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ARTICLE INFO ABSTRACT

Communicated by Radu Balan In this paper, we prove the existence of a spherical t-design formed by adding extra points to

an arbitrarily given point set on the sphere and, subsequently, deduce the existence of nested

Spherical r-design spherical designs. Estimates on the number of required points are also given. For the case that

Nested structure the given point set is a spherical #,-design such that ¢, <t and the number of points is of optimal

Optimal order order tf , we show that the upper bound of the total number of extra points and given points for
forming nested spherical 7-design is of order *¢*!. A brief discussion concerning the optimal order
in nested spherical designs is also given.

Keywords:

1. Introduction and motivation

In function approximation on the d-dimensional unit sphere S¢, approaches such as hyperinterpolation [25], multiscale analysis
[14], localized systems [19,24], and spherical framelets [29,30] all rely on exact quadrature rules for spherical harmonics. Gener-
ally, the approximation error decreases as the degree of spherical harmonics applied increases. On the other hand, quadrature rules
of spherical harmonics with higher degrees typically require more points. Consequently, the number of points in quadrature rules
becomes the main factor of computational and storage efficiency for fine approximation. Apart from the number of points of quadra-
ture rules, another factor that incurs storage burden is the non-nested structures of quadrature rules. For framelet systems such as
those in [29,30], it is required to form approximation successively using spherical harmonics from lower to higher degrees. For each
degree, the framelet systems utilize quadrature rules that are exact for that degree (including lower degrees) but not higher ones
since they do not need excessive points for exact integration. However, unlike data on Euclidean domains such as signals, images,
and videos that are defined on the regular grids with easy down- and up-sampling operations (dyadic operations), in most commonly
used quadrature rules on the sphere such as the Gauss-Legendre tensor product rule [15], the point sets for spherical harmonics of
lower degree are not contained in the point sets of higher degree, that is, the point sets of different degrees are not nested. Thus, in
each phase of computation, with respect to a certain degree, one has to apply a different quadrature rule, which results in separate
(extra) storage in spherical signal processing.

Among all quadrature rules on the sphere, one of the most well-known ones is the so-called spherical designs [3], thanks to its deep
theoretical connections and wide practical impacts in many fields such as approximation theory, statistics for experimental design,
combinatorics, geometry, coding theory, and so on. The concept of spherical design was first introduced by Delsarte, Goethals, and
Seidel [11] in 1977. In detail, a set Xy :={x|,...,xy} ! of N-points on $¢ := {x € R*! | |x| = 1} is a spherical t-design if
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follows.
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N
/ Py () = - 3 P(x)
i=1

sd

for all polynomials P with d + 1 variables and ¢ degree, where y, is the normalized Lebesgue measure of S¢ such that u,(S?) =1
and | - | is the Euclidean norm of R¢*!. One of the fundamental research topics on spherical ¢-design is to find the theoretical upper
bounds for the minimal number of points N = N(d,?) for a spherical ¢-design. A lower bound of N = N(d,t) is provided in [11]

stating that
<d+k> 4 <d+k—1> if1= 2k,
d d

2(‘121‘) ifr=2k+1.

N(d,0) >

This implies that N(d,t) > c,t¢, where c, is a constant depending only on d. The upper bound of N(d,?) is subsequently proved in
[271, [2], and [17] that N(d,?) < Cdth4, N@d,n < CdthS, and N(d,?) < Cdt(d2+d)/2, respectively, for some constant C; depending
on d and some fixed constant C. It is also conjectured in [17] that N(d,t) < C,t%. The upper bound is improved in [6] by showing
that N(d,?) < C,12¢(+1)/(@+2) based on the Brouwer fixed point theorem. The conjecture is eventually proved in [4] by applying the
Brouwer degree theory. This concludes that ¢ is the optimal order of the spherical ¢-design. In [5], the existence of well-separated
spherical 7-designs with optimal order is further shown.

Another closely related notion is the finite sequences in C4 named projective t-designs [16] (also called spherical (t,t)-designs [28]).
For finite sequences in which vectors are all unit norms, such designs have several equivalent characterizations stating that these
designs are finite sequences that give equality in the Welch bounds, induce unit norm tight frames in the space of symmetric ¢-tensors
on C?, and integrate all homogeneous ¢-degree polynomials in z and z on the complex unit sphere by taking discrete sums as in
spherical 7-designs [28]. Consequently, results from tight frame completion [8, Proposition 21] (see also [12,21]) can be used to
discuss the number of extra vectors for extending a given finite sequence to a projective ¢-design, which is similar to the problem
of extending a given point set to a spherical ¢-design. For unit norm finite sequences in R?, the vectors integrate all homogeneous
2t-degree (and all 25 degrees, 2 < 2s < 2t) polynomials on the real unit sphere by taking discrete sums. However, for 7 > 1, it is
impossible for these sequences to be equivalently characterized as tight frames in certain spaces of symmetric tensors [28, Example
4.1]. Thus, results from frame completion can not be applied to the real case unless t = 1.

