
Boundary Orthogonal Wavelets for Sparse
Functional Data Analysis

Quanhan Li1, Ming Li2,3, Xiaosheng Zhuang1
1Department of Mathematics, City University of Hong Kong, Hong Kong, China
2Zhejiang Key Laboratory of Intelligent Education Technology and Application,

Zhejiang Normal University, Jinhua, China
3 Zhejiang Institute of Optoelectronics, Jinhua, China

quanhanli2-c@my.cityu.edu.hk, mingli@zjnu.edu.cn, xzhuang7@cityu.edu.hk

Abstract—This paper presents the construction of boundary
orthogonal wavelet (BoW) systems derived from the Daubechies-
N family of orthogonal wavelets. The proposed BoW construction
yields a minimal number of boundary wavelets while retaining
as many interior scaling functions as possible. Such boundary
wavelet systems offer an effective remedy for the limitations
of conventional wavelet methods, which are constrained by
boundary effects. We apply the constructed BoW system to the
analysis of sparse functional data and demonstrate its advantages
over traditional techniques when the underlying functions exhibit
local abrupt changes, such as jump discontinuities.

Index Terms—Wavelets on the interval, Boundary orthogonal
wavelets, Sparse functional data analysis, Soft thresholding

I. INTRODUCTION

Functional data analysis (FDA) is a fundamental branch of
statistics concerned with the processing and interpretation of
intrinsically infinite-dimensional functional data. In contrast
to conventional multivariate techniques that treat discrete ob-
servations as independent units, FDA regards each function
or curve as a single observational entity, thereby capturing
the continuity and dynamic structure inherent in the data.
A central problem in FDA is estimating the mean and co-
variance functions [1], which are essential for characterizing
overall trends, quantifying variability, and constructing pre-
dictive models. Accurate estimation of these quantities not
only reduces dimensionality but also provides a principled
foundation for downstream tasks such as regression.

A variety of conventional methods exist for functional data,
including functional principal component analysis (FPCA)
[2], local linear smoothers [3], and smoothing splines [4].
Compared with these general approaches, the wavelet method
offers distinct advantages when the data exhibit localized fea-
tures or abrupt changes [5]. Most notably, the multi-resolution
property of wavelets enables a decomposition of the signal
into components at different scales, thereby capturing global
trends and fine local details simultaneously.

Despite these merits, traditional wavelet methods encounter
serious difficulties when applied to functions defined on a
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bounded interval. A major challenge is boundary treatment:
widely used techniques such as symmetric or periodic ex-
tensions often introduce artifacts or systematic biases near
the boundaries, compromising estimation accuracy. Moreover,
classical wavelet bases tend to become unstable at the interval
endpoints, which severely limits their ability to represent local
features precisely. These boundary effects are particularly
problematic in the FDA and often limit the practical utility
of wavelet-based approaches.

To overcome these limitations, the concept of boundary
wavelets has been developed. Such kind of wavelets are
intrinsically defined on a finite interval, thus circumventing
the boundary biases induced by extension methods [6]. In
this paper, we go further by providing a construction method
for boundary orthogonal wavelets from the Daubechies-N
family and integrating them into the estimation of mean and
covariance functions for sparse functional data. The objective
is to fully retain the multiscale advantages of wavelet analy-
sis—such as sparse representation and local adaptivity—while
mitigating boundary effects. This framework is expected to
address the boundary issues that have hindered conventional
wavelet-based FDA.

The remainder of this paper is organized as follows. In
Section II, we present the construction of a boundary orthog-
onal wavelet basis for L2([0, 1]) adapted from an orthogonal
wavelet basis for L2(R) with illustrated examples from the
Daubechies-2 and Daubechies-4 wavelets. In Section III, we
apply our constructed boundary orthogonal wavelet (BoW)
system to the analysis of sparse functional data, including
numerical simulations on synthetic data and numerical com-
parisons on real-world CD4 data. Conclusion and further
remarks are given in Section IV.

