n1,2" - —n3) : (ny,m3) € Z°}.

It is easy to see that, for instance, if the shear parameter 2712k is non-integer, this
is unfortunately not the case. The true reason for this failure is that the shear matrix
S5, does not preserve the regular grid 27'7%inVj,ie.,

Szfj/Zk(Zz) ?é Zz-
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In order to resolve this issue, we consider the new scaling space V defined by

J+j/2J
Vi =27 9(Sk (2772 =y 20 —my)) < (m,mp) € 27},

We remark that the scaling space VJI‘H 2.0

27772 along the x;-axis by a factor of 2//2. With this modification, the new grid
27/7J/2Z x 277 is now invariant under S, 2, , since with Q = diag(2, 1),

is obtained by refining the regular grid

277 2 =270 QI (22 =27 QIR ( ) = Sy, (27 TP X 270,
This allows us to rewrite (S, j52,(-)) in (40) in the following way.

Lemma 1. Retaining the notations and definitions from this section, letting 1 27/2
and 1 denote the 1D upsampling operator by a factor 0f2j/2 and the 1D convolu-
tion operator along the x\-axis, respectively, and setting h /, (1) to be the Fourier
coefficients of the trigonometric polynomial

j/2—1 )
]/2 51 H Z h 727r12kn1§l7 (41)
=0 n€Z
we obtain
F(Syie) = X Fr(Sen) 2"t/ (27192x) — 1,27 x5 — o),

nez?
where f5(n) = ((f1) 02 %1 hj2) (n).

The proof of this lemma requires the following result, which follows from the
cascade algorithm in the theory of wavelet.

Proposition 1 ([18]). Assume that ¢ and y; € L*(R) satisfy (36) and (37), respec-
tively. For positive integers ji < ja, we then have

2392 —m) = Y by (di =22 )28 0,20k —dy) (42)
d\ €L

and

jl . L j2 .
27y (20 —ny) = Y, gj—jy (dy =272 n)27T ¢y (27220 —dy),  (43)
d\ €L

where hj and g; are the Fourier coefficients of the trigonometric polynomials H;

defined in (41) and G defined by

(H z h(ny)e 27:12",,151) ( 2 g(nl)efznu/*'nlél)

k=0n,€Z ni€L

for j >0 fixed.
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Proof (Proof of Lemma 1). Equation (42) with j; = J and j, = J+ j/2 implies that

21120120 x1 —my) = Y, hyjpa(dy — 2720 )20 F A 21 Px —dy). (44)
d1€L

Also, since ¢ is a 2D separable function of the form ¢ (x;,x2) = ¢; (x1) 1 (x2), we
have that

= z ( 2 fj(nl,nz)zj/z(m (ijl —nl))21/2¢1 (ZJ)CZ —nz).

m€EZ ni€Z

By (44), we obtain

z fJ 2]+j/4 2]Qj/2x n)

neZz?

where Q = diag(2,1). Using 0//2S,_;», = SxQ7/2, this finally implies

f(Szfj/2k(x)) = 2 fJ 21+j/4 2JQJ/ 2 j/2k(x) —n)

neZz?

=Y (5205 )
ne7z?

= Y Fi(Sm)2" R (82707 Px—n)). O
nez?

The second term to be digitized in (40) is the shearlet y; 4 ,, itself. A direct corol-
lary from Proposition 1 is the following result.

Lemma 2. Retaining the notations and definitions from this section, we obtain

Vikm(®) =Y, g/—j(di — ]ml)hjfj/Z(dZ_217j/2m2)2]+'i/4¢(21x_d)'
dez?

As already indicated before, we will make use of the discrete separable wavelet
transform associated with an anisotropic scaling matrix, which, for j; and j, > 0 as
well as ¢ € £(Z?), we define by

Wi, .j, (¢)(n1,n2) 2 gj (my —2/ 1nl)h (my —272ny)c(my,my), (ny,ns) € 72.
meZ?
(45)
Finally, Lemmas 1 and 2 yield the following digitizable form of the shearlet
coefficients (f, ¥j i m)-
Theorem 3 ([18]). Retaining the notations and definitions from this section, and

letting], 2//% be ID downsampling by a factor 0f2/'/2 along the horizontal axis, we
obtain