For a t|-design Y with #; <¢, if it can be extended into a ¢-design by adding another point set X, then we say that these ¢,-design
Y and t-design X U Y are nested. Given the above discussion, it is natural to ask the following questions.

Q1) Do nested spherical designs exist?
Q2) If nested spherical designs exist, then how many points are needed to extend a ¢,-design (¢, <) to a ¢-design?
Q3) What is the optimal order for the number of points needed to extend a ¢ -design (¢; <) to a t-design?

To the best of our knowledge, such a concept of nested spherical designs and the above theoretical questions on nested spherical
designs have not been considered in the literature. In this paper, we answer the first two questions completely and briefly discuss
Q3.

For Q1, given a spherical ¢,-design V), := {y,,..., ¥y} C S¢ with 1, <t, we prove that for sufficiently large N, there exist a point
set Xy = {x;,...,xy} C S? such that Xy UY),;, is a spherical ¢-design, which leads to the nested spherical designs Y, C (Xy U Y),).
In fact, we prove a stronger statement with the given point set being an arbitrary point set ), C S¢. The proof of this statement is
a simple extension of the result in [4].

For Q2, we provide more precise estimates of N. The estimates of N are based on the estimates of the linear functionals on a
compact subset of polynomial spaces. Eventually, we conclude that for a spherical ¢,-design V), with the optimal order M ~ 1‘1’, an
upper bound of the minimal N + M is of order r>*! for the nested extension X U Y, to be a spherical t-design with 7, < ¢.

In contrast to the optimal order ¢ for a spherical ¢-design, our result for Q2 shows that an upper bound of N + M is of order 124+,
It is interesting to know whether there exists any (non-trivial) nested spherical ¢-design of optimal order t?. For Q3, we conjecture
that the optimal order of N + M is ¢ given some ¢,-designs of order ti’ and give a brief discussion on the case where the constants
in the orders are required to be identical.

This paper is organized as follows. Preliminaries are provided in Section 2. Existence, estimates, and a discussion of optimal order
are given in Section 3, 4, and 5, respectively. Conclusion and final remarks are given in Section 6. Some proofs are provided in the
Appendix.

2. Preliminaries

Let P, := P,(S?) be the Hilbert space of polynomials P on S¢ of degree at most ¢ such that

/ P(x)dp,(x)=0,

sd
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and equipped with the usual inner product

(P,Q) = / P(x)Q(x)d py(x).
sd
P, is a finite dimension space spanned by the (real-valued) spherical harmonics ([23,6,10])
(Yeul€=1,....t,k=1,...,D(,d)},
where D(Z,d) is defined as

2f+d—1<f+d—1>iff21’

D(,d) =3 £+d—1 13
1 if£=0.
We use D, to denote the dimension of P,. Note that Ziio D(i,d)= D(¢,d + 1) [26] and thus D, = ZLI D(i,d)= D(t,d + 1) — 1. The
0-degree spherical harmonic Y; | = w;I/ ? is not included in P, with

. g2
o = [ 3,0 = 5 D/’
sd

where I is the usual Gamma function and 4, is the (unnormalized) Lebesgue measure of S9. Note that w, is the surface area of sd
and dp, = m;ld A4- Moreover, the Y, ,’s are orthonormal with respect to the inner product

(P.0):= [ PI0WA ) =0, (P.0).
sd
In this paper, the L!-, L2- and L®-norms with respect to A4 are denoted as || - ||, || - I, and || - ||, respectively.

The addition formula of spherical harmonics [23] states that

D(?.d)

D Yk Y ()=

k=1

PlDp, jxm xyest, )

where P, , is the Legendre polynomial of #-degree and dimension d, and (x,y) is the usual inner product for x,y € RI*1, 1t is
straightforward to verify that

t D(¢.d)
k(x,y) =0 D Y Y0¥k (), x,yESY,
=1 k=1

is a reproducing kernel of P, under (:,-). We obtain from (1) that

D(?.d)

Y (Yl ) =

D(.d)
k=1 ®q

es?,
by setting x = y and using P, ,(1)=1.
For any ¢-degree spherical harmonics Q, we have the orthonormal expansion

D(.d)

0= ) (@Y, )Y

k=1
Therefore,

D(,d) D(.d)

0P Y @07 Y (Vo) =
k=1

o249
k=1 @

es?,
and thus

l/pd 1/2
10l ||Q||2< (d )> . @

By the Riesz representation theorem, for each point x € S?, there exists a unique polynomial G, € P, such that

(G,,Q0)=0(x)forall Qe P,. N

By the reproducing kernel, such a G, is explicitly given by
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1 D(.d)
G (V=g 30 Y Ve Yy () =k (x, ). )
¢=1 k=1
Then it is obvious that Xy = {1, ..., x5} C S? is a spherical t-design if and only if

G, +-+G,, =0.
The gradient of a differentiable function f : R?*! - R is denoted by
of ._ <ﬂ of
ax ’ 061"”’86[,_',1
For a polynomial Q € P,, we define the spherical gradient by

v (o()

The ith component of VQ is denoted as V,Q := g—g, 1 <i<d+ 1. Note that /sd [IVO(x)|d puy(x) is a norm on P,.