II. BOUNDARY ORTHOGONAL WAVELET SYSTEMS

A. Construction

Our goal is to construct an orthogonal wavelet system on
[0, 1] from the Daubechies-N orthogonal wavelet family [7]
supported on [−N + 1, N ]. For sufficiently large scales, the
boundary function on one side will not interfere with the
one on the other. Therefore, we can focus on constructing an
orthogonal basis W[0,∞) of the half space L2([0,∞)). Similar
approach can be done for the orthogonal basis W(−∞,1] of the



half space L2((−∞, 1]) and then the final orthogonal basis
W[0,1] is given by W[0,∞) ∩W(−∞,1].

This idea was first proposed by Meyer [8]. We provide
a sketch for the construction of the left scaling function
(vector) ϕL = [ϕL,1, . . . , ϕL,2N−2]⊤ given the Daubechies
orthogonal scaling function ϕ supported on [−N + 1, N ].
The right boundary scaling function (vector) ϕR can be
obtained similarly. Note that the support of ϕ(· − k) will
“cross” 0 when −N + 1 ≤ k ≤ N − 2. We can obtain
ϕL simply by applying Gram-Schmidt orthogonalization to
{ϕ(· − k)χ[0,∞) : −N + 1 ≤ k ≤ N − 2}. This approach
preserves the polynomial reproduction of ϕ using 2N − 2 left
boundary functions.

Cohen et al. [9] and later Han and Michelle [10] show that
one only needs N boundary scaling functions on one side
to preserve the polynomial reproduction property of ϕ. Our
construction is based on the boundary scaling function ϕp with
polynomial reproduction given by Han and Michelle [10]. Let
us be more specific about the procedure.

Suppose an orthogonal wavelet basis Wj0({ϕ, ψ}), e.g., the
Daubechies orthogonal wavelet basis, for L2(R) is already
given by

Wj0({ϕ, ψ}) := {ϕj0;k; k ∈ Z} ∪ {ψj;k : k ∈ Z}∞j=j0 , (1)

where for a function f , fj;k := 2j/2f(2j · −k). This system
is associated with an orthogonal wavelet filter bank {a, b} by
the following refinement equation (two-scale relation):

ϕ = 2
∑
k

a(k)ϕ(2 · −k), ψ = 2
∑
k

b(k)ϕ(2 · −k). (2)

We say that a has order r sum rules, i.e., sr(a) = r if∑
k∈Z

a(k)(−1)kkm = 0, m = 0, . . . , r − 1. (3)

Furthermore, there exists a matching filter v ∈ ℓ0(Z) of a with
sr(a) = r such that for all p ∈ Pr−1(R) of polynomials of
degree up to r − 1, we have

p =
∑
k∈Z

pv(k)ϕ(· − k) with pv := p ∗ v. (4)

Then we can construct a boundary orthogonal wavelet
system Wb

j0
({Φ,Ψ}) for L2([0, 1]) with Φ = {ϕL, ϕ, ϕR} and

Ψ = {ψL, ψ, ψR} by the following steps.
S1) Construction of ϕp with polynomial reproduction on

the left boundary. Since the linearity of the polynomial
space, it is sufficient to consider the monomial vector
p = [x0, . . . , xr−1]⊤. With (4), we can define

ϕp := p(x)−
∞∑

k=nϕ

pv(k)ϕ(x− k), x ∈ [0,∞), (5)

where nϕ ≥ max{−lϕ,−la} and [lf , hf ] = supp(f)
denotes the support of a function (or filter) f . Then
{ϕp} ∪ {ϕ(· − k) : k ≥ nϕ} can reproduce polynomial
pχ[0,∞) for p ∈ Pr−1. Let Ap := diag(2−1, . . . , 2−r),

then we have p(x) = 2App(2x), together with (5), we
can deduce that

ϕp = 2Apϕ
p(2·) + 2

∞∑
k=nϕ

ap(k)ϕ(2 · −k), (6)

where ap(k) := Appv(k)−
∑∞
m=nϕ

pv(m)a(k− 2m). In
fact, ap(k) = 0 for all k ≥ ha + 2nϕ.