FsWikm) =Wi_js_jp (((ff(sk') * D) ¥ Ej/z)w/z) (m),

where @ (n) = (¢(Sk()), (- —n)) for n € Z%, and h; 5 (n1) = hjjp(—ny).
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3.1.2 Algorithmic realization

Computing the shearlet coefficients using Theorem 3 now restricts to applying the
discrete separable wavelet transform (45) associated with the sampling matrix A,;
to the scaling coefficients

89 (f1)(n) == ((fJ(Sk') * Dy ) *1%/2) (n) for frel*(Z*).  (46)

12i/2

Fig. 3 Tllustration of application of the digital shear operator ¢ 14t The dashed lines correspond
to the refinement of the integer grid. The new sample values lie on the intersections of the sheared
lines associated with Sy 4 with this refined grid

Before we state the explicit steps necessary to achieve this, let us take a closer
look at the scaling coefficients S;ﬁ in k(fj), which can be regarded as a new sam-

pling of the data f; on the integer grid Z? by the digital shear operator ng i This
procedure is illustrated in Fig. 3 in the case 2712k = —1 /4.

Let us also mention that the filter coefficients @ (n) in (46) can in fact be easily
precomputed for each shear parameter k. For a practical implementation, one may

sometimes even skip this additional convolution step assuming that @, = ¥ (0 0)-

Concluding, the implementation strategy for DSST cascades the following steps:

e Step I: For given input data f;, apply the 1D upsampling operator by a factor of
2J/2 at the finest scale j = J.

e Step 2: Apply 1D convolution to the upsampled input data f; with 1D lowpass
filter i/, at the finest scale j = J. This gives 7.

e Step 3: Resample f; to obtain f7(Sy(n)) according to the shear sampling matrix
Sy at the finest scale j = J. Note that this resampling step is straightforward,
since the integer grid is invariant under the shear matrix Sk.

e Step 4: Apply 1D convolution to f;(S(n)) with &, followed by 1D downsam-
pling by a factor of 2//2 at the finest scale j = J.

e Step 5: Apply the separable wavelet transform Wj_;; ;o across scales
j=0,1,....J—-1.
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3.1.3 Digital realization of directionality

Since the digital realization of a shear matrix S,;, by the digital shear operator
S’Z{ i is crucial for deriving a faithful digitization of the continuum domain shearlet
transform, we will devote this section to a closer analysis.

We start by remarking that in fact in the continuum domain, at least rwo opera-
tors exist which naturally provide directionality: Rotation and shearing. Rotation is
a very convenient tool to provide directionality in the sense that it preserves impor-
tant geometric information such as length, angles, and parallelism. However, this
operator does not preserve the integer lattice, which causes severe problems for dig-
itization. In contrast to this, a shear matrix S; does not only provide directionality
but also preserves the integer lattice when the shear parameter k is integer. Thus, it
is conceivable to assume that directionality can be naturally discretized by using a
shear matrix Sy.

To start our analysis of the relation between a shear matrix S,_;/», and the asso-

. . . d . . . .
ciated digital shear operator ST i let us consider the following simple example:

Set fe = X{xx,=0}- Then digitize f. to obtain a function f; defined on 77 by set-
ting fy(n) = f.(n) for all n € Z?. For fixed shear parameter s € R, apply the shear
transform S; to f, yielding the sheared function f.(S,(+)). Next, digitize also this
function by considering f,(Sy(-))|2. The functions f; and f.(Ss(-))|,2 are illus-
trated in Fig. 4 for s = —1/4. We now focus on the problem that the integer lattice is

b

Fig. 4 (a) Original image f;(n). (b) Sheared image f.(S_;/4n)

not invariant under the shear matrix Sy /4. This prevents the sampling points Sy /4(n),
n € 72 from lying on the integer grid, which causes aliasing of the digitized image
Je(S-1/4(+))[z2 as illustrated in Fig. 5a. In order to avoid this aliasing effect, the grid
needs to be refined by a factor of 4 along the horizontal axis followed by computing
sample values on this refined grid.

More generally, when the shear parameter is given by s = —277/%k, one can
essentially avoid this directional aliasing effect by refining a grid by a factor of
21/2 along the horizontal axis followed by computing interpolated sample values on
this refined grid. This ensures that the resulting grid contains the sampling points
((277/%k)ny,ny) for any ny € Z and is preserved by the shear matrix S_5-j/2- This
procedure precisely coincides with the application of the digital shear operator
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S‘ziffﬂk’ i.e., we just described Steps 1-4 from Sect. 3.1.2 in which the new scal-
ing coefficients S‘zif ;2 (f5)(n) are computed.