For a partition R := (R, ..., Ry}, where R; C S are closed sets such that UY | R; =S? and ys(R;nR;)=0forall 1 <i<j<N,
it is called area-regular if p,(R;)=1/N for all 1 <i < N and the partition norm of R is denoted as

>, x=(&,....¢441)

R := di R),
IR max iam(R)

where diam(R) is the maximum geodesic distance between two points in R. Each member R; of R is called a cell of R.

We say that N is of order h(t,,t,d) for some function 4 depending on ¢,,¢,d if N =C, - h(t|,t,d) for some constant C, depending
only on d but not the others. The notion N ~ ¢ indicates equivalence relation C;#? < N < C,t¢ with constants C;,C, possibly
depending on d but not ¢.

3. Existence of nested spherical designs
In this section, we prove the existence of a spherical 7-design containing an arbitrarily prescribed point set Yy, = {y;,..., ¥y} C
S?, which implies the existence of nested spherical designs.

We first state a fundamental theorem from the Brouwer degree theory [9, Theorem 1.2.9] and some key results from [4]. Our
proof of the existence of nested spherical designs relies on such results.

Theorem A ([9]). Let f : R" — R" be a continuous mapping and Q C R" be an open bounded subset with boundary 0Q2 such that 0 € Q.
If (x, f(x)) > 0 for all x € dQ, then there exists x € Q satisfying f(x)=0.

Since P, is a finite-dimensional space with a norm: /Sd |[VP(x)|dpuy(x), P € P,, we can consider a subset Q of P, defined by

Q:={PecP

/ IVP(x)|dpy(x)<1g. (5)
sd
Then Q is open and bounded in P, containing 0 and

0Q=PeP| [ |VPX)|duy(x)=1}. (6)

sd

One can apply Theorem A to Q and deduce the following result.

Corollary A ([4]). Suppose F : P, — (SHN with F(P) = (x 1(P), ..., xn(P)) is a continuous mapping such that for all P € 0Q,

N N
Y P(x(P) = <2 Gy (p- P> > 0.
i=1 i=1
Then there exists a spherical t-design in S¢ consisting of N points.

Indeed, if such an F exists, then one can define a composition mapping

f=LoF : P, =P,
with L : (§")V — P, being given by L(x,,...,xy) =G, + - +G, . Then,

4
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N
(P.f(P)= ) P(x;(P))
i=1

for each P € P,. Thus, applying Theorem A to the mapping f, the vector space P,, and the subset Q defined by (5), we obtain that
f(Q) =0 for some Q € P,. Hence, by (3), the components of F(Q) = (x;(Q), ..., xx(Q)) form a spherical ¢-design in S? consisting of
N points.

The proofs of [4, Lemma 1, Theorem 1] give the following key result on the existence of f = LoF and the estimate of (P, f(P)) =
Z,-Iil P(x;(P)), which concludes that the optimal order of a spherical ¢-design is .

Theorem B ([4]). There exist two constants C,; and r; depending only on d for each d € N and a continuous mapping F : P, — (SHN
with F(P) = (x;(P),...,xy(P)) such that when N > Cdtd, we have

ul 1 7 r'q
Y P(x,(P)> N — - =0, VPeoQ. %)

6Vd 18V/dt

However, to prove the existence of nested spherical designs, we need a theorem that is slightly different from Theorem B. In
Theorem B, the constant 18 of —<— is directly related to the constant C, and one can see from the proof of in [4] that changing

18V/dt

C,; would not affect the first term ﬁ g—‘i. Thus, we can assume a larger constant C, ; :=2C,, which is still a constant that is only

i=1

related to d, and as a result, the constant 18 becomes 36. We have the following modified theorem.

Theorem 1. There exist two constants C; 4, and C, ; depending only on d for each d € N and a continuous mapping F : P, — (SHN with
F(P)=(x;(P),...,xn(P)) such that when N > C]’dt”, we have

N
Z P(x;(P))> NCy 4™ >0, VPeoQ. (8)

i=1

The proof of Theorem 1 is almost a verbatim proof of [4, Theorem 1] with only some modifications of constants. For completeness,
we include it in the Appendix. Using Theorem 1, we can prove the following result for a spherical 7-design containing an arbitrarily
prescribed point set.

Theorem 2. Let t €N and Yy, = {yy,..., ¥} C S¢ be a set of M points on the sphere. Then, for sufficiently large N, there exists a point
set Xy = {xq,...,xy} CS? such that the union Xy U Y, is a spherical t-design.