S2) Construction of left boundary scaling function (vec-
tor) ϕL with orthogonality from ϕp. It is easy to check
that V (k) := ⟨ϕp, ϕ(· − k)⟩ = 0 for k ≥ Nϕ := hϕp − lϕ.
Then we can define ϕ̆p := ϕp −

∑Nϕ−1
k=nϕ

V (k)ϕ(· − k)

so that ⟨ϕ̆p, ϕ(· − k)⟩ = 0 for all k ≥ nϕ. We can
obtain ϕL by (Gram-Schmidt) orthogonalizing ϕ̆p, that is,
ϕL = Gϕ̆p for some matrix G. Furthermore, G is a lower
triangular matrix and is necessarily invertible. Then, we
can deduce that

ϕp = G−1ϕL +

Nϕ−1∑
k=nϕ

V (k)ϕ(· − k). (7)

Let ϕC := [ϕ(· − nϕ), . . . , ϕ(· − Nϕ + 1)]⊤ and ϕF :=
[ϕ(2·−nϕ), . . . , ϕ(2·−ha−2Nϕ+2)]⊤, then based on (2),
there exists a matrix H such that ϕC = HϕF . Therefore,
denoting Q := [V (nϕ), . . . , V (Nϕ − 1)], we have

ϕL = 2ALϕ
L(2·) + 2

∞∑
k=nϕ

aL(k)ϕ(2 · −k), (8)

where AL = GApG
−1 and aL = GApQ+Gap−GQH .

S3) Construction of left boundary wavelet function (vec-
tor) ψL with vanishing moments. We say that a function
ζ ∈ L2([0, 1]

d) has r-th order vanishing moments if∫
[0,1]d

ζ(x)p(x)dx = 0 for all p(x) ∈ Pr−1([0, 1]
d).

Denoting mϕ := max(2nϕ + ha, 2nψ + hb) with nψ :=

max(−lψ, nϕ−lb
2 , hϕL), one can show that {ϕ(2 · −k) :

k ≥ mϕ} can be represented by {ϕ(· − k) : k ≥
nϕ} ∪ {ψ(· − k) : k ≥ nψ}. Then, there exists ψb ⊆
span({ϕL(2·)} ∪ {ϕ(2 · −k) : nϕ ≤ k < mϕ}) such that
ψb and {ϕL}∪{ϕ(·−k) : k ≥ nϕ} are orthogonal, which
implies ψb has r vanishing moments. We can obtain ψL

from ψb by following a similar orthogonalization process
to that of ϕp. Therefore, we have

ψL = 2BLϕ
L(2·) + 2

∞∑
k=nϕ

bL(k)ϕ(2 · −k). (9)

S4) Construction of right boundary scaling function (vec-
tor) ϕR and right boundary wavelet function (vector)
ψR. Denote ϕ̊ := ϕ(−·) and ψ̊ := ψ(−·), we can repeat
the process of constructing the left boundary to obtain
ϕ̊L and ψ̊L with

ϕ̊L = 2ARϕ̊
L(2·) + 2

∞∑
k=nϕ̊

aR(k)ϕ̊(2 · −k) (10)



and

ψ̊L = 2BRϕ̊
L(2·) + 2

∞∑
k=nϕ̊

bR(k)ϕ̊(2 · −k). (11)

Then, the right boundary scaling function ϕR and right
boundary wavelet function ψR can be obtained by ϕR =
ϕ̊L(1− ·) and ψR = ψ̊L(1− ·).

S5) Final system. Define

Φj := {ϕLj;0} ∪ {ϕj;k : nϕ ≤ k ≤ 2j − nϕ̊} ∪ {ϕRj;2j−1}

and

Ψj := {ψLj;0} ∪ {ψj;k : nψ ≤ k ≤ 2j −nψ̊} ∪ {ψRj;2j−1}.