Let us come back to the exemplary situation of fo = Y(y.x,=0} and S_y/4 we
started our excursion with and compare f,(S_j /4(-))[> with §¢ /a(fa)|z2 obtained
by applying the digital shear operator S¢ 1/4 0 f4- And, in fact, the directional alias-
ing effect on the digitized image f.(S_;/4(n)) in frequency illustrated in Fig. Sa is

shown to be avoided in Fig. 5b, ¢ by considering $¢ | / 4(fa)|z2. Thus, application of

a b c

Fig. 5 (a) Aliased image: DFT of f.(S_;/4(1)). (b) De-aliased image: s, /a (f2)(n). (c) De-aliased
image: DFT of 511/4 (fa)(n)

the digital shear operator S¢_ i allows a faithful digitization of the shearing opera-
tor associated with the shear matrix S,-j ;.

3.1.4 Redundancy

One of the main issues which practical applicability requires is controllable redun-
dancy. To quantify the redundancy of the discrete shearlet transform, we assume that
the input data f is a finite linear combination of translates of a 2D scaling function
¢ at scale J as follows:

2/ 1271

fx) =3 dp(2'x—n)

n1:0n2:0

as it was already the hypothesis in (39). The redundancy—as we view it in our
analysis—is then given by the number of shearlet elements necessary to represent
f. Furthermore, to state the result in more generality, we allow an arbitrary sampling
matrix M, = diag(cy,c,) for translation, i.e., consider shearlet elements of the form

Wiskm(-) =23 W (SiAy; - —Mom).

We then have the following result.
Proposition 2 ([18]). The redundancy of the DSST is ﬁ.

Proof. For this, we first consider shearlet elements for the horizontal cone for a
fixed scale j € {0,...,J — 1}. We observe that there exist 2//2+1 ghearing indices k
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and 2/.27/2. (c1c2)’1 translation indices associated with the scaling matrix A,; and
the sampling matrix M., respectively. Thus, 2%/*1(c;c;) ! shearlet elements from
the horizontal cone are required for representing f. Due to symmetry reasons, we
require the same number of shearlet elements from the vertical cone. Finally, about
cfz translates of the scaling function ¢ are necessary at the coarsest scale j = 0.
Summarizing, the total number of necessary shearlet elements across all scales

is about
2J
(CICQ)(222]+1) (Ci‘z)(z 3+2)

The redundancy of each shearlet frame can now be computed as the ratio of the
number of coefficients d, and this number. Letting J — oo proves the claim. O

As an example, choose a translation grid with parameters ¢; = 1 and ¢; = 0.4.
Then, the associated DSST has asymptotic redundancy 10/3.
3.1.5 Computational complexity

A further essential characteristics is the computational complexity (see also
Sect. 4.6), which we now formally compute for the digital shearlet transform.

Proposition 3 ([15]). The computational complexity of DSST is 0(21°g2( - )L-N ).
Proof. Analyzing Steps 1-5 from Sect. 3.1.2, we observe that the most time con-
suming step is the computation of the scaling coefficients in Steps 1—4 for the finest
scale j = J. This step requires 1D upsampling by a factor of 2//2 followed by 1D
convolution for each direction associated with the shear parameter k. Letting L de-
note the total number of directions at the finest scale j =J, and N the size of 2D input
data, the computational complexity for computing the scaling coefficients in Steps
1-4is O(2/ 2L-N ). The complexity of the discrete separable wavelet transform as-
sociated with A,; for Step 5 requires O(N) operations, wherefore it is negligible.
The claim follows from the fact that L =2(2-2//2+1). O

It should be noted that the total computational cost depends on the number L of
shear parameters at the finest scale j = J, and it grows approximately by a factor of
L? as L is increased. It should though be emphasized that L can be chosen so that
this shearlet transform is favorably comparable to other redundant directional trans-
forms with respect to running time as well as performance. A reasonable number of
directions at the finest scale is 6, in which case the factor 2'°¢2(1/2(L/2-1)) jn Propo-
sition 3 equals 1. Hence, in this case the running time of this shearlet transform is
only about 6 times slower than the discrete orthogonal wavelet transform, thereby
remains in the range of the running time of other directional transforms.
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3.1.6 Inverse DSST

Since this transform is not an isometry, the adjoint cannot be used as an inverse
transform. However, the “good” ratio of the frame bounds (see the chapters on
“Introduction to Shearlets” and “Shearlets and Optimally Sparse Approximations.”)
leads to fast convergence of iterative methods such as the conjugate gradient method,
which requires computing the forward DSST and its adjoint, see [20] and Sect. 2.4.2.