Proof. By Corollary A, it is sufficient to consider the existence of a continuous map F : P, - (S9N with F(P) = (x1(P),...,xN5(P))
such that its composition with a continuous mapping L’ : (S")N — P,

L/
(s XN) = Gy o+ Gy +Gy -+ Gy
ie.g:=L'oF : P, - P, satisfies
N M N M
P(x;(P))+ ZP(yj): (P,g(P)) = <2Gxi(p),P> + <ZGM’P> >0,
=1 =1 i=1

Jj Jj=1

1

for all P € 0Q with Q being defined as in (5).
From Theorem 1, for N > C, 419, there exists a continuous mapping F : P, — (S*)V with F(P) = (x;(P),...,xx(P)) such that

N N
Y P(x(P) = <Z Gy P> >NCy 171 >0, VPeoQ.
i=1 i=1

Since 0Q is a compact subset of P,, the quantity

M
inf G,,P
Peso <,§1 i >

is finite and we denote it as m. Thus, when N is sufficiently large, we have

N M
<2 Gxi(p),P> + <2 Gyi,P> >NCy gt~ +m>0,
i=1

j=1
for all P € 0Q, which completes the proof. []
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The existence of nested spherical designs, as shown by the following corollary, follows directly from Theorem 2.

Corollary 1. Let t,,t €N be two integers such that t, <t and Yy, = {y;, ...,y } C S be a spherical t,-design. Then, for sufficiently large
N, there exists a point set Xy = {x,,...,xy} C S? such that Xy U Y, is a spherical t-design.

4. Estimates of nested spherical designs

As indicated in the previous section, to estimate the number of required points for extending a given point set Yy, :={y,....yp}

to a spherical 7-design, we need to estimate the quantity inf pc; <Zj‘i 1 Gy, P> from below. Since

it can be reduced to the estimates of the L2-norms of P € dQ and Z/Ai ] Gyf with arbitrary V,,.
First, for || P||,, we have the following estimate.

<, 1Pl

2

Lemma 1. For any P € 0%, it holds that

||P||2s\/"“

Proof. For an #-degree spherical harmonic Y, ;, the components of VY, , are linear combinations of spherical harmonics of degree
¢+ 1 and ¢ — 1 ([13, Chapter 12, (12.3.2)]). Hence, for a t'-degree polynomial P € P,, we have V,P = Z' "+ Qu’ where QU
is either zero or a spherical harmonic of degree j. Note that by the orthonormality of the spherlcal harmomcs, we also have
1
IV,PI2 = X770 10,12
Applying the interpolation inequality and (2), we obtain

wyD(t+1,d +1).

, 1/2
t'+1
1/2 1/2 1/2
1V,Pl, < IV PI IV PIL <1V, P1? | Y 110, 1
' +1 1/2 12
1/2 D(j,d)
<|v, Pl Z IIQ,,I|2< )
(2]
1/4 , 1/4
t'+1 t'+1
12 D(j,d)
<|v, Pl Z o3| | ===
j=0 @d
1/4
1/2 1/2 D(t/+l,d+l)
=11V,P1, 21V, 21l <w7>
d
2 1o D+1,d+ 1)\
<IV,PIL1V, PILy (T)
d
Thus, we deduce that
d+1 L a+1
D+ 1,d+1)
S IV Pl < (7) OO
i=1
Note that
d+1 d+1
;! 2 IV, Pll, —/Z IV, PGOld pg(x) < (d + 1)‘/2/ IV P()ld g (x). ©)

Combined with (9) and the Poincaré inequality on $¢ [20], that is, || P||3 < d~ Z‘”l IV, P]|2, we obtain for all P € 0Q,

i=1 i=1

d+1 1/2 d+1
IPll, <d™'/? <Z ||ViP||§> <d7 2 |V,Pl,

Latt

Sd_l/2<D(t+1 d+1)> Z”V Pl
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1
>2 0q(d + 1>1/2/ IV PCO)ld g ()

sd

<q\1 (D(z+1,d+1)
2]

=\/d;’1wdp(z+1,d+1),

which completes the proof. []

Remark 1. We can regard \/ de D(t+1,d + 1) as an estimate of one of the equivalence constants between the norm || P||, and
the norm [ |V P(x)|d py(x) on P,.

Next, we estimate HZJ]Z‘ G,, ”2 Recall that D, = D(t,d + 1) — 1.

Lemma 2. For Yy, ={y,....¥p} cS? and {Gy‘_ |y; € Yy} C Py, it holds that

M
> G, || <M\w,D,. (10)

Jj=1 2
Moreover, if Y, is a spherical t|-design with t; <1, then

M
G <M,/w,(D,—D,). 11
Z{ Vi ! 1

2

Proof. By (4), the square of L?-norm of ij\i 1 Gyi is

2

t Dd) /M 2
Gyl =032 X <2Yf,k<y,->> - a2)
=1 k=1

Jj=1 2 j=

I E

When Y,, happens to be a spherical ¢,-design with ¢ > ¢, it reduces to

2

t D(¢,d)
Gyl =of X Y <2Ym<y,>- (3)

1 2 C=t1+1 k=1

I E

J

Now, by the Cauchy-Schwartz inequality, we have

t D(.d M t D)
D) (zwy,) %3S o)

_pp e PED 14)
@y
=M2t
Wq
Similarly, we have
¢t D.d) ! _
z Z <Z Y, 1)) > B (15)
=t1+1 k=1 @d @d

Therefore, the inequalities (10) and (11) hold. []

Remark 2. The estimate (14) is essentially the upper bound of the quantity A y in [26, Theorem 3], where L, N correspond to our

2
t, M, respectively, and the upper bound differs by a constant M?2. In fact Ay ) = H 7 e 1 G, ”2

By Lemmas 1 and 2, we have the following estimate for inf pc50 <2/Ail G, P>.