Then Wb
j0
({Φ,Ψ}) := {Φj0} ∪ {Ψj}j≥j0 is a boundary

orthogonal wavelet basis of L2([0, 1]) for some j0.

B. Examples

In this section, we provide two examples to illustrate the
general construction methods for boundary orthogonal wavelet
systems on [0, 1] from the Daubechies-N family of orthogonal
wavelets.

Example 1: (Daub2). Consider the Daubechies-2 com-
pactly supported orthogonal wavelet system Wj0({ϕ, ψ}) with∫
R ϕ(x)dx = 1 and an orthogonal wavelet filter bank {a, b}

given by

a = {1 +
√
3

8
,
3 +

√
3

8
,
3−

√
3

8
,
1−

√
3

8
}[−1,2],

b = {1−
√
3

8
,
−3 +

√
3

8
,
3 +

√
3

8
,
−1−

√
3

8
}[−1,2].

Then sr(a) = 2. Following the above procedure of the con-
struction and denoting s1 = (4−

√
3)−

1
2 and s2 = (4+

√
3)−

1
2 ,

the left boundary elements ϕL, ψL can be represented as

ϕL =

[
1 0

2−
√
3

6
1
2

]
ϕL(2·)

+ s1

[
3−

√
3

2√
3−3
3

]
ϕ(2 · −1) + s1

[
1−

√
3

2√
3−1
3

]
ϕ(2 · −2),

ψL = s1

[√
6−9

√
2

13
19

√
2−5

13

]
ϕL(2·)

+
12
√
2 + 3

√
6

26
ϕ(2 · −1)− 4

√
6 + 3

√
2

26
ϕ(2 · −2).

With ϕR = ϕ̊L(1−·) and ψR = ψ̊L(1−·), the right boundary
elements can be determined by

ϕ̊L =

[
1 0

− 2+
√
3

6
1
2

]
ϕ̊L(2·)

+ s2

[
3+

√
3

2
3+

√
3

3

]
ϕ̊(2 · −2) + s2

[
1+

√
3

2
1+

√
3

3

]
ϕ̊(2 · −3),

ψ̊L = −s2
[
9
√
2+

√
6

13
19

√
2+5

√
6

13

]
ϕ̊L(2·)

+
12
√
2− 3

√
6

26
ϕ̊(2 · −2) +

4
√
6− 3

√
2

26
ϕ̊(2 · −3).

Note that #ϕL = #ϕR = 2 and #ψL = #ψR = 1. Define
the generators at scale j by

Φj = {ϕLj;0} ∪ {ϕj;k : 1 ≤ k ≤ 2j − 2} ∪ {ϕRj;2j−1},
Ψj = {ψLj;0} ∪ {ψj;k : 1 ≤ k ≤ 2j − 2} ∪ {ψRj;2j−1}.

Then Wb
j0
({Φ,Ψ}) for any j0 ≥ 2 is a boundary orthogonal

wavelet basis of L2([0, 1]). See Fig. 1 for Φ = {ϕL, ϕ, ϕR}
and Ψ = {ψL, ψ, ψR}.

Example 2: (Daub4). Consider the Daubechies-4 com-
pactly supported orthogonal wavelet system Wj0({ϕ, ψ}) with∫
R ϕ(x)dx = 1 and an orthogonal wavelet filter bank {a, b}

given by

a ={−7.4935E-3, 2.3252E-2, 2.1808E-2,−1.3225E-1,
− 1.9788E-2, 4.4610E-1, 5.0547E-1, 1.6290E-1}[−3,4],

b ={−1.6290E-1, 5.0547E-1,−4.4610E-1,−1.9788E-2,
1.3225E-1, 2.1808E-2,−2.3252E-2,−7.4935E-3}[−3,4].