3.2 Digital Non-separable Shearlet Transform

In this section, we describe an alternative approach to derive a faithful digitization
of a discrete shearlet transform associated with compactly supported shearlets. This
algorithmic realization from [19] resolves the following drawbacks of the DSST:

e Since this transform is not based on a tight frame, an additional computational
effort is necessary to approximate the inverse of the shearlet transform by itera-
tive methods.

e Computing the interpolated sampling values in (46) requires additional compu-
tational costs.

e This shearlet transform is not shift-variant, even when downsampling associated
with A,; is omitted.

Although this alternative approach resolves these problems, DSST provides a much
more faithful digitization in the sense that the shearlet coefficients can be exactly
computed in this framework. The main difference between DSST and DNST will
be to exploit non-separable shearlet generators, which give more flexibility.

3.2.1 Shearlet generators

We start by introducing the non-separable shearlet generators utilized in DNST.
First, define the shearlet generator y"°" by

YNE) = P(81)2,28) ¥ (),

where v is a separable shearlet generator defined in (38) and the trigonometric poly-
nomial P is a 2D fan filter (c.f. [8]). For an illustration of P we refer to Fig. 6a. This
in turn defines shearlets y/;“;(“m generated by non-separable generator function y"°"
by setting

Vi) = 2y Sy — Mem),

where M,; is a sampling mgtrix givenby M., = diag(c{ , cé) and c{ and cé are sam-
pling constants for translation.

One major advantage of these shearlets y/;’?{“m is the fact that a fan filter en-
ables refinement of the directional selectivity in frequency domain at each scale.
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Figure 6a, b shows the refined essential support of l//“"“

W k,m arising from a separable generator as in Sect. 3. 1 1.

as compared to shearlets

b

Fig. 6 (a) Magnitude response of 2D fan filter. (b) Separable shearlet ;s ,,. (¢) Non-separable
shearlet l//“"“

3.2.2 Algorithmic realization

Next, our aim is to derive a digital formulation of the shearlet coefficients (f, Vi)
for a function f as given in (39). We will only discuss the case of shearlet coefficients
associated with A,; and Sy; the same procedure can be applied for A,; and S except
for switching the order of variables x; and x,.

In Sect. 3.1.3, we discretized a sheared function f(S,»,-) using the digital shear
operator S’Z{ i S defined in (46). In this implementation, we walk a different path.
We digitalize the shearlets y73" () = {7, (S,-j/2;) by combining multiresolution
analysis and digital shear operator S;’f i/2;, to digitize the wavelet 7", and the shear
operator S, j2,, respectively. This yields digitized shearlet filters of the form

W}{k(”) = Sg—j/Zk (ijj/Z * Wj) (n),

where w; is the 2D separable wavelet filter defined by w;(ni,n2) = gj—;(n1)-
hy_jj2(n2) and p;_j2(n) are the Fourier coefficients of the 2D fan filter given by

P(2/77&, 277 / 2+1£,). The DNST associated with the non-separable shearlet gen-
erators y;°" is then given by
DNST; ¢ (f1)(n) = (fr * W) (2" T eln1, 2772 chmy),  for f € ((Z7).

We remark that the discrete shearlet filters y< « are computed by using a similar
ideas as in Sect. 3.1.1. As before, those filter coefficients can be precomputed to
avoid additional computational effort. )

Further notice that by setting ¢] = 2/~ and ¢} = 2//>~/, the DNST simply be-
comes a 2D convolution. Thus, in this case, DNST is shift invariant.
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3.2.3 Inverse DNST

If ¢] = 2/7 and ¢} = 27/, the dual shearlet filters ¥, can be easily computed

by,
Q P,(8)
d _ Js
Vide) =5 e Ep

and we obtain the reconstruction formula

fr =Y (fr =W ) « 0,

Jk

This reconstruction is stable due to the existence of positive upper and lower bounds
of ¥« |\//d (& 2, which is implied by the frame property of non-separable shearlets

l//;“,’(“m, see [19] Thus no iterative methods are requ1red for the Inverse DNST. The

frequency response of a discrete shearlet filter l[/ « and its dual l[/ « is illustrated in
Fig. 7. We observe that primal and dual shearlet ﬁlters behave 51m11arly in the sense
that both the filters are very well localized in frequency.