7
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Lemma 3. For Yy = {y,....yy} CS? and (G, | y; € Yy} C P,, it holds that

. d+1
> [——
;g§9<2Gy,P> M\/ D@t +1,d+1)D,.

Moreover, if V), is a spherical t|-design with t| <, then,

M
. d+1

f P —D 1 1)(D, - D
Plg()Q<IZ:lGYi’ > \/ (t+1.d+1)( 0

We are now able to state the existence of extensions to spherical ¢-designs with estimates of the required numbers of points.

Theorem 3. Let t €N, C, 4,C, 4 be constants as in Theorem 1, and C3 4 1= 4/ %. For any given Y3y ={y,....ym} C sS4 and

N 2 max (€, 4%, C; 4 Cy g My DU+ 1, d+ DD, ). (16)

there exists Xy = {x;,...,xy} C S? such that Xy U Y, is a spherical t-design. Moreover, if Y, is a spherical t,-design with t, <1, then
the lower bound of N becomes

N > max (Cl,dtd, C;1CygMiy/D,— D, \/DG+1.d + 1)) . 17)

Proof. By Theorem 2 and Lemma 3, we have that

N M
<2 Gxi(P),P> + <2 Gyi,P> > NCyyt™' = C3yM+/Dt+1,d + 1)D, >0
i=1 j=1

implying the existence of spherical ¢-design formed by &X' U Y,,. This gives the bound of N in (16). The bound N in (17) for the
case of V), being a spherical ¢,-design is similar. []

By the result of Theorem 3, we have the following corollary giving the order of N for nested spherical designs.

Corollary 2. Let Y, :={y|,...,¥)} be a spherical t,-design of optimal order t‘ll and t; <t. Then N + M is of order at most ¢+ for the
existence of Xy :={xy,...,xy} such that Xy, U Y,, is a spherical t-design.

Proof. Since D(t,d) ~ (t + 1)*7! [26], (t + D41 ~ (t = 1)*! ~ 47!, and D, = D(t,d + 1) — 1 < D(t,d + 1) ~ t, we have
vVD@+1,d+1)D, < Ct? for some constant C and by Theorem 3, we deduce that

(N +M)~Mt\/Dt+1,d + 1)D, + M < Cy(t9 -1 - 17 +17) < Cor¥+!,

where C;, C, are constants depending only on d. []

5. Discussion on the optimal order

In contrast to the optimal order ¢ for a spherical ¢-design, our result in Corollary 2 shows that an upper bound of the minimal
N + M in arbitrary nested spherical ¢-designs with the #,-design Y, of order #¢ is of order 1***!. This is, of course, a rough estimate.
Moreover, the properties of t,-designs are not involved. Following the setting in general spherical z-designs where the constant in
the orders are identical for all ¢, it is thus natural to conjecture that the following statement is true.

Conjecture. For any t{,t € N such that t; <1, there exist some spherical t,-designs of order ti’ such that they can be extended to a spherical
t-design of order t4. Moreover, the constants (not depending on t, and t but d) in the orders are identical for any t and t, satisfying t, <.

If we specify the relation between ¢, and 7, we can show that the problem actually becomes trivial. In fact, we have the following
proposition.

Proposition 1. Given m=p/q € Q, m > 1, for any t|,t € N such that mt| =1, there exist some spherical t,-designs of order ti’ such that
they can be extended to a spherical t-design of order 1. Moreover, the constants (not depending on t, and t but d and m) in the orders are
identical for any t and t, satisfying mt| =t.

Proof. Let C :=¢“C, with C, as in Theorem B. We start from a t-design with N = Ct? points (the existence is guaranteed by
Theorem B). Note that it is also a ;-design with N = m? Cti’ points. Thus, to obtain a 7-design of which the order has the same
constant, we need to extend this ¢-design into another ¢-design with m?Ct? points. Note that N /q? = C,t? is also large enough to
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guarantee a ¢-design. Since the union of ¢-designs is still a t-design, we add a t-design with N /q¢ points (p? — ¢?) times. This gives
a t-design with m?Ct? points. In this way, the order for both ¢, and ¢ are the same as t‘]i and ¢, respectively, while the constant is

always mC. [

Note that the assumption m € Q is natural since both #,¢ are integers. Compared with Proposition 1, the difficulty in proving
the conjecture is that we need to find an identical constant for orders 1‘11 and ¢ without specifying the relation mt; =t,m € Q, m > 1
but only the general condition #; <. As a result, the dependency of m in the constants should be removed. On the other hand, both
Corollary 2 and the conjecture are stated for any pair of ¢, ¢ such that #; <t without further specification. Compared with Corollary 2
in which the constant in the order #29+! is larger than the constant in ¢, the conjecture requires not only a smaller order (¢ < r24+1)
but also zero difference between the constants. Hence, the conjecture is more restricted and thus could be more difficult to prove.