Then sr(a) = 4. Following the procedure of the construction,
the left boundary scaling function ϕL can be represented as

ϕL = 2ALϕ
L(2·) + 2aL · [ϕ(2 · −3), . . . , ϕ(2 · −8)]⊤,

where

AL =


1
2

0 0 0

−4.3573E-1 1
4

0 0

−1.1014E-2 −4.9698E-1 1
8

0

1.7173E-1 2.7575E-1 −3.9423E-1 1
16


and

a⊤L =


2.1650E-1 4.1573E-2 −2.2627E-1 −9.0871E-2
2.0339E-1 8.2263E-2 −2.2403E-1 −3.2684E-1
2.0720E-1 1.6004E-1 −9.5777E-2 −2.8492E-1
2.5981E-1 3.2848E-1 2.1246E-1 6.6386E-2
2.1564E-1 3.0934E-1 2.7183E-1 1.7674E-1
6.9496E-2 9.9691E-2 8.7604E-2 5.6959E-2

 .

The left boundary wavelet function ψL can be represented as

ψL = 2BLϕ
L(2·) + 2bL · [ϕ(2 · −3), . . . , ϕ(2 · −8)]⊤,

where

BL =

−8.1882E-2 −2.4005E-1 −5.1613E-1 1.9965E-1
−6.0622E-2 −1.2290E-1 −2.3373E-1 −6.3455E-1
−1.4192E-1 −2.0432E-1 −8.9108E-2 2.3148E-1


and

b⊤L =


−1.5097E-1 1.4994E-1 5.6575E-1
1.9351E-1 1.6688E-2 −3.2908E-2
2.4877E-1 −3.3020E-2 −2.2815E-1
7.6895E-3 −2.9158E-3 −3.2549E-2

−8.0973E-2 8.6307E-3 4.5777E-2
−2.6096E-2 2.7815E-3 1.4753E-2

 .

Since ϕR = ϕ̊L(1 − ·), the right boundary scaling function
ϕR can be represented with

ϕ̊L = 2ARϕ̊
L(2·) + 2aR · [ϕ̊(2 · −4), . . . , ϕ̊(2 · −9)]⊤,

where

AR =


1
2

0 0 0

−4.5537E-1 1
4

0 0

1.0966E-1 1.6376E-1 1
8

0

1.6479E-1 5.9924E-1 8.5089E-2 1
16


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Fig. 1: The generators of the boundary orthogonal wavelet basis of L2([0, 1]) from Daubechies-2 wavelet family. (e) and (f):
scaling function ϕ and wavelet function ψ; (a)-(b) and (c)-(d): left boundary scaling function ϕL = [ϕL,1, ϕL,2]⊤ and right
boundary scaling function ϕR = [ϕR,1, ϕR,2]⊤; (g) and (h): left boundary wavelet function ψL and right boundary wavelet
function ψR.

and

a⊤R =


4.7418E-1 4.5413E-1 3.8535E-2 −1.9999E-1

−7.6984E-3 −8.9076E-2 −4.4292E-1 1.2189E-1
−1.5333E-1 −7.9489E-2 4.7717E-1 −9.7924E-2
2.0136E-2 7.7258E-2 −1.4129E-1 1.4403E-1
3.2707E-2 −5.7689E-2 −1.3954E-2 −1.2564E-1

−1.0541E-2 1.8592E-2 4.4970E-3 4.0492E-2

 .

Similarly with ψR = ψ̊L(1 − ·), the right boundary wavelet
function ψR can be represented with

ψ̊L = 2BRϕ̊
L(2·) + 2bR · [ϕ̊(2 · −4), . . . , ϕ̊(2 · −9)]⊤,

where

BR =

 2.1163E-3 −1.0752E-1 4.2393E-1 −4.7840E-1
−3.7985E-2 1.7772E-1 1.2856E-1 −2.7313E-1
4.4798E-2 9.1936E-2 −5.2999E-1 −4.3889E-1


and

b⊤R =


−7.1726E-3 9.3601E-3 −2.6487E-2
−1.2556E-2 1.4566E-1 −5.9604E-2
−3.6357E-2 −4.8624E-2 5.5945E-2
1.8819E-1 −3.7571E-1 4.9191E-2

−1.9714E-1 4.3722E-1 −7.5094E-2
6.3533E-2 −1.4091E-1 2.4201E-2

 .