a b

NN BN

S =

Fig. 7 Magnitude response of shearlet filter l[/;i « and its dual filter lf/;i k

4 Framework for Quantifying Performance

We next present the framework for quantifying performance of implementations of
directional transforms, which was originally introduced in [16, 10]. This set of test
measures was designed to analyze particular well-understood properties of a given
algorithm, which in this case are the desiderata proposed at the beginning of this
chapter. This framework was moreover introduced to serve as a tool for tuning the
parameters of an algorithm in a rational way and as an objective common ground
for comparison of different algorithms. The performance of the three algorithms
FDST, DSST, and DNST will then be tested with respect to those measures. This
will give us insight into their behavior with respect to the analyzed characteristics,
and also allow a comparison. However, the test values of these three algorithms will
also show the delicateness of designing such a testing framework in a fair manner,
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since due to the complexity of algorithmic realizations it is highly difficile to do
each aspect of an algorithm justice. It should though be emphasized that—apart
from being able to rationally tune parameters—such a framework of quantifying
performance is essential for an objective judgement of algorithms. The codes of all
measures are available in ShearLab.

In the following, S shall denote the transform under consideration, S* its adjoint,
and, if iterative reconstruction is tested, G4J shall stand for the solution of the matrix
problem Al = J using the conjugate gradient method with residual error set to be
107%. Some measures apply specifically to transforms utilizing the pseudo-polar
grid, for which purpose we introduce the notation P for the pseudo-polar Fourier
transform, w shall denote the weighting applied to the values on the pseudo-polar
grid, and W shall be the windowing with additional 2D iFFT.

4.1 Algebraic Exactness

We require the transform to be the precise implementation of a theory for digital data
on a pseudo-polar grid. In addition, to ensure numerical accuracy, we provide the
following measure, which is designed for transforms using the pseudo-polar grid.

Measure 1 Generate a sequence of five (of course, one can choose any rea-
sonable integer other than 5) random images I,...,Is on a pseudo-polar
grid for N = 512 and R = 8 with standard normally distributed entries. Our
quality measure will then be the Monte Carlo estimate for the operator norm
|W*W —1d||op given by

|W*WI; — I||
My = —
= 0T [l

This measure applies to the FDST—mnot to the DSST or DNST—, and we obtain
My, = 6.6E — 16.

This confirms that the windowing in the FDST is indeed up to machine precision a
Parseval frame, which was already theoretically confirmed by Theorem 2.

4.2 Isometry of Pseudo-Polar Transform

We next test the pseudo-polar Fourier transform itself which might be used in the
algorithm under consideration. For this, we will provide three different measures,
each being designed to test a different aspect.
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Measure 2

o Closeness to isometry. Generate a sequence of five random images
Ii,...,I5 of size 512 x 512 with standard uniformly distributed entries.
Our quality measure will then be the Monte Carlo estimate for the oper-
ator norm ||P*wP —1d||op given by

P*wPI; —I;
Misom1 = max || e l||2’
i=1,...5 ||Ii||2
e Quality of preconditioning. Our quality measure will be the spread of the
eigenvalues of the Gram operator P*wP given by
Amax (P*WP)
Amin (P*WP) .

e Invertibility. Our quality measure will be the Monte Carlo estimate for the
invertibility of the operator \/wP using conjugate gradient method G P

M, isomy —

(residual error is set to be 1070, here GoJ means solving matrix problem
Al = J using conjugate gradient method) given by

G WPI; — I,
Misom, = max G mevwPhi— H
i=1,.5 (1|2

This measure applies to the FDST—not to the DSST or DNST—, for which we
obtain the following numerical results, see Table 1.

Table 1 The numerical results for the test on
isometry of the pseudo-polar transform

Misom] Misomz Misom3

FDST 9.3E-4 1.834 3.3E-7

The slight isometry deficiency of Misom, ~ 9.9E-4 mainly results from the isom-
etry deficiency of the weighting. However, for practical purposes this transform can
be still considered to be an isometry allowing the utilization of the adjoint as inverse.