We remark that in practice, one would seek not only the optimal order but also the least possible constant in the order. Nonethe-
less, the same constant in the optimal order and the stated existence result in Proposition 1 gives some evidence and guidance for
numerical experiments in practice: one may set an identical constant to find nested spherical 7-designs with multi-nested structure,
e.g. 1 =2t, =4t; = ---, and that each #;-design is of order t;’ and is contained in the #;_;-design.

6. Conclusion and final remarks

We have shown the existence and estimates of required points to form a spherical t-design given a fixed set of points. Consequently,

in the case that the given point set is a spherical f,-design with ¢#; < ¢ and the number of given points is of optimal order 4, we
provide an upper bound of the minimal total number of given points and required points, which is of order 12¢+1,
Nonetheless, these results do not conclude the optimal order of nested spherical designs. Corollary 2 is stated for a given arbitrary
spherical 7;-design (of optimal order t‘li) that leads the estimate of order >“*! of N + M. The estimate is pessimistic and can be
regarded as a worst-case estimate. On the other hand, we have further discussed a conjecture concerning the constants in the optimal
orders of #; and r-designs. We show that a proposition derived from the conjecture with an extra condition is trivial. However, it
could be difficult to confirm or reject the original conjecture.

Finally, Theorem 2 suggests an notion of optimality which requires an #,-design to have the minimum value of Z/j‘il G,.P)
on 0Q among all #;-designs. It remains to investigate (at least numerically) whether properties of spherical designs such as being

well-separated or well-conditioned [1] lead to better estimates or fewer points in numerical experiments.
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Appendix A. Theorems

For the sake of being self-contained, as in [4], here we state some other theorems that will be used in the following proofs.

Theorem C ([7,18]). For each N € N, there exists an area-regular partition R = {R,, ..., Ry} with |R|| < ByN ~lyd for some constant
B, large enough.

Theorem D ([22]). There exists a constant r; such that for each area-regular partition R = {R,, ..., Ry} with ||R|| < %’, each collection
of points x; € R;(i =1, ..., N), and each polynomial P of total degree m, the inequality

N
1 1 3
5/|P(x)|d“d(x)5ﬁ;|P(xi)|S§/|P(x)|d/4d(x)

sd = sd

holds.

Theorem E ([4, Corollary 1]). For each area-regular partition R = {R;, ..., Ry} with |R| < mr_il’ each collection of points x; € R;(i =
1,..., N), and each polynomial P of total degree m,

i=1

N
1 1
E/IVP(X)Idﬂd(X)SNZIVP(X,-)ISM/Z/IVP(X)Ide(x)-
sd sd

9
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Appendix B. Proof of Theorem 1

Proof. For d,t €N, take C; ;> (108B,/r,)?, where B, is as in Theorem C and r, is as in Theorem D and N > C; 4#¢. We take an
area-regular partition R = {R,, ..., Ry} with

P
R <By;N~V/d < 4 B.1
IRII < By 10847 (B.1)
from Theorem C. For each i = 1,..., N, we choose an arbitrary %; € R;. Define U : P, x S — R¢*! such that U(P,w) = #l(;zz))l)
h =1 and
where € = - wr an
h () u ifu>e,
u) .=
€ e otherwise.
For each i=1,..., N, define w; : P, x [0,00) = S¢ be the map satisfying the differential equation
L 10,(P.5) = U(P.w(P.5)) 3.2)

ds
with the initial condition

w;(P,0) = %,

for each P € P,. Each mapping w; has its values in S¢ by the definition of spherical gradient. By the fact that the mapping U (P, w)
is Lipschitz continuous in both P and w, each w; is well defined and continuous in both P and s, where the metric on P, is given by
the inner product.

The mapping F : P, — (S?)V is defined as

ra ra
F(P)= (i (P) oo xy (P) 1= (w1 (P50, oy (P 5D)) (®.3)
By definition, F is continuous on P,. It remains to show that there exists a constant C, ; depending on d such that

N
Y P(x(P))>NCy ;17" >0, VPe€oQ. (B.4)

i=1

Fix P €0Q, i.e.,

/IVP(X)Idﬂd(X)= L
sd

For brevity we write w;(s) to replace w;(P, s). The Newton-Leibniz formula gives

N N
1 1
N 2 POUPD= g X a3
N rq/3t N .
1 i ST
N ; Pl / ds [N ; P(w[(s))] ds.
- / 2

In the remainder of this proof, we will estimate the value

N
% ,Zf P(%,)

from above and the value

N
d |1
s [ﬁ ; P(wi(s))]

from below for each s € [0,r;/31].