Note that #ϕL = #ϕR = 4 and #ψL = #ψR = 3. Define
the generators at scale j by

Φj = {ϕLj;0} ∪ {ϕj;k : 3 ≤ k ≤ 2j − 4} ∪ {ϕRj;2j−1},
Ψj = {ψLj;0} ∪ {ψj;k : 3 ≤ k ≤ 2j − 4} ∪ {ψRj;2j−1}.

Then Wb
j0
({Φ,Ψ}) for any j0 ≥ 3 is a boundary orthogonal

wavelet basis of L2([0, 1]). See Fig. 2 for Φ = {ϕL, ϕ, ϕR}
and Ψ = {ψL, ψ, ψR}.

III. NUMERICAL STUDIES

In this section, we apply our constructed boundary orthogo-
nal wavelet (BoW) system to the analysis of sparse functional
data. We first briefly discuss the functional data analysis for
the mean estimator µ̂n and the covariance estimator γ̂n from

our BoW system. Then, we run the numerical simulation and
comparisons on synthetic data. Finally, numerical comparisons
are done on the real-world CD4 data.

A. Stochastic model

Let {X(t), t ∈ [0, 1]} be an L2 stochastic process defined
on a fixed interval [0, 1]. The mean and covariance functions
of X(t) are defined as

µ(t) = E[X(t)] and γ(t, t′) = Cov(X(t), X(t′)),

respectively. Decompose X(t) into

X(t) = µ(t) + U(t), (12)

where U(t) is the stochastic part of X(t) with E[U(t)] = 0.
We can infer that

γ(t, t′) = Cov(X(t), X(t′)) = Cov(U(t), U(t′)).

Let Xi, i ∈ {1, . . . , n} be i.i.d. copies of X(t), which are
not observable in practice. We observe the i-th object Xi with
random errors at Ni random points Ti,m,m ∈ {1, . . . , Ni},
where Ni’s are i.i.d. copies of random variable N . Thus, we
model the sparse functional data as

Yi,m = µ(Ti,m) + Ui(Ti,m) + ϵi,m, (13)

where ϵi,m are i.i.d. copies of error ϵ with E(ϵ) = 0 and
Var(ϵ) = σ2. Here, ’sparse’ means that Ni is bounded for all
i.

Since our BoW system constitutes an orthogonal basis of
L2([0, 1]), we can represent any µ ∈ L2([0, 1]) as

µ =
∑
η∈Φj0

⟨µ, η⟩η +
∑
j≥j0

∑
ζ∈Ψj

⟨µ, ζ⟩ζ. (14)

Furthermore, the bivariate boundary orthogonal wavelet basis
Wb
j0
({Φ,Ψ}) = Φj0 ∪ {Ψj}j≥j0 for L2([0, 1]

2) can be
constructed by using the tensor product technique, that is,
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Fig. 2: The generators of the boundary orthogonal wavelet basis of L2([0, 1]) from Daubechies-4 wavelet family. (i) and (m):
scaling function ϕ and wavelet function ψ; (a)-(d) and (e)-(h): left boundary scaling function ϕL = [ϕL,1, . . . , ϕL,4]⊤ and right
boundary scaling function ϕR = [ϕR,1, . . . , ϕR,4]⊤; (j)-(l) and (n)-(p): left boundary wavelet function ψL = [ψL,1, . . . , ψL,4]⊤

and right boundary wavelet function ψR = [ψR,1, . . . , ψR,3]⊤.