4.3 Parseval Frame Property

We now test the overall frame behavior of the system defined by the transform.
These measures now apply to more than pseudo-polar based transforms, in particu-
lar, to FDST, DSST, and DNST.
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Measure 3 Generate a sequence of five random images I, . . . ,Is of size 512 X
512 with standard uniformly distributed entries. Our quality measure will then
twofold:

e Adjoint transform. The measure will be the Monte Carlo estimate for the

operator norm ||S*S —Id||op given by

||S*SL; — Li||2
My = _—.
tight, lgll,aX,S ||Ii||2

e [Iterative reconstruction. Using conjugate gradient method G sp, our
measure will be given by

|G mpW*SI; — Lif|2
Mighi, =

Table 2 presents the performance of FDST and DNST with respect to these quan-
titative measures.

Table 2 The numerical results for the test on Par-
seval property

Miighy, Miignt,

FDST 9.9E-4 3.8E-7
DSST 1.9920 1.2E-7
DNST 0.1829 5.8E-16 (with dual filters)

The transform FDST is nearly tight as indicated by the measures Mgn, = 9.9E-4,
i.e., the chosen weights force the PPFT to be sufficiently close to an isometry for
most practical purposes. If a higher accurate reconstruction is required, Miigh,, =
3.8E-7 indicates that this can be achieved by the conjugate gradient method. As ex-
pected, Miigh;, = 1.9920 shows that DSST is not tight. Nevertheless, the conjugate
gradient method provides with Mgy, = 1.2E-7 a highly accurate approximation of
its inverse. DNST is much closer to being tight than DSST (see Mgy, = 0.1829).
This transform—as discussed—does not require the conjugate gradient method for
reconstruction. The value 5.8E-16 was derived by using the dual shearlet filters,
which show superior behavior.

4.4 Space-Frequency-Localization

The next measure is designed to test the degree to which the analyzing elements,
here phrased in terms of shearlets but can be extended to other analyzing elements,
are space-frequency localized.
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Measure 4 Let I be a shearlet in a 512 x 512 image centered at the origin
(257,257) with slope 0 of scale 4, i.e., (741})’0 + (741’%’0. Our quality measure
will be fourfold:

Decay in spatial domain. We compute the decay rates di,...,ds1 along
lines parallel to the y-axis starting from the line [257:512,1] and the de-
cay rates dsi, ..., dipp4 With x and y interchanged. By decay rate, for
instance, for the line [257:512,1], we first compute the smallest mono-
tone majorant M(x,1), x = 257, ...,512—note that we could also choose
an average amplitude here or a different “envelope”—for the curve
[I(x,1)|, x =257,...,512. Then the decay rate is defined to be the aver-
age slope of the line, which is a least square fit to the curve log(M(x, 1)),
x =257,...,512. Based on these decay rates, we choose our measure to
be the average of the decay rates

1

Maecay, = 7557 “
decay 1024 i:1;1024 l

Decay in frequency domain. Here we intend to check whether the Fourier
transform of I is compactly supported and also the decay. For this, let T
be the 2D-FFT of I and compute the decay rates d;, i = 1,...,1024 as
before. Then we define the following two measures:

— Compactly supportedness.

max|, y|<3 [[(u,v)]

M. = =
SPP max., [/ (u,v)]

— Decay rate.

Miccay, = ——— d;.
decay, 1024 1;12512 i

Smoothness in spatial domain. We will measure smoothness by the aver-
age of local Holder regularity. For each (ug,vo), we compute M (u,v) =
[1(u,v) —I(ug,vo)|, 0 < max{|u—ugl|,|v—vo|} < 4. Then the local Holder
regularity o, ., is the least square fit to the curve log(|M (u,v)|). Then our
smoothness measure is given by

1
Mimooth; = 5122 z O,y -
U,y

Smoothness in frequency domain. We compute the smoothness now for I,
the 2D-FFT of I to obtain the new o, and define our measure to be

1
Msmooth2 = ﬁ z Oy -
u,y
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Let us now analyze the space-frequency localization of the shearlets utilized in
FDST, DSST, and DNST by these measures; for the numerical results see Table 3.