We obtain
1 N N N
ng(fc,-) = 21 / P(%;) — P(x)d py(x) 52 / [P(%;) — P(x)|duy(x)
i= i= R i= R‘

i

10
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N
2 ax |VP(2)],
=1z esd: dlst(z DR
where dist(z, X;) denotes the geodesic distance between z and X;. Hence, for z; € S? such that dist(z;, ¥;) < ||R|| and

|VP(z,)| = max [VP(2)],
zeS9 1 dist(z,%)<|IR||

we have

1 IR
N 2} P(x)| < N Z; [VP(z)l.
= i=

Define another area-regular partition R’ = (R, ..., R} } by R} = R; U {z}. It is obvious that ||R’|| < 2||R||. Combined with (B.1),
we have ||R/|| < r,/(54d1). Using the inequality in Theorem E to the partition R’ and the collection of points z;, we have

N
%;P(ii) 53\/E||R||/|vp(x)|dyd(x)< 36"’ (B.6)

\Vdt

for any P € 0Q. On the other hand, the differential equation (B.2) implies

N
1 [V P(w,;(5))]?
[ z P(w, <s>)] Z h (\VP(w;(s))])

> % IV P(w,(5))| ®.7)
i:|VP(w‘-(s))\>£
1
>~ § IV P(w,(s))| — .
Since
VP(w)
h (\VPw)])| =

dw;(s)

for each w € S¢, it follows again from (B.2) that ‘ < 1 and therefore

dist(%;, w;(s)) <s.
For each s € [0, r, /3], define another partition R = {R", ..., R} given by R! = R; U {w;(s)}. By (B.1), we have

T'a rq
108dt + 3t’

and thus we can apply Theorem E to the partition R” and the collection of points w;(s). This and inequality (B.7) imply

IRl <

N
d[1 1 1
= |FPww|z 5 2 VP - —=

6vd

| | | (B.8)
>— / IVP)|dpy(x) = —= = ——=
3vd 2 6vVd 6vd
for each P € 0Q and s € [0,r;/3t].
Finally, equation (B.5) and inequalities (B.6) and (B.8) yield
N r
Po;(P)>N| —=2 - —4 )50, vPeoQ. (B.9)
Z‘ ' < Vd 3' 36+/dt
Let C, ; 1= —4_.
= O
References

[1] C. An, X. Chen, L.H. Sloan, R.S. Womersley, Well conditioned spherical designs for integration and interpolation on the two-sphere, SIAM J. Numer. Anal. 48 (6)
(2010) 2135-2157.

[2] B. Bajnok, Construction of spherical 7-designs, Geom. Dedic. 43 (1992) 167-179.

[3] E. Bannai, E. Bannai, A survey on spherical designs and algebraic combinatorics on spheres, Eur. J. Comb. 30 (6) (2009) 1392-1425.

[4] A. Bondarenko, D. Radchenko, M. Viazovska, Optimal asymptotic bounds for spherical designs, Ann. Math. (2013) 443-452.

[5] A. Bondarenko, D. Radchenko, M. Viazovska, Well-separated spherical designs, Constr. Approx. 41 (1) (2015) 93-112.

11


http://refhub.elsevier.com/S1063-5203(24)00049-6/bib66370E4C263CA648449DF949A510744Cs1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bib66370E4C263CA648449DF949A510744Cs1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bib27146F69A7CE26EDB0165DD0E87BC663s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bibC6CE23BE5D350CE18A665427D2D950F7s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bibFCE3BF355594184F97779A9624A5D445s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bib53D7DD694731CB7952077973AB6F9A12s1