Φj := Φj ⊗ Φj and Ψj = {Φj ⊗ Ψj ,Ψj ⊗ Φj ,Ψj ⊗ Ψj}.
Then for any γ ∈ L2([0, 1]

2), we have

γ =
∑

η∈Φj0

⟨γ,η⟩η +
∑
j≥j0

∑
ζ∈Ψj

⟨γ, ζ⟩ζ. (15)

With given sample data {(Ti,m, Yi,m) : m = 1, . . . , Ni, i =
1, . . . , n}, we can provide an empirical version of µ as

µ̌n =
∑
η∈Φj0

α̌ηj0η +

⌊log2 n⌋∑
j=j0

∑
ζ∈Ψj

β̌ζj ζ, (16)

where

α̌ηj0 =
1

n

n∑
i=1

1

Ni

Ni∑
m=1

Yi,mη(Ti,m), (17)

β̌ζj =
1

n

n∑
i=1

1

Ni

Ni∑
m=1

Yi,mζ(Ti,m). (18)

Note that α̌ηj0 , β̌
ζ
j are from the noisy observations. To reduce

the noise effect, we perform soft thresholding on the wavelet

detail coefficients β̌ζj . The threshold is set to cj/
√
n, where

the 1/
√
n rate follows from the standard noise level in the

wavelet domain and cj are scale-dependent constants chosen
according to a conventional thresholding rule. Denoting β̂ζj as
the thresholded results of β̌ζj , the mean estimator µ̂n can be
expressed as

µ̂n =
∑
η∈Φj0

α̌ηj0η +

⌊log2 n⌋∑
j=j0

∑
ζ∈Ψj

β̂ζj ζ. (19)

The coefficients α̌η
j0
, β̌ζ

j in the bivariate case can be estimated
by replacing Yi,m with the “row covariance”

Ci,m1,m2 = [Yi,m1 − µ̂n(Ti,m1)][Yi,m2 − µ̂n(Ti,m2)]. (20)

After applying the soft thresholding to β̌ζ
j , the covariance

estimator of the covariance function γ can be expressed as

γ̂n =
∑

η∈Φj0

α̌η
j0
η +

⌊ 1
2 log2 n⌋∑
j=j0

∑
ζ∈Ψj

β̂ζ
j ζ. (21)
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Fig. 3: (a) the ground truth mean function µ; (b) Visualization
comparison of different approaches with the average curve
E(µ̂n) ≈ 1

P

∑P
p=1 µ̂

[p]
n for n = 28 = 256, σ = 0.1 and

P = 500; (c) Zoom in on [0.6, 0.8]. Our method, BoWS
(purple line) outperforms LLS near the discontinuity point at
0.7.

B. Synthesis data

To test the performance of the boundary orthogonal wavelet
(BoW) system, we consider a true mean function

µ(t) =
(
t3 − sin(2πt)

)
I(t ≤ 0.7) + (t− 3)I(t > 0.7),

where I(·) is an indicator function and a true covariance
function γ given by

γ(t, t′) = sin(2πt) sin(2πt′) +
1

4
cos(2πt) cos(2πt′),

where t, t′ ∈ [0, 1]. We compare our boundary orthogonal
wavelet method with soft thresholding (denoted as BoWS)
against the local linear smoother (LLS) [3]. The system used
in the simulation is shown in Example 2. In consistency
with Zhang and Wang [3], we use the subscripts “obs” and
“subj” to denote the OBS and SUBJ weighting schemes, where
the OBS scheme refers to the equal weight per observation
wi = 1/

∑n
i=1Ni while the SUBJ scheme refers to the equal

weight per subject wi = 1/(nNi).
The simulation results of the two methods for the mean

function µ are shown in Fig. 3. We can observe that the
function µ is smooth overall, except for the jump discontinuity
at 0.7. The LLS method fits the smooth parts of the function
well, but struggles significantly with the Gibbs phenomenon at
the jump discontinuity. In contrast, our method demonstrates
its advantages in this situation, as shown in Fig. 3(c).

We have presented the simulation results for the covariance
function γ in Fig. 4. One can see that the LLS methods yield
a larger overall error than our BoWs method.