The shearlet elements associated with FDST are band-limited and those asso-
ciated with DSST and DNST are compactly supported, which is clearly indicated

Table 3 The numerical results for the test on space-frequency localization

M decay, M, supp M, decay, M, smooth M, smoothy
FDST —1.920 5.5E-5 —3.257 1.319 0.734
DSST —oo 8.6E-3 —1.195 0.012 0.954
DNST —oo 2.0E-3 —0.716 0.188 0.949

by the values derived for Myecay,>» Msupp, and Mgecay,- It would be expected that
Mgecay, = —oo for FDST due to the band-limitedness of the associated shearlets.
The shearlet elements are however defined by their Fourier transform on a pseudo-
polar grid, whereas the measure Myecay, is taken after applying the 2D-FFT to the
shearlets resulting in data on a cartesian grid, in particular, yielding a non-precisely
compactly supported function.

The test values for Mmoo, and Mmoo, show that the associated shearlets are
more smooth in spatial domain for FDST than for DSST and DNST, with the re-
versed situation in frequency domain.

4.5 Shear Invariance

Shearing naturally occurs in digital imaging, and it can—in contrast to rotation—be
realized in the digital domain. Moreover, for the shearlet transform, shear invariance
can be proven and the theory implies

<23j/2w(S]:1A£ . —m),f(Ss-)> — <23j/2w(5;+12jsAi . _m),f>.

We therefore expect to see this or a to the specific directional transform adapted be-
havior. The degree to which this goal is reached is tested by the following measure.

Measure 5 Let I be an 256 x 256 image with an edge through the origin
(129,129) of slope 0. Given —1 < s < 1, generates an image I; := I(S;-) and
let S be the set of all possible scales j such that 2/s € 7. Our quality measure
will then be the curve

Cix(SL)—C:. - (SI
Msheanj: max ” J’k( S) ]7k+2]S( )||2

scale j € S;
i<k kt2is<2i 1112 ’ /=

where Cj ;. is the shearlet coefficients at scale j and shear k.
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We present our results in Table 4.

This table shows that the FDST is indeed almost shear invariant. A closer inspec-
tion shows that Mgpear,1 and Mgpear2 are relatively small compared to the measure-
ments with respect to finer scales Mgpear3 and Mgjeqr4. The reason for this is the

Table 4 The numerical results for the test on shear
invariance

Mshear, 1 Mshear,2 Mshearj MshearA

FDST  1.6E-5 1.8E-4 0.002 0.003

aliasing effect which shifts some energy to the high frequency part near the bound-
ary away from the edge in the frequency domain.

We did not test DSST and DNST with respect to this measure, since these trans-
forms show a different—not included in this Measure 5—type of shear invariance.

4.6 Speed

Speed is one of the most fundamental properties of each algorithm to analyze. Here,
we test the speed up to a size of N = 512 which is regarded as sufficient to deter-
mining the complexity.

Measure 6 Generate a sequence of five random images I;, i =5, . ..,9 of size
21 x 2! with standard normally distributed entries. Let s; be the speed of the
shearlet transform S applied to I,. Our hypothesis is that the speed behaves
like s; = c- (22))4; 2% being the size of the input. Let now dy be the average
slope of the line, which is a least square fit to the curve i — log(s;). Let also
fi be the 2D FFT applied to I;, i = 5,...,9. Our quality measure will then be
threefold:

e Complexity

dq
Mspeedl - —210g2-
e The Constant
M. - 1 i Si
speed, — 5 = (22i)Mspeed,1 0

e Comparison with 2D-FFT
1 si
Mspeed3 = :

=1
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Table 5 presents the results of testing FDST, DSST and DNST with respect to
these speed measures.

To interpret these results correctly, we remark that the DNST was tested only with
test images I; fori =7,...,9, since it cannot be implemented for small size images.

Table 5 The numerical results for the test on

speed

M, speed M, speed, M, speed;
FDST 1.156 9.3E-6 280.560
DSST 0.821 4.5E-3 88.700
DNST 1.081 9.9E-8 40.519

Interestingly, the results also show that the 2D FFT-based convolution makes DNST
comparable to DSST with respect to these speed measures, although it is much
more redundant than DSST. Finally, the results show that FDST is comparable with
both DSST and DNST with respect to complexity measure Mpeeq,. From this, it
is conceivable to assume that FDST is highly comparable with respect to speed
for large scale computations. The larger value Mspeea, = 280.560 appears due to
the fact that the FDST employs fractional Fourier transforms on an oversampled
pseudo-polar grid of size.