R. Zheng and X. Zhuang Applied and Computational Harmonic Analysis 73 (2024) 101672

[6] A.V. Bondarenko, M.S. Viazovska, Spherical designs via Brouwer fixed point theorem, SIAM J. Discrete Math. 24 (1) (2010) 207-217.
[7] J. Bourgain, J. Lindenstrauss, Distribution of points on spheres and approximation by zonotopes, Isr. J. Math. 64 (1988) 25-31.
[8] P.G. Casazza, G. Kutyniok, F. Philipp, Introduction to finite frame theory, in: Finite frames: Theory and Applications, 2013, pp. 1-53.
[9] Y.J. Cho, Y.-Q. Chen, Topological Degree Theory and Applications, CRC Press, 2006.
[10] F. Dai, Approximation Theory and Harmonic Analysis on Spheres and Balls, Springer, 2013.
[11] P. Delsarte, J.-M. Goethals, J.J. Seidel, Spherical codes and designs, in: Geometry and Combinatorics, Elsevier, 1991, pp. 68-93.
[12] D.-J. Feng, L. Wang, Y. Wang, Generation of finite tight frames by Householder transformations, Adv. Comput. Math. 24 (1) (2006) 297-309.
[13] W. Freeden, T. Gervens, M. Schreiner, Constructive Approximation on the Sphere: with Applications to Geomathematics, Oxford University Press, 1998.
[14] Q.L. Gia, L.H. Sloan, H. Wendland, Multiscale analysis in Sobolev spaces on the sphere, SIAM J. Numer. Anal. 48 (6) (2010) 2065-2090.
[15] K. Hesse, R.S. Womersley, Numerical integration with polynomial exactness over a spherical cap, Adv. Comput. Math. 36 (2012) 451-483.
[16] J.W. Iverson, E.J. King, D.G. Mixon, A note on tight projective 2-designs, J. Comb. Des. 29 (12) (2021) 809-832.
[17] J. Korevaar, J. Meyers, Spherical Faraday cage for the case of equal point charges and Chebyshev-type quadrature on the sphere, Integral Transforms Spec.
Funct. 1 (2) (1993) 105-117.
[18] A. Kuijlaars, E. Saff, Asymptotics for minimal discrete energy on the sphere, Trans. Am. Math. Soc. 350 (2) (1998) 523-538.
[19] Q.T. Le Gia, H.N. Mhaskar, Localized linear polynomial operators and quadrature formulas on the sphere, SIAM J. Numer. Anal. (2008) 440-466.
[20] A. Li, Y. Lou, Y. Ji, A Poincaré-type inequality on the Euclidean unit sphere, J. Math. Inequal. 10 (3) (2016) 807-817.
[21] P. Massey, M. Ruiz, Tight frame completions with prescribed norms, Sampl. Theory Signal Image Process. 7 (1) (2008).
[22] H. Mhaskar, F. Narcowich, J. Ward, Spherical Marcinkiewicz-Zygmund inequalities and positive quadrature, Math. Comput. 70 (235) (2001) 1113-1130.
[23] C. Miiller, Spherical Harmonics, vol. 17, Springer, 2006.
[24] F.J. Narcowich, P. Petrushev, J.D. Ward, Localized tight frames on spheres, SIAM J. Math. Anal. 38 (2) (2006) 574-594.
[25] LH. Sloan, Polynomial interpolation and hyperinterpolation over general regions, J. Approx. Theory 83 (2) (1995) 238-254.
[26] LH. Sloan, R.S. Womersley, A variational characterisation of spherical designs, J. Approx. Theory 159 (2) (2009) 308-318.
[27] G. Wagner, B. Volkmann, On averaging sets, Monatshefte Math. 111 (1) (1991) 69-78.
[28] S. Waldron, A sharpening of the Welch bounds and the existence of real and complex spherical r—designs, IEEE Trans. Inf. Theory 63 (11) (2017) 6849-6857.
[29] Y.G. Wang, X. Zhuang, Tight framelets and fast framelet filter bank transforms on manifolds, Appl. Comput. Harmon. Anal. 48 (1) (2020) 64-95.
[30] Y. Xiao, X. Zhuang, Spherical framelets from spherical designs, SIAM J. Imaging Sci. 16 (4) (2023) 2072-2104.

12


http://refhub.elsevier.com/S1063-5203(24)00049-6/bib4BAEF1DE587766BF729D72F680186636s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bib5A625C29151823BA52D538D2C1856FC1s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bib0F23A2D44ABAF4CEAF91CFC896AB48FEs1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bibB861F3DD792FBF8D5620A64C3C7A5EA0s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bib5D9E5454DD73666CE803F036A942FB65s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bibB341E432A466321A81248B2295836D0Fs1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bib3C9EBE096CA4651E2FE5031BF0197F56s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bibEF646AA467DBE8347C30FEBE6A3CD2EEs1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bib65BFB6EEE1D5645F57C67137F84DA56As1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bibAD70939237C6F0D638FE79884D91449Bs1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bibD811F416ED4495E4B3A56BC37C8EBB41s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bib5C46A9E82D612B14745DC5800CEA6C13s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bib5C46A9E82D612B14745DC5800CEA6C13s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bib083BE861FFF5F92C95ACC24A57AB283Fs1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bibCF1450964AA266F647659F261F95AFB5s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bibC6FD2C133099CC26617746B310A63B91s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bibE8D417F02DEB27E0FC9CF5B898E9F658s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bib286838E36AC6A2E334FB68EC2EA09BE6s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bibCC77193C0DC8594AF9AB06E9A4CA7005s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bibCA3CAFD81C59B9AE31DE90BE5551AE02s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bib980FCB58B259D66A3E56BF0D6FF24AC1s1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bibBDB50403503AD670C3AFA0E3268548DAs1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bib1BB124B1A09DF1468EC94446B099177Fs1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bibD36D8AAD44EB09432E7D22BE4E2DABEBs1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bib973C7B1DD1EC3E9A0CDC493412FC504Bs1
http://refhub.elsevier.com/S1063-5203(24)00049-6/bib40ACE44916723D7A0282223539DA1784s1

	On the existence and estimates of nested spherical designs
	1 Introduction and motivation
	2 Preliminaries
	3 Existence of nested spherical designs
	4 Estimates of nested spherical designs
	5 Discussion on the optimal order
	6 Conclusion and final remarks
	Data availability
	Acknowledgments
	Appendix A Theorems
	Appendix B Proof of Theorem 1
	References