C. Real data

We apply our method to a CD4 percentage data set from
the Multicenter AIDS Cohort Study [11]. This dataset shows
the change in the percentage of CD4 counts among 283
homosexual men who developed HIV between 1984 and 1991.
The number of time points per observation ranged from 1 to
14, resulting in 1,817 records. The raw CD4 data is shown in
Fig. 5 (c). Using our method and LLS, we present the overall
trend in CD4 percentage changes, as shown in Fig. 5 (d).
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Fig. 4: Visualization comparison of different approaches with
the 2D average function E(γ̂n) ≈ 1

P

∑P
p=1 γ̂

[p]
n from the

corresponding µ̂
[p]
n with P = 500. (a) the ground truth

covariance function γ; (e) 0 map; (b) and (f): BoWSsubj result
and the corresponding error map between the result and γ;
(c) and (g): LLSobs result and the corresponding error map
between the result and γ; (d) and (h): LLSsubj result and the
corresponding error map between the result and γ.

From these summaries, the average observed values appear
markedly higher near the left boundary, indicating a concentra-
tion of the observed signal in that region. Compared to the LLS
method, which exhibits only a gradual decrease, the proposed
method shows a more localized increase near the left boundary,
consistent with the observed data pattern. However, since the
true mean function is unknown and the sampling distribution
may be uneven across time, this visual comparison should be
interpreted with caution. The estimated covariance function
is shown in Fig. 6, where the covariance between X(t) and
X(t′) decreases as the time gap |t− t′| increases.

IV. CONCLUSION

In this paper, we present an explicit construction of bound-
ary orthogonal wavelets based on the Daubechies family,
following the polynomial reproduction framework of Han and
Michelle [10], [12]. Compared to the construction methods
of Meyer [8] and Cohen [13], our construction yields ex-
actly N boundary scaling functions—the minimum needed
to reproduce polynomials of order N—while preserving all
interior scaling functions whose supports are fully contained
in the interval. This minimal boundary system is particularly
well-suited to sparse functional data analysis, where parsimo-
nious boundary adaptation can improve the stability of mean
and covariance estimation. Compared to traditional statistical
methods, wavelets can better capture local features such as
abrupt changes, as confirmed in our simulation results.

Several directions can be pursued for future work.
1) The present framework is built upon a boundary or-

thogonal wavelet system. While orthogonality guarantees
energy conservation, the associated filters generally lack
linear phase. To address this, we can consider extending
the framework to boundary biorthogonal wavelet systems,
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Fig. 5: (a) “Energy” distribution of CD4 dataset at different time points with OBS scheme; (b) “Energy” distribution of CD4
dataset at different time points with SUBJ scheme; (c) CD4 percentage data from 283 homosexual men; (d) Visualization
comparison of our method (BoWS) and local linear smoother (LLS)
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Fig. 6: Visualization comparison of different approaches for
the covariance between X(t) and X(t′) of CD4 data. (a)
our method with SUBJ scheme (BowSsubj); (b) local lin-
ear smoother with OBS scheme (LLSobs); (c) local linear
smoother with SUBJ scheme (LLSsubj).

which can simultaneously achieve symmetry and compact
support, thereby permitting more natural signal exten-
sions near the boundaries and reduced phase distortion.

2) Regarding thresholding, only soft thresholding has been
adopted in this study. Although soft thresholding pre-
serves the continuity of the shrinkage estimate, it tends
to introduce bias. We will investigate alternative thresh-
olding strategies, including hard thresholding and data-
driven adaptive approaches, to identify more effective
thresholding schemes under specific fidelity criteria.

3) For the two-dimensional case, bivariate boundary wavelet
bases were constructed simply by the tensor product. This
is simple but treats directions separately, limiting the abil-
ity to capture anisotropic features or complex geometric
structures. Future work will explore non-tensor-product
constructions of bivariate boundary wavelet bases, for
instance, those based on lifting schemes, subdivision
algorithms, or directional frameworks [14]–[17]. Such
constructions are expected to yield greater sparsity and
flexibility in representing complex boundary regions and
multidirectional singularities, thereby enhancing the per-
formance of wavelet methods in applications such as
functional data analysis and the numerical solution of
partial differential equations.
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