4.7 Geometric Exactness

One major advantage of directional transforms is their sensitivity with respect to ge-
ometric features alongside with their ability to sparsely approximate those (cf. chap-
ter on “Sparse Approximation”). This measure is designed to analyze this property.

Measure 7 Let I},...,I3 be 256 x 256 images of an edge through the origin
(129,129) and of slope [—1,—0.5,0,0.5,1] and the transpose of the middle
three, and let c; j be the associated shearlet coefficients for image I; and scale
J. Our quality measure will twofold:

e Decay of significant coefficients. Consider the curve

| —
'M“‘

Il
s

max |c; j(of analyzing elements aligned with the line)|, scale j,
L

let d be the average slope of the line, which is a least square fit to log of
this curve, and define
Mgeo, =d.
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e Decay of insignificant coefficients. Consider the curve

| —
'M‘”

max |c; j(of all other analyzing elements)|, scale j,

i=1

let d be the average slope of the line, which is a least square fit to log of
this curve, and define
Mgeo, = d.

Table 6 shows the numerical test results for FDST, DSST, and DNST.

Table 6 The numerical results for
the test on geometric exactness

Mgeol Mgeoz
FDST —1.358 —2.032
DSST —0.002 —0.030
DNST —0.019 —0.342

As expected, the decay rate of the insignificant shearlet coefficients of FDST,
i.e., the ones not aligned with the line singularity, measured by Mgeo, ~ —2.032 is
much larger than the decay rate of the significant shearlet coefficients measured by

Mgeo, = —1.358. Notice that this difference is even more significant in the case of
the DSST and DNST.

4.8 Stability

To analyze stability of an algorithm, we choose thresholding as the most common
impact on a sequence of transform coefficients.

Measure 8 Let I be the regular sampling of a Gaussian function with mean 0
and variance 256 on {—128,127}? generating an 256 x 256-image.

e Thresholding 1. Our first quality measure will be the curve

|G mpW* thres p, ST —1||>
Mthresl,pl = ||I||2 9

where thres; ,, discards 100- (1 —27P1) percent of the coefficients (p =
[2:2:10)).
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e Thresholding 2. Our second quality measure will be the curve

|G rpW™ thress p, ST —1I||>
1112 ’
where thres; ,, sets all those coefficients to zero with absolute values be-

low the threshold m(1 — 27P2) with m being the maximal absolute value
of all coefficients. (p, = [0.001 : 0.01 : 0.041])

MthresL o -

Table 7 shows that even if we discard 100(1 —271%) ~ 99.9% of the FDST co-
efficients, the original image is still well approximated by the reconstructed image.
Thus, the number of the significant coefficients is relatively small compared to the
total number of shearlet coefficients. From Table 8, we note that knowledge of the
shearlet coefficients with absolute value greater than m(1 — 1/2%01)(~ 0.1% of
coefficients) is sufficient for precise reconstruction.

DNST shows a similar behavior with worse values for relatively large p;. It
should be however emphasized that firstly, the redundancy of DNST used in this
test is 25 and this is lower than the redundancy of FDST, which is about 71. This
effect can be more strongly seen by the test results of DSST whose redundancy with
4 even much smaller. Secondly, a significant part of the low-frequency coefficients
in both DSST and DNST will be removed by a relatively large threshold, since the
ratio between the number of the low-frequency coefficients and the total number of
coefficients is much higher than FDST. This prohibits a similarly good reconstruc-
tion of a Gaussian function.

This test in particular shows the delicateness of comparing different algorithms
by merely looking at the test values without a rational interpretation; in this case,
without considering the redundancy and the ratio between the number of the low-
frequency coefficients and the total number of coefficients.

Table 7 The numerical results for Mthresl,,,l

M 2 4 6 8 10
FDST 1.5SE-08  7.2E-08 2.5E-05 0.001 0.007
DSST 0.02961  0.02961  0.02961  0.0296  0.0331
DNST S2E-10  12E-04 000391 00124  0.0396

DNST+DWT  1.2E-09 3.2E-06 3.4E-05 5.5E-05 5.5E-05

Table 8 The numerical results for Mlhresl’)2

)2 0.001 0.011 0.021 0.031 0.041
FDST 0.005 0.039 0.078 0.113 0.154
DSST 0.030 0.036 0.046 0.056 0.072
DNST 0.002 0.018 0.035 0.055 0.076

DNST+DWT 0.001 0.013 0.020 0.024 0.031
